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Distributed Parameter Systems

Parabolic PDEs as infinite-dimensional systems

PDE Model . .
Reduction Given Hilbert spaces

Peter Benner

X — state space,

DPS
U — control space,

Y — output space,
and linear operators
A: dom(A)Cc X — X,

B: U— X,
C: X -

Linear Distributed Parameter System (DPS)

Z:{X = Ax+ Bu, x(0) = xo € X,

y = Cx,

i.e., abstract evolution equation together with observation equation.



PDE Model
Reduction

The state x = x(t,&) is a weak solution of a parabolic PDE with
Ermeme’ (t,£) €[0, T] x Q, Q C R

Oex — V(a(£).Vx) + b(§).Vx + c(&)x = Bpe(§u(t), £€Q, t>0

with initial and boundary conditions

a(§)x + B(E)Iyx = Buc(&)ult), £€0Q, tel0,T],
x(0,8) = x(&) e X, £eq,
y(t) = C(&)x, e, te]o,T].

m B, = 0= boundary control problem
m By,c = 0 = point control problem
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Infinite-Dimensional Systems

PDE Model
Reduction Assume
Peter Benner

m A generates Co-semigroup T(t) on X;

m (A, B) is exponentially stabilizable, i.e., there exists
e F : dom(A) — U such that A + BF generates an exponentially

Dimensional

Syt stable Co-semigroup S(t);

m (A, C) is exponentially detectable, i.e., (A*, C*) is exponentially
stabilizable;

m B, C are finite-rank and bounded.
Then the system Y (A, B, C) has a transfer function

G=C(sl—A)'Be L.

If, in addition, A is exponentially stable, G is in the Hardy space H..

Weaker assumptions:
Y (A, B, C) is Pritchard-Salomon system, allows for certain unboundedness
of B, C.
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(Exponentially) Stable Systems

(PRI (e G is the Laplace transform of

Reduction

Peter Benner

h(t) :=CT(¢)B

and symbol of the Hankel operator H : L(0, 00; R™) — L5(0, co; RP),
Infinite-
Dimensional
Systems

(Hu)(t) = /000 h(t + 7)u(7) dT.

H is compact with countable many singular values o;, j = 1,..., 00,
called the Hankel singular values (HSVs) of G. Moreover,

LS
E oj < 0.
j=1

HSVs are system invariants, used for approximation similar to truncated SVD.
The 2-induced operator norm is the H,, norm; here,

o0
1Glln. =3



Model Reduction Based on Balancing

The Model Reduction Problem

PDE Model
Reduction
perer semner | Original System Reduced-Order System

Model Reduction . X(t) = AX(t) + Bu(t)’ = £(t) = 2\)'\( t) + Eu(t),
o { y(£) = Cx() + Du(z). | { yﬁti _ E')“(((t)) + Du(e).

m states x(t) € X,

m states X(t) €eR", r < n

m inputs u(t) € R™, m inputs u(t) € R,

m outputs y(t) € R”. m outputs j(t) € R”.
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Model Reduction Based on Balancing

The Model Reduction Problem

PDE Model
Reduction
perer semner | Original System Reduced-Order System

Model Reduction . X(t) = AX(t) + Bu(t)’ = £(t) = 2\)'\( t) + Eu(t),
> {y(t) = Cx(t) + Du(z). ' {ygt; = E‘)?((t)) + Du(t).

Based on
Balancing

m states x(t) € X, m states X(t) €R", r < n

m inputs u(t) € R™, m inputs u(t) € R,

m outputs y(t) € R”. m outputs j(t) € R”.

4“’“ y

|ly — 7|l < tolerance - ||ul| for all admissible input signals.
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Model Reduction Based on Balancing

Motivation

PDE Model
el Designing a controller for parabolic control systems requires

P e semi-discretization in space, control design for n-dim. system.

Feedback Controllers

Model Reduction
Based on .
skl A feedback controller (dynamic

compensator) is a linear system of

order N, where
® input = output of plant,
m output = input of plant.

Modern (LQG-/H2-/Hoo-) control
design: N > n

Real-time control is only possible with controllers of low complexity.

~+ Modern feedback control for parabolic systems w/o model
reduction impossible due to large scale of discretized systems.



