DISK FUNCTIONS AND THEIR RELATIONSHIP TO THE MATRIX SIGN FUNCTION

Peter Benner^�, Ralph Byers^y

�Technische Universität Chemnitz–Zwickau, Fakultät für Mathematik, 09107 Chemnitz, FRG.

benner@mathematik.tu-chemnitz.de

yDepartment of Mathematics University of Kansas Lawrence, Kansas 66045 FAX : (913) 864-5255 email : byers@math.ukans.edu

Keywords : Numerical Methods, Linear Systems

Abstract

This short paper investigates a generalization of the matrix sign function to matrix pencils.

1 Introduction

The problem of extracting an invariant subspace of a matrix or a deflating subspace of a matrix pencil arises in many control computations including solving Lyapunov, Sylvester, and Riccati equations [16, 18, 19, 32, 38] and computing H_∞ norms [7, 6]. Numerical methods related to the matrix sign function are particularly attractive for machines with advanced architectures [2, 16, 27].

The matrix sign function [37, 38] has many equivalent definitions [21, 26]. One of the more convenient (but less common) definitions is the following. The sign of a matrix A ∈ R^{n×n} is the anti-stabilizing solution S = sign(A) to the (non-symmetric) algebraic Riccati equation A − SAS = 0, (1) i.e., the solution for which the eigenvalues of AS lie in the open right half plane. (Equation (1) is related to work in [23, 27].) The “quadratic formula” form of the solution is

sign(A) = A^{−1}(A^2)^{1/2} = A(A^2)^{−1/2}. (2)

Here, M^{1/2} denotes the unique matrix square root with with eigenvalues in the open right half complex plane.

(This remarkably concise formula for sign(A) is derived by other means in [21].) The Riccati equation (1) is equivalent to [ 0 A A 0 ] [ I 0 S −I ] = (3) [ I 0 S −I ] [ AS −A 0 −SA ] .

So, S = sign(A) if and only if the columns of [ I S ] span

the n-dimensional invariant subspace of [ 0 A A 0 ] corre-

sponding to eigenvalues with positive real part. Computing invariant subspaces, and Riccati, Sylvester, and Lyapunov solutions using sign(A) is typically more efficient than by conventional methods like the QR iteration. This is particularly so on computers with advanced architectures. (See [22, 24, 26, 36] or [27] for a survey.)

We will use the following notation. The open left half plane is C_− and the open right half plane is C_+. The set of eigenvalues of a matrix M is σ(M). The invariant subspace of A corresponding to eigenvalues with negative real part, the stable invariant subspace, is denoted by V_− = V_−(A). The invariant subspace of A corresponding to eigenvalues with positive real part, the unstable invariant subspace, is denoted by V_+ = V_+(A). The eigenprojection P_+ = P_+(A) is the skew projection onto V_+ parallel to V_− and the eigenprojection P_− = P_−(A) is the skew projection onto V_− parallel to V_+. The norm ‖ · ‖ represents the spectral norm and ‖ · ‖_F represents the Frobenius or Euclidean norm ‖M‖ = √ trace(M^T M).

The familiar properties of the matrix sign function follow easily from (1) and (2) including, in particular, SA = AS and S^2 = I. The fundamental property upon which most (but not all) applications of the matrix sign function rest is

sign(A) = P_+(A) − P_−(A). (4)

In particular, V_−(A) = range(I − sign(A)). This property is used to compute invariant subspaces [2, 3, 5, 13, 14] and to solve Riccati and Sylvester equations [10, 16, 17, 27].

Recently, a natural generalization of the matrix sign function to matrix pencils appeared [3, 8, 20, 33, 34, 35] and been applied to the computation of invariant and deflating subspaces and solution of Riccati equations [4]. The same generalization is suggested by (3) and (4). This short paper investigates some of its mathematical and computational properties.

2 Disk Functions

Suppose that the pencil A − λE, A, E ∈ R^{n×n}, is regular and has no eigenvalue on the unit disk. The right disk function is the pencil disk_R(A − λE) = U_R − λV_R where U_R, V_R ∈ R^{n×n} satisfy

V_R + U_R = I (5) V_R − U_R = sign((A − E)^{−1}(A + E)).

Similarly, the left disk function is disk_L(A − λE) = U_L − λV_L where U_L, V_L ∈ R^{n×n} satisfy

V_L + U_L = I (6) V_L − U_L = sign((A + E)(A − E)^{−1}).

If A and E commute (in particular, if (E = I), then the two disk functions coincide. They agree with the disk function of Z − λI, disc(0, 1, Z), mentioned in [38] and with the projectors P_{R,|z|>1}, P_{R,|z|<1}, P_{L,|z|>1}, and P_{L,|z|<1} studied in [3].

