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Linear-quadrati optimal ontrol of paraboli PDEsLQ Optimal Control of Paraboli PDEsLinear paraboli PDE (e.g., heat equation,onvetion-di�usion equation):�x�t �r (A(�)rx) + d(�)rx + r(�)x = Bu(t);� 2 
; t > 0;with initial and boundary onditions (�
 = �1 [ �2 [ �3)x(�; 0) = x0(�); � 2 
;x(�; t) = B1u1(t); � 2 �1;���x(�; t) = B2u2(t); � 2 �2;x(�; t) + ���x(�; t) = B3u3(t); � 2 �3:� B = 0 =) boundary ontrol problem� Bj = 0 8j =) point ontrol problemOutput equation: y = Cx; t � 0:Quadrati performane index:minu J (x0; u) = 12 1Z0 �kyk2Y + kuk2U� dt;
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Linear-quadrati optimal ontrol of paraboli PDEsAbstrat Setting:Linear-Quadrati Regulator ProblemGiven Hilbert spaesX { state spae,U { ontrol spae,Y { output spae,and operatorsA : dom(A) � X ! X; B : U ! X; C : X ! Y:LQR Problem:MinimizeJ (x0; u) = 12 1Z0 �kyk2Y + kuk2U� dt;for u 2 L2(0;1; U), where_x = Ax+ Bu; x(0) = x0 2 X;y = Cx:
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Linear-quadrati optimal ontrol of paraboli PDEsExampleHeat equation with point ontrol:xt = �x+ b(�)u(t) in 
; x = 0 on Æ
;y = Z
 (�)x d�Weak formulation with test funtions v 2 H 10(
):Z
 xtv d� = Z
�xv d� + Z
 b(�)u(t)v d�= � Z
rxrv d� + �Z
 bv d��u(t)Then X = L2(
), U = R = Y , and with< w; v >:= Z
wv d�de�ne linear operators:< Aw; v > := � Z
rwrv d�Bu := b(�)u(t)Cv := Z
 (�)v d�
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Linear-quadrati optimal ontrol of paraboli PDEsSolution of the LQR ProblemTheorem [Gibson '79℄Assumptions:� A in�nitesimal generator of C0-semigroup.� B; C linear, bounded.� (A;B) stabilizable (9K : X ! U linear, bounded, suhthat C0-semigroup generated by A� BK is exponentiallystable.)� (C;A) detetable, i.e., (A�; C�) stabilizable.� 8x0 2 X there exists admissible ontrol u.(u 2 L2(0;1; U) admissible () J (x0; u) <1.)Then: The algebrai operator Riati equation0 = R(P) := C�C +A�P + PA� PBB�Phas unique, selfadjoint solution P1, where� P1 : dom(A)! dom(A�) linear, bounded,� P1 � 0, i.e., positive semide�nite.Solution of LQR problem is feedbak ontrol:u1(t) = �B�P1x(t) = �K1x(t):P1 is stabilizing, that is, the C0-semigroup generated byA� BB�P1 is exponentially stable.Peter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 5



Linear-quadrati optimal ontrol of paraboli PDEsNumerial SolutionGalerkin approah, spae disretization by �niteelement method ) solve LQR problem on Xn � X ,dim(Xn) = n:MinimizeJ (x0; u) = 12 1Z0 �yTy + uTu� dt;for u 2 L2(0;1; Rm), whereM _x = �Lx+Bu; x(0) = x0;y = Cx;with sti�ness matrix L 2 R n�n, mass matrix M 2R n�n, B 2 R n�m, C 2 R p�n.Solution of �nite-dimensional LQR problem given byu�(t) = �BTP�x(t) =: �K�x(t);where P� � 0 is stabilizing solution of the algebraiRiati equation (ARE)0 = R(P ) := CTC +ATP + PA� PBBTP;with A := �M�1L, B :=M�1B.Convergene: Gibson '79, Banks/Kunish '84, Lasieka/Triggiani '91Peter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 6



Algebrai Riati equations and their numerial solutionAlgebrai Riati EquationsGeneral form:0 = R(P ) := Q+ATP + PA� PGPwith given A;G;Q 2 R n�n and unknown P 2 R n�n.Symmetri ARE: G = GT , Q = QT .Here, ontrol-theoreti assumptions ensure existeneof unique stabilizing solution P�, i.e.,� (A�GP�) � C �:(In LQR problems, P� = PT� � 0.)In large sale appliations from semi-disretizedontrol problems for PDEs,� n = 103 { 105 (=) 106 { 1010 unknowns!),� A has sparse representation,� G;Q low-rank with{ G = BBT , B 2 R n�m, m� n,{ Q = CTC, C 2 R p�n, p� n.Peter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 7