Balanced Truncation

Balanced Realization
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Definition: [CURTAIN/ GLOVER /(PARTINGTON) 1986,1988 |

For G € Hoo, (A, B, C) is a balanced realization of G if the
controllability and observability Gramians, given by the unique
self-adjoint positive semidefinite solutions of the Lyapunov equations

Balanced
Truncation

APz +PA*z+BB*z = 0 Vzedom(A*)
A*"Qz+ QAz+C*Cz = 0 Vzedom(A)

satisfy P = Q = diag(o;) =: X.



Balanced Truncation

Model reduction by truncation

PDE Model
Reduction Abstract balanced truncation [GLOVER/CURTAIN/PARTINGTON 1988]

Peter Benner

Given balanced realization with

P = Q = diag(oj) = X,

Balanced

Truncation choose r with o, > 0,41 and partition (A, B, C) according to
P, = Q, = diag(oy,...,0,),

A:{‘:’ :} B:[B’}, c=[C =«],

ES

so that

then the reduced-order model is the stable system X .(A,,B,,C,)
with transfer function G, satisfying

16~ Grllu. <23

agj.
=r+1 J
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LQG Balanced Truncation

LQG Balanced Realization

PDE Model
Reduction

Peter Benner Balanced truncation only applicable for stable systems.
Now: unstable systems

LQG Balanced
Truncation

Definition: [CURTAIN 2003].

For G € Lo, X(A,B,C) is an LQG-balanced realization of G if the
unique self-adjoint, positive semidefinite, stabilizing solutions of the
operator Riccati equations

APz + PA*z— PC*CPz+BB*z = 0 forze dom(A")
A*"Qz+QAz-QBB"Qz+C*'Cz = 0 forze dom(A)

are bounded and satisfy P = Q = diag(v;) =: T.
(P stabilizing <& A — PC*C generates exponentially stable Co-semigroup.)



LQG Balanced Truncation

Model reduction by truncation

PDE Model

Reduction Abstract LQG Balanced Truncation [CURTAIN 2003]

Peter Benner

Given balanced realization with

P =Q = diag(y;) =T,
choose r with v, > 7,41 and partition X(A, B, C) according to

%QG Balanced Pr - Qr = diag('Yla oo a7r)v
runcation so that
A:|:Ar *:|, B:|:Br:|’ C:[Cr*],
* * *

then the reduced-order model is the LQG balanced system
Y, (A,,B,,C,) with transfer function G, satisfying

oo

le-Gl <2 3 i
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rleU Computation of Reduced-Order Systems

PDE Model
Reduction

Spatial discretization (FEM, FDM) ~~ finite-dimensional system on
X, C X with dim X, = n:

Peter Benner

x = Ax+Bu, x(0)=xp,
y = &,

Computation of

where A € R™" B € R™™ (C € RP*" with corresponding
Reduced-Order . .
Systems m algebraic Lyapunov equations

AP+PAT +BBT =0, ATQ+QA+C'C =0,
m algebraic Riccati equations (AREs)

0 = Re(P):=AP+PAT —PC"CP +BB',
0 = R(Q):=ATQ+QA-Q@BB"TQ+C'C.



Convergence of Gramians

PDE Model
Reduction

Peter Benner Theorem [CURTAIN 2003]

Under given assumptions for X(A, B, C), the solutions of the
algebraic Lyapunov equations on X, converge in the nuclear norm to
the solutions of the corresponding operator equations and the
transfer functions converge in the graph topology if the
n-dimensional approximations satisfy the assumptions:

Computation of

Sreems m 3 orthogonal projector I, : X — A&, such that
Miz—z(n—o0) Vze X, B=I,B, C=Cla,.
m Forallze X and n — oo,
M,z — T(t)z, (") M,z — T(t)*z,

uniformly in t on bounded intervals.
m A is uniformly exponentially stable.