Equations (5) and (6) determine U_R −λV_R and U_L−λV_L uniquely, so it is easy to verify that

U_R = P_−((A − E)^{−1}(A + E)), V_R = P_+((A − E)^{−1}(A + E)), U_L = P_−((A + E)(A − E)^{−1}), V_L = P_+((A + E)(A − E)^{−1}).

A trivial consequence of the Weierstraß Canonical form [15, 29, 39, 40] is that, if A − λE is regular, then there exist nonsingular matrices X, Y ∈ R^{n×n} such that XAY = [ Λ_1 0 0 I ] (7) XEY = [ I 0 0 Λ_2 ] where Λ_1 ∈ R^{k×k} , Λ_2 ∈ R^{n−k×n−k} and both σ(Λ_1) and σ(Λ_2) lie in the unit disk. In this notation, (5) and (6) reduce to

Y^{−1}U_RY = XU_LX^{−1} = [ I_k 0 0 0 ] (8) Y^{−1}V_RY = XV_LX^{−1} = [ 0 0 0 I_{n−k} ] (9) where I_j denotes the j-by-j identity matrix [3]. In particular, U_R − λV_R and U_L − λV_L are regular with semisimple eigenvalues at λ = 0 and λ = ∞. The matrix U_R is the eigenprojection onto the right deflating subspace of A − λE corresponding to eigenvalues inside the open unit disk. Similarly, V_R is the eigenprojection onto the right deflating subspace of A − λE corresponding to eigenvalues outside the unit disk. The corresponding eigenprojections onto the left deflating subspaces are U_L and V_L. Moreover, trace(U_R) = rank(U_R) = k and trace(V_R) = rank(V_R) = n − k. (Similar identities hold for U_L − λV_L.)

It also follows from (8) and (9) that the disk_L and disk_R operators are idempotent and a little more, that is

disk_R(U_R − λV_R) = U_R − λV_R disk_L(U_R − λV_R) = U_R − λV_R

with similar identities for U_L − λV_L.

The analog to (3) is the 2n-by-2n deflating subspace relationship [ A 0 0 E ] [ U_R V_R V_R U_R ] [ I 0 0 W_R ] = (10) [ E 0 0 A ] [ U_R V_R V_R U_R ] [ W_R 0 0 I ]

where σ(W_R) lies in the open unit disk. With the additional requirement that U_R + V_R = I, (10) defines the right disk function uniquely and

W_R = (AV_R + EU_R)^{−1}(AU_R + EV_R) = Y [ Λ_1 0 0 Λ_2 ] Y^{−1}.

The columns of [ U_R V_R ] span the the right deflating sub-

space of [ A 0 0 E ] −λ [ E 0 0 A ] corresponding to eigen-

values inside the unit disk and the columns of [ U_R V_R ] span the right deflating subspace corresponding to eigenvalues outside the unit disk. Of course, the left disk pencil has an analogous property.

3 Numerical Methods

One way to compute the disk function is to use (5) to reduce the problem to computing sign((A − E)^{−1}(A + E)).

Much work has gone to developing algorithms to evaluate the matrix sign function. Most are quite efficient relative to conventional invariant subspace algorithms like the QRalgorithm. A conventional implementation of the Newton iteration with determinant scaling is theoretically and empirically twice as fast as the QR iteration on a conventional, serial computer [10]. (It is this relative efficiency that generates interest in using the matrix sign function.) Recently developed numerical methods successfully take advantage of computers with advanced architectures. See, for example, [2, 12, 24, 26, 36] or [27] for a survey.

The oldest and most common numerical method for evaluating the sign(A) is the scaled Newton iteration:

A_0 = A

A_{k+1} = 1 2 ( (β_k A_k) + (β_kA_k )^{−1} ) . Under reasonable assumptions on the scale factors β_k, sign(A) = lim_{k→∞} A_k . The scale factor β_k is chosen to accelerate convergence and promote numerical stability. Typical choices are β_k = | det(A_k )|^{−1/n} and β_k ≈ √ ‖A^{−1}_k ‖/‖A_k‖ [10, 11, 25].

Computing sign((A − E)^{−1}(A + E)) requires an inverse of A − E followed by several other matrix inverses. The assumption that A − λE has no eigenvalue on the unit circle implies that A − E is nonsingular. Nevertheless, A − E may be ill-conditioned for inversion. Moreover, in rare cases, even the well-studied scaled Newton iteration exhibits numerical instabilities [11, 9, 27].