Algebrai Riati equations and their numerial solutionNumerial Solution of AREsFirst approah: [Potter '66, Laub '79,...℄Use onnetion to Hamiltonian eigenproblem.P is stabilizing solution of the ARE()
H �InP � = � A�Q �G�AT � �InP � = �InP � (A�GP );� (A�GP ) = � (H) \ C �

I.e., olumns of hInP i span stable invariant subspaeof Hamiltonian Matrix H.Note: here, � (H) = f��j jRe (�j) < 0g.
De�nition: H 2 R 2n�2n Hamiltonian()HJ = (HJ)T , where J = h 0�In In0 i, in other words, H isskew-symmetri w.r.t. hx; yiJ = xTJy.Peter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 8



Algebrai Riati equations and their numerial solutionMethods:� Compute stable H-invariant subspae via(strutured, blok-) Shur deomposition,T�1HT = " H11 H120 H22 # ; � (H11) = � (H) \ C �;
T = " T11 T12T21 T22 # =) P = T21T�111{ QR algorithm [Laub '79℄;{ SR algorithm [Bunse-Gerstner/Mehrmann '86℄;{ multishift algorithm [Ammar/B./Mehrmann '93℄;{ embedding algorithm [B./Mehrmann/Xu '97℄;or spetral projetion methods,{ sign funtion method[Roberts '71, Byers '87, Gardiner/Laub '86℄{ disk funtion method[Malyshev '93, Bai/Demmel/Gu '95, B./Byers '95,B. '97℄=) O(n3), sparse matrix struture is destroyed.� Krylov subspae methods) employ sparse matrixstruture, but need n-dimensional subspae!Peter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 9



A low-rank Newton methodNewton's Method for AREsOther approah:Consider0 = R(P ) = CTC +ATP + PA� PBBTPwith stable A, i.e., � (A) � C �, as nonlinear systemof equations.Freh�et derivative of R(P ) at P :R0P : Z ! (A�BBTP )TZ + Z(A�BBTP )
Newton-Kantorovih method:Pj+1 = Pj � �R0Pj��1R(Pj); j = 0; 1; 2; : : :
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A low-rank Newton method
=) Newton's method (with line searh) for AREs[Kleinman '68, Mehrmann '91, Lanaster/Rodman '95,B./Byers '94/'98, B. '97, Guo/Laub '99 ℄1. P0 = 0.2. FOR j = 0; 1; 2; : : :2.1 Aj  A�BBTPj =: A�BKj.2.2 Solve Lyapunov equationATj Nj +NjAj = �R(Pj).2.3 Pj+1 Pj + tjNj.END FOR j
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A low-rank Newton method Properties
� Choie of tj via solution of minimization problemorresponding to R(P ) = 0 (exat line searh):mint f(t) = mint kR(P + tN)k2F= mint trae �R(P + tN)TR(P + tN)� :
� Convergene:{ Aj = A�BKj = A�BBTPj is stable 8 j � 1.{ kR(Pj)kF � kR(Pj+1)kF 8 j � 0.{ limj!1 kR(Pj)kF = 0.{ P� � : : : � Pj+1 � Pj � : : : � P1 (if tj � 1).{ limj!1Pj = P� � 0 (loally quadrati).� Need sparse Lyapunov solver.� BUT: P = PT 2 R n�n =) n(n+1)=2 unknowns!
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A low-rank Newton methodLow-Rank ApproximationConsider spetrum of ARE solution.Example: Linear 1D heat equation with point ontrol,
 = [ 0; 1 ℄, FEM disretization using linear B-splines,h = 1=100 (=) n = 101).
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A low-rank Newton method Iteration for Z(r)Re-write Newton's method for AREs [Kleinman '68℄ATj Nj +NjAj = �R(Pj)()ATj (Pj +Nj)| {z }=Pj+1 +(Pj +Nj)| {z }=Pj+1 Aj = �CTC � PjBBTPj| {z }=:�WjWTjSet Pj = ZjZTj for rank (Zj)� n:ATj �Zj+1ZTj+1�+ �Zj+1ZTj+1�Aj = �WjWTj+Solve Lyapunov equations for Zj+1 diretly and use`sparse + low-rank' struture of Aj,Aj = A�BKj = A � B � (BTZj) � ZTj ;= sparse � m � �m � n =) \inversion" using Sherman-Morrison-Woodbury formula:(A�BKj)�1 = (In+A�1B(Im�KjA�1B)�1Kj)A�1:
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A low-rank Newton methodADI-Method for Lyapunov equations[Wahspress `88℄Let A 2 R n�n be stable (� (A) 2 C �), W 2 R n�w(w � n), onsider Lyapunov equationATQ+QA = �WWT :ADI iteration:(AT + pkI)Q(k�1)=2 = �WWT �Qk�1(A� pkI)(AT + pkI)QkT = �WWT �Q(k�1)=2(A� pkI)
with parameters pk 2 C � and pk+1 = pk in asepk 62 R .With Q0 = 0 and appropriate hoie of pk:limk!1Qk = Q superlinear.
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A low-rank Newton methodFatored ADI Iteration[B./Li/Penzl '00℄Set Qk = YkY Tk , re-formulation =)V1  q�2Re (p1)(A+ p1I)�1WY1  V1FOR k = 2; 3; : : :Vk  pRe (pk)pRe (pk�1) �I � (pk + pk�1)(A+ pkI)�1�Vk�1Yk  � Yk�1 Vk �
=) Ykmax = � V1 : : : Vkmax � ;with Vk = 2 C n�wand YkmaxY Tkmax � Q:
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A low-rank Newton methodNewton-ADI for AREs[B./Li/Penzl '00℄Solve Lyapunov equation(A�BKj�1)TZjZTj +ZjZTj (A�BKj�1) = �Wj�1W Tj�1with fatored ADI iteration+Sequene Y (j)0 ; Y (j)1 ; : : : ; Y (j)kmax of low-rankapproximations to solution of Lyapunov equation+Zj = Y (j)kmax+Newton's method with fatored iteratesPj = ZjZTj+Fatored solution of ARE:P� � ZjmaxZTjmaxPeter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 17