Convergence of Gramians

PDE Model
Reduction

Peter Benner Theorem [CURTAIN 2003]

Under given assumptions for (A, B, C), the stabilizing solutions of
the algebraic Riccati equations on &, converge in the nuclear norm
to the solutions of the corresponding operator equations and the
transfer functions converge in the graph topology if the
n-dimensional approximations satisfy the assumptions:

Computation of
Reduced-Order

Systems m 3 orthogonal projector I, : X — A&, such that
Miz—z(n—o0) Vze X, B=I,B, C=Cla,.
m Forallze X and n — oo,
M,z — T(t)z, (") M,z — T(t)*z,

uniformly in t on bounded intervals.
m (A, B, C) is uniformly exponentially stabilizable and detectable.
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either the Lyapunov equations or AREs in factorized form

P=S"S, Q=R'R,

compute SVD
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SRT =[ Uy, Us]
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Computation of Reduced-Order Systems

Computation of Reduced-Order Systems from Gramians

PDE Model
Reduction

Peter Benner Given the Gramians P, Q of the n-dimensional system from
either the Lyapunov equations or AREs in factorized form

P=S"S, Q=R'R,

Y]

22 VZT '
St W=RTVi¥;"?and V =5TU 5 "2
Then the reduced-order model is

compute SVD

Computation of
Reduced-Order
Systems

SRT =[ Uy, Us]

(A, B,,C,) = (WTAV, WTB, CV).

Thus, need to solve large-scale matrix equations—but need only
factors!



Error Bounds

PDE Model
Reduction

Peter Benner

For control applications, want to estimate/bound

ly = el mmmy  or  [ly(t) — v (t)]l2-

Error bound includes approximation errors caused by

m Galerkin projection/spatial FEM discretization,

Computation of
Reduced-Order

S m model reduction.

Ultimate goal

Balance the discretization and model reduction errors vs. each other
in fully adaptive discretization scheme.
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PDE Model
Reduction

Peter Benner

Computation of
Reduced-Order
Systems

Assume C € L(X,RP) bounded, C = C|y,, X, C X. Then:

IN

ly — yr”Lz(O,T;RP) ly — y”Lz(O,T;RP) +ly — yrHLz(O,T;RP)

[Cx — CxllLy0, 7re) + 1Y = YrllLa(0, Time)
IC| -[)x — x
—

IN

L0, T;x) + Hy - yrHLz(O,T;RP)

= FEM error model reduction error



Output Error Bound

PDE Model
Reduction

Assume C € L(X,RP) bounded, C = C|y,, X, C X. Then:

Peter Benner

ly = yello.mrey < Iy = Yo, 7me) + 1Y = YellLa(o, 7ire)
= |[C = &0, 1re) + Iy = yell oo, 7ire)
< NCh - = L.y + Y = Yellao, 7ire)
Computation of
Reduced-Order =< FEM error model reduction error

Systems

Corollary

Balanced truncation:

Iy — yellea0, 7oy < €llx = x| Ly0,7:0) + 2l[ull o0, 7iRP) 22— 11 T
LQG balanced truncation:

_ oy < . oy 8 . n _
ly =yrllizio,mimey < €lix = Xllio(0.73) + Elltllato, mime) Zjimrin 77



Solving Large-Scale Matrix Equations

Large-Scale Algebraic Lyapunov and Riccati Equations

PDE Model
Reduction

Peter Benner General form for A,G = GT,W = WT € R"™" given and P € R"™*"
unknown:

0 = L(Q):=ATQ+ QA+ W,
Large Matrix 0 = R(Q)=ATQ+ QA—- QGQR + W.

Equations

In large scale applications from semi-discretized control problems for
PDEs,
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Solving Large-Scale Matrix Equations

Large-Scale Algebraic Lyapunov and Riccati Equations

PDE Model
Reduction

Peter Benner General form for A,G = GT,W = WT € R"™" given and P € R"™*"
unknown:

0 = L(Q):=ATQ+ QA+ W,
Large Matrix 0 = R(Q)=ATQ+ QA—- QGQR + W.

Equations

In large scale applications from semi-discretized control problems for
PDEs,
m n=10%-10° (= 10° — 1012 unknowns!),
m A has sparse representation (A = —M~1K for FEM),
m G, W low-rank with G, W € {BBT,CTC}, where
BeR™™ m<«n CeRP" pgon.

m Standard (eigenproblem-based) O(n®) methods are not
applicable!
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equations).