An alternative way to compute disk functions is the inverse-free, implicit squaring algorithm [3, 8, 20, 33, 34, 35] which is related to the AB-algorithm [28, 30, 31]:

U_R − λV_R = lim_{k→∞}(U_k + V_k)^{−1} (U_k − λV_k)

where

U_0 = A V_0 = E U_{k+1} = Q^H_{k,12}U_k

V_{k+1} = Q^H_{k,22}V_k

and [ V_k −U_k ] = [ Q_{k,11} Q_{k,12} Q_{k,21} Q_{k,22} ] [ R_j 0 ]

is a QR factorization partitioned into n-by-n blocks.

This approach has the disadvantage of needing two to six times as much the arithmetic as the Newton iteration for evaluating the matrix sign function. However, it does have a favorable rounding error analysis [3] and is well suited to computation on machines with advanced architectures [1, 3].

4 Remarks

A different generalization of the matrix sign function to matrix pencils without infinite eigenvalues appears in [16].

This generalization calculates sign(AE^{−1}) in the factored form A_∞E^{−1}. The factor A_∞ is the limit of the sequence A_{k+1} = (A_k + EA^{−1}_k E)/2 with initial condition A_0 = A.

Another disk function is the central disk function. In the notation of (7), the central disk function is disk_C (A − λE) = U_C − λV_C where XU_C Y = [ I_k 0 0 0 ]

XV_C Y = [ 0 0 0 I_{n−k} ] . The central disk function preserves the information in both the left and right disk functions. This disk function is less easily computed than the left and right hand disk function.

5 Conclusions

We have surveyed some of the properties of a generalization of the matrix sign function to matrix pencils and examined its relationship to the matrix sign function.

Acknowledgements

We are grateful for helpful discussions with Volker Mehrmann and Hongguo Xu. Some of this work was completed while the first author was visiting the University of Kansas. The second author was partially supported by National Science Foundation awards CCR-9404425, DMS- 9205538, DMS-9709363 and the Kansas Center for Advanced Scientific Computing sponsored by the NSF EP- SCoR/K*STAR program.”

References

[1] E. Anderson, Z. Bai, C. Bischof, J. Demmel, J. Dongarra, J. Du Croz, A. Greenbaum, S. Hammarling, A. McKenney, S. Ostrouchov, and D. Sorensen. LA- PACK Users’ Guide. Society for Industrial and Applied Mathematics, Philadelphia, 1992.

[2] Z. Bai and J.W. Demmel. Design of a parallel nonsymmetric eigenroutine toolbox, Part I. In R. F. Sincovec et al, editor, Proceedings of the Sixth SIAM Conference on Parallel Processing for Scientific Computing. SIAM, 1993. Long version available as Technical Report CSD-92-718, Dept. of Comp. Sci., Univ. of California, Berkeley.

[3] Z. Bai, J.W. Demmel, and M. Gu. Inverse free parallel spectral divide and conquer algorithms for nonsymmetric eigenproblems. Technical Report RR 94- 01, University of Kentucky, 1994. To appear in Numer. Math.

[4] Z. Bai and Q. Qian. Inverse free parallel method for the numerical solution of algebraic riccati equations. In J. G. Lewis, editor, Proceedings of the Fifth SIAM Conference on Applied Linear Algebra, pages 167–171, Philadelphia, 1994. SIAM Publications.

[5] A.N. Beavers and E.D. Denman. A computational method for eigenvalues and eigenvectors of a matrix with real eigenvalues. Numer. Math., 21:389–396, 1973.

[6] S. Boyd and V. Balakrishnan. A regularity result and a quadratically convergent algorithm for computing its L_∞ norm. Systems Control Lett., 15:1–7, 1990.

[7] S. Boyd, V. Balakrishnan, and P. Kamba. A bisection method for computing the H_∞ norm of a transfer matrix. Systems Control Lett., 2:207–219, 1989.

[8] A. Ya. Bulgakov and S. K. Godunov. Circular dichotomy of the spectrum of a matrix. Siberian Math. J., 29:734–744, 1988.

[9] R. Byers. Numerical stability and instability in matrix sign function based algorithms. In C.I. Byrnes and A. Lindquist, editors, Computational and Combinatorial Methods in Systems Theory, pages 185–199, Elsevier, North Holland, 1986.

[10] R. Byers. Solving the algebraic Riccati equation with the matrix sign function. Linear Algebra Appl., 85:267–279, 1987.

[11] R. Byers, C. He, and V. Mehrmann. The matrix sign function method and the computation of invariant subspaces. Technical report, TU Chemnitz, Germany, 1994. To appear in SIAM J. Matrix Anal. Appl.

[12] J. P. Charlier and P. Van Dooren. A systolic algorithm for Riccati and Lyapunov equations. Math. Control Signals Systems, 2:109–136, 1989.

[13] E.D. Denman and A.N. Beavers. The matrix sign function and computations in systems. Appl. Math. and Comput., 2:63–94, 1976.

[14] E.D. Denman and J. Leyva-Ramos. Spectral decomposition of a matrix using the generalized sign matrix. Appl. Math. and Comput., 8:237–250, 1981.