A low-rank Newton methodSolution of LQR ProblemsReall: solve LQR problem via ARE.But: ARE is detour, need feedbak!K = BTP = BTZZTIdea: Diret iteration for feedbak matrix.� Approximate feedbak matrix in step j of Newtoniteration:
Kj = BTZjZTj = kmaxXk=1(BTVj;k)V Tj;k

� Diret updating inside ADI iteration possible:Kj;0 = 0; Kj;k = Kj;k�1 + (BTVj;k)V Tj;k� Set K := Kjmax;kmax.� Requires only workspae of sizem�n for feedbakmatrix and n� (m+ p) for Vj;k.Peter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 18



Numerial Examples Numerial ExamplesExample 1 [Tr�oltzsh/Unger '99, Penzl '99℄� Optimal ooling of steel pro�les.� Model: boundary ontrol for linearization of 2D heatequation.xt = �x; x 2 
x+ x� = uk; x 2 �k; k = 1; : : : ; 6;x� = 0; x 2 �7:=) m = p = 6� FEM disretization, initial mesh (n = 821).
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Numerial Examples Numerial ExamplesSolution of linear systems of equations:� Instead of A = �M�1L onsider A = �M�1C LM�TC , MC = Cholesky fator of M ,� Cholesky fatorization and solution of `shifted' linear systems using sparse diret solver.Example 1a 1b 1ARE Newton iterations 5 8 12# olumns of ~Z 540 492 522kR( ~Z ~ZH)kFkCTCkF 7 � 10�14 4 � 10�14 1 � 10�14Lyapunov eq. min. # iterations 45 40 42max. # iterations 46 45 46
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Numerial Examples Example 1, Sti�ness Matrix
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Numerial ExamplesExample 1, Cholesky Fator of Mass Matrix
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Numerial Examples Example 2: Diret Feedbak IterationTest salability:� Linear 3D onvetion-di�usion equation with boundary ontrol in unit ube.� Finite di�erenes disretization on uniform grid.� Solution of linear systems of equations using QMR and ILU preonditioning.Example 2a 2b 2(n;m; p) (1000,1,1) (5832,1,1) (27000,1,1)feedbak Newton iterations 4 4 3k ~K�KkFkKkF 1:3 � 10�8 8:8 � 10�8 {Lyapunov eq. min. # iterations 103 143 96max. # iterations 129 143 96
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Conlusions and outlookConlusions and Outlook� Solution of LQR problems for paraboli PDEs vialow-rank fator ADI-Newton method is eÆientand reliable.� Riati-approah appliable to other ontrolproblems for linear evolution equations as well.� Newton's method guarantees stabilizationproperty of low-rank ARE solutions!� Diret omputation of feedbak matrix for LQRproblem possible without ARE detour.� Number of olumns in low-rank fators an bekept low using olumn ompression with updatingtehnique.� Need analysis on how aurate Lyapunovequations need to be solved (inexat Newtonmethods).� Line searh for ADI-Newton method eÆient (i.e.redues no. of iterations), but too expensive (w.r.t.ops per step).Peter Benner } Zentrum f�ur Tehnomathematik } Universit�at Bremen } 22