Consider spectrum of ARE solution (analogous for Lyapunov
Example:

Large Matrix
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10°
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Low-Rank Approximation
AREO=ATQ+QA—QBBTQ +CCT

PDE Model
Reduction

Peter Benner

Consider spectrum of ARE solution (analogous for Lyapunov
equations).

Example:

eigenvalues of Ph for h=0.01
10°
. m Linear 1D heat equation with wl %
arge Matrix . o
Equations point control, %
%
n Q= [0, 1], Ealy %?é
m FEM discretization using linear o a
B-splines,
m h= 1/100 — n=101. 107 2
1) 20 40 60 80 100
Index k
ldea: Q= Q7T >0 —

Q = ZZT Z )\kaZk ~ Z(r) Z(r Z )\kaZk
k=1
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PDE Model
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PDE Model
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Peter Benner

m For A € R"™" stable, B € R"™™ (w < n), consider Lyapunov
equation
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m ADI lIteration: [WACHSPRESS 1988]
ADI for
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with parameters py € C™ and pyi1 = Pr if px € R.
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rleU ADI Method for Lyapunov Equations

PDE Model
Reduction

Peter Benner
m For A € R"™" stable, B € R"™™ (w < n), consider Lyapunov
equation
AX + XAT = —BBT.

m ADI lIteration: [WACHSPRESS 1988]
ADI for
Lyapunov
(A+pc)Xj1y2 = —BBT — Xi1(AT — pil)
(A+pc)X" = —BBT — X;_1)2(AT — pil)

with parameters py € C™ and pyi1 = Pr if px € R.

m For Xy = 0 and proper choice of py: klim Xx = X superlinear.
— 00

m Re-formulation using X, = Yk YkT yields iteration for Yk...



Factored ADI lteration

Lyapunov equation 0 = AX + XAT = —BBT.

PDE Model . . . .
Reduction Setting Xx = Yk YkT, some algebraic manipulations —>

Peter Benner

Algorithm  [PenzL ’00, L1/WHITE '99/°02, B./L1/PENZL ¢

Vi« +/—2Re(p1)(A+pil)7'B, Yi « Wi

FOR j = 2,3, ...
ADI for Re _
Lyapunov Vk — Rl;{(p(fi)l) (Vk_l — (pk + pk_l)(A —+ Pk/) 1Vk71)
Yi — [ Y1 Vi ]
Y« < rrqr( Yk, 7) % column compression

Note: Implementation in real arithmetic possible by combining two steps.



Factored ADI lteration

Lyapunov equation 0 = AX + XAT = —BBT.

PDE Model . . . .
Reduction Setting Xx = Yk YkT, some algebraic manipulations —>

Peter Benner

Algorithm  [PenzL ’00, L1/WHITE '99/°02, B./L1/PENZL ¢

Vi« +/—2Re(p1)(A+pil)7'B, Yi « Wi

FOR j = 2,3, ...
ADI for Re _
Lyapunov Vk — Rl;{(p(fi)l) (Vk_l — (pk + pk_l)(A —+ Pk/) 1Vk71)
Yi — [ Y1 Vi ]
Y« < rrqr( Yk, 7) % column compression

At convergence, Y

max

Ykzax ~ X, where

N VR VA vk:chnxm

Note: Implementation in real arithmetic possible by combining two steps.
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[KLEINMAN ’68, MEHRMANN 91, LANCASTER/RODMAN ’95,

B./BYERs ’94/'98, B. '97, Guo/LAUB ’99]

PDE Model
Reduction

m Consider 0=R(Q)=C'C+A"Q+ QA QBB'Q.

Peter Benner
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PDE Model
Reduction

m Consider 0=R(Q)=C'C+A"Q+ QA—-QBB'Q.
m Frechét derivative of R(Q) at Q:

Peter Benner
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[KLEINMAN ’68, MEHRMANN 91, LANCASTER/RODMAN ’95,

B./BYERs ’94/'98, B. '97, Guo/LAUB ’99]

PDE Model
Reduction

m Consider 0=R(Q)=C'C+A"Q+ QA—-QBB'Q.
m Frechét derivative of R(Q) at Q:

Peter Benner

Ro:Z— (A-BBTQ)TZ+Z(A-BBTQ).
m Newton-Kantorovich method:
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Newton's Method for AREs