[15] F.R. Gantmacher. Theory of Matrices, volume II.

Chelsea, New York, 1959.

[16] J.D. Gardiner and A.J. Laub. A generalization of matrix-sign-functions solution for algebraic Riccati equations. Internat. J. Control, 44:823–832, 1986.

[17] J.D. Gardiner and A.J. Laub. Parallel algorithms for algebraic Riccati equations. Internat. J. Control, 54:1317–1333, 1991.

[18] J.D. Gardiner, A.J. Laub, J.J. Amato, and C.B.

Moler. Solution of the Sylvester matrix equation AXB + CXD = E. ACM Trans. Math. Software, 18:223–231, 1992.

[19] J.D. Gardiner, M.R. Wette, A.J. Laub, J.J. Amato, and C.B. Moler. Algorithm 705: A Fortran-77 software package for solving the Sylvester matrix equation AXB^T + CXD^T = E. ACM Trans. Math. Software, 18:232–238, 1992.

[20] S. K. Godunov. Problem of the dichotomy of the spectrum of a matrix. Siberian Math. J., 27:649–660, 1986.

[21] Nicholas J. Higham. The matrix sign decomposition and its relation to the polar decomposition. Linear Algebra Appl., 212/213:3–20, 1994.

[22] J.L. Howland. The sign function and the sepeartion of eigenvalues. Lin. Alg. Appl., 49:221–232, 1983.

[23] C. Kenney and A.J. Laub. Polar decompositions and matrix sign function condition estimates. SIAM J. Sci. Stat. Comp., 12:488–504, 1991.

[24] C. Kenney and A.J. Laub. Rational iterative methods for the matrix sign function. SIAM J. Matrix Anal. Appl., 12:273–291, 1991.

[25] C. Kenney and A.J. Laub. On scaling Newton’s method for polar decompositions and the matrix sign function. SIAM J. Matrix Anal. Appl., 13:688–706, 1992.

[26] C. Kenney and A.J. Laub. A hyperbolic tangent identity and the geometry of Padé sign function iterations. Numerical Algorithms, 7:111–128, 1994.

[27] C. Kenney and A.J. Laub. The matrix sign function.

IEEE Trans. Automat. Control, 40:1330–1348, 1995.

[28] V.B. Khazanov and V.N. Kublanovskaya. Sectral problems for matrix pencils. Methods and algorithms. I. Soviet J. Numer. Anal. Math. Modelling, 3:337– 371, 1988.

[29] L. Kronecker. Algebraische Reduction der Schaaren bilinearer Formen . Sitzungsberichte Akademie der Wissenschaften, Berlin , pages 763–776, 1890.

[30] V.N. Kublanovskaya. The AB-algorithm and its properties. LOMI, 102:42–60, 1980. Leningrad Department, Steklov Mathematical Institute, USSR Academy of Science, Leningrad, (in Russian).

[31] V.N. Kublanovskaya. AB–algorithm and its modifications for the spectral problem of linear pencils of matrices. Numer. Math., 43:329–342, 1984.

[32] A. J. Laub. A Schur method for solving algebraic Riccati equations. IEEE Trans. Automat. Control, AC-24:913–921, 1979.

[33] A. N. Malyshev. Computing invariant subspaces of a regular linear pencil of matrices. Siberian Math. J., 30:559–567, 1989.

[34] A. N. Malyshev. Guaranteed accuracy in spectral problems of linear algebra, i and ii. Siberian Adv. in Math., 2:144–197, 153–204, 1992.

[35] A.N. Malyshev. Parallel algorithms for solving some spectral problems of linear algebra. Linear Algebra Appl., 188/189:489–520, 1993.

[36] P. Pandey, C. Kenney, and A.J. Laub. A parallel algorithm for the matrix sign function. Int. J. High Speed Computing, 2:181–191, 1990.

[37] J. D. Roberts. Linear model reduction and solution of algebraic Riccati equation by use of the sign function. Technical Report CUED/B-Control, Tr-13, Cambridge University, Cambridge, England, 1971.

[38] J.D. Roberts. Linear model reduction and solution of the algebraic riccati equation by use of the sign function. Internat. J. Control, 32:677–687, 1980. Reprint of technical report, Cambridge Univ. 1971.

[39] K. Weierstraß. Über ein die homogenen Funktionen zweiten Grades betreffendes Theorem, nebst Anwendung desselben auf die Theorie der kleinen Schwingungen . Monatshefte Akademie der Wissenschaften, Berlin , pages 207–220, 1858.

[40] K. Weierstraß. Zur Theorie der bilinearen quadratischen Formen . Monatshefte Akademie der Wissenschaften, Berlin , pages 310–338, 1867.