[KLEINMAN ’68, MEHRMANN 91, LANCASTER/RODMAN ’95,

B./BYERs ’94/'98, B. '97, Guo/LAUB ’99]

PDE Model
Reduction

m Consider 0=R(Q)=C'C+A"Q+ QA—-QBB'Q.
m Frechét derivative of R(Q) at Q:

Peter Benner

Ro:Z— (A-BBTQ)TZ+Z(A-BBTQ).
m Newton-Kantorovich method:

’ -1 .
e Q1 =@ — (Roj) R(Q), Jj=01.2,...
Method for

AREs

Newton's method (with line search) for AREs
FORj=0,1,...
A — A—BBTQ = A— BK,
Solve the Lyapunov equation A N; + N;A; = —R(Q)).
Qi1 — Q + ;.
END FOR j




Newton's Method for AREs

Properties and Implementation

PDE Model
Reduction

SN m Convergence for Kj stabilizing:
m A =A—BK =A—BBTQ is stable ¥ j > 0.
m limj« [|R(Q;)||F = 0 (monotonically).
B limj_o Qj = Q. > 0 (locally quadratic).
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Properties and Implementation

PDE M(_)del
FR,dEt m Convergence for Kj stabilizing:
m Aj=A—BK;=A—BB"Qisstable V j > 0.
m limj« [|R(Q;)||F = 0 (monotonically).
m limj—o Qj = Q. > 0 (locally quadratic).
m Need large-scale Lyapunov solver; here, ADI iteration:
linear systems with dense, but “sparse+low rank” coefficient
—— matrix A;:
Method for AJ — A _ B . Kl

AREs
= |sarse| - S




Newton's Method for AREs

Properties and Implementation

PDE Model
Reduction

m Convergence for Kj stabilizing:
m Aj=A—BK;=A—BB"Qisstable V j > 0.
m limj« [|R(Q;)||F = 0 (monotonically).
B limj_o Qj = Q. > 0 (locally quadratic).
m Need large-scale Lyapunov solver; here, ADI iteration:
linear systems with dense, but “sparse+low rank” coefficient

matrix A;:

Peter Benner

Newton's

Method for AJ — A

AREs - B . K/
= |sarse| - S

m m < n = efficient “inversion” using
Sherman-Morrison-Woodbury formula:

(A=BK) ' =(lh+ A 'B(ln — KA 'B) 'K))A™ ™.




Newton's Method for AREs

Properties and Implementation

PDE Model
Reduction

m Convergence for Kj stabilizing:
m Aj=A—BK;=A—BB"Qisstable V j > 0.
m limj« [|R(Q;)||F = 0 (monotonically).
B limj_o Qj = Q. > 0 (locally quadratic).
m Need large-scale Lyapunov solver; here, ADI iteration:
linear systems with dense, but “sparse+low rank” coefficient

matrix A;:

Peter Benner

Newton's

Method for AJ — A

AREs - B . K/
= |sarse| - S

m m < n = efficient “inversion” using
Sherman-Morrison-Woodbury formula:

(A=BK) ' =(lh+ A 'B(ln — KA 'B) 'K))A™ ™.

m BUT: Q= Q7 € R™" = n(n + 1)/2 unknowns!




Low-Rank Newton-ADI for AREs

PDE Model

Reduction Re-write Newton's method for AREs
Peter Benner

AN + NiAj = —R(Q))

—
AT (Q+ N)) +(Q+N) A = —CTC - QBBTQ
—
=Qj+1 =Qj+1 = M/JM/JT
Method for
ARES Set Q) = Z;Z| for rank (Zj) < n =

Al (Z11Z80) + (ZinZla) A = —ww)T



Low-Rank Newton-ADI for AREs

PDE Model

Redlueem Re-write Newton's method for AREs
Peter Benner

ATN; + N;A; = —R(Q))

—
AT (Q+ N)) +(Q+N) A = —CTC - QBBTQ
—
=Qj+1 =Qj+1 = M/JM/JT
Method for
ARES Set Q) = Z;Z| for rank (Zj) < n =

Al (Z11Z80) + (ZinZla) A = —ww)T

Factored Newton lteration [B./Li/PENzL 1999/2006]

Solve Lyapunov equations for Z;1; directly by factored ADI iteration
and use ‘sparse + low-rank’ structure of A;.



LQR Problem

PDE Model

Reduction - -
e Linear-Quadratic Regulator Problem

Linear-quadratic optimization problem w/o control/state constraints:

min /0 (Cx(t), CxX(8))y + (u(e), u())u dt

uel,

LQR Problem subject to x = Ax + Bu, x(0) = xo.
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PDE Model

Reduction - -
e Linear-Quadratic Regulator Problem

Linear-quadratic optimization problem w/o control/state constraints:

- / (Cx(t), Cx(£))y + (u(t), u(t))y dt
uel, 0

@R Rt subject to x = Ax + Bu, x(0) = xo.

Solution: feedback control law (~ static feedback controller)

u(t) = Kx(t) := B*Qx(t)

(with Q as in LQG operator Riccati equation).



LQR Problem

PDE Model
Reduction

s Linear-Quadratic Regulator Problem

Linear-quadratic optimization problem w/o control/state constraints:

min /0 (Cx(t), CxX(8))y + (u(e), u())u dt

uel,

@R Rt subject to x = Ax + Bu, x(0) = xo.

Solution: feedback control law (~~ static feedback controller)
u(t) = Kx(t) := B*Qx(t)

(with Q as in LQG operator Riccati equation).
Finite-dimensional approximation is

u(t) = Kux(t) := BT Q.x(t),

where Q. is the stabilizing solution of the corresponding ARE.



Application to LQR Problem

Feedback lteration

PDE Model
Reduction

Peter Benner

K, can be computed by direct feedback iteration:
m jth Newton iteration:

LQR Problem Kmax i
Jj—oo
Ki=B"ZZT =Y (B"V\)Vk —— K.=B722]
k=1

m Kj can be updated in ADI iteration, no need to even form Z;,
need only fixed workspace for K; € R™*"!



Mjl Optimal Control from Reduced-Order Model

PDE Model
Reduction

LQR solution for the reduced-order model yields

Peter Benner

ur(t) = Krax (t) == BrQrax(t).

Theorem

Let K, be the feedback matrix computed from finite-dimensional
approximation to LQR problem, K; , the feedback matrix obtained
from the LQR problem for the LQG reduced-order model obtained
using the projector VW then

LQR Problem

K=KV



Mjl Optimal Control from Reduced-Order Model

PDE Model
Reduction

LQR solution for the reduced-order model yields

Peter Benner

ur(t) = Krax (t) == BrQrax(t).

Theorem

Let K, be the feedback matrix computed from finite-dimensional
approximation to LQR problem, K; , the feedback matrix obtained
from the LQR problem for the LQG reduced-order model obtained
using the projector VW then

LQR Problem

K=KV

Consequence: the reduced-order optimal control can be computed as
by-product in the model reduction process!
Similar result for LQG controller.



Numerical Results

Performance of Matrix Equation Solvers

PDE Model
Reduction

Linear 2D heat equation with homogeneous Dirichlet boundary
and point control/observation.

m FD discretization on uniform 150 x 150 grid.

m n = 22500, m= p =1, 10 shifts for ADI iterations.

m Convergence of large-scale matrix equation solvers:

Inner (ADI) Iterations

Relative Change in Feedback Matrix
50
. ) 10"
Matrix Equation
Solvers
40
=
2 AT
530 =
£z =
£ <
a 20 s
Ed A
¥ 10"
10
10"
12 3 45 6 7 8 910111213 0 2 4 6 8 10 12 14
Newton steps Newton steps



Numerical Results

Performance of matrix equation solvers

PDE Model
Reduction Performance of Newton's method for accuracy ~ 1/n

Peter Benner

P
grid unknowns % it. (ADI it.) | CPU (sec.)
F
8x8 2,080 4.7e-7 2 (8) 0.47
16 x 16 32,896 | 1.6e-6 | 2 (10) 0.49
32 x 32 524,800 1.8e-5 2 (11) 0.91
S 64 x 64 8,390,656 | 1.8e-5 | 3 (14) 7.98
o 128 x 128 || 134,225,920 | 3.7e-6 | 3 (19) 79.46
Here,

m Convection-diffusion equation,
m m =1 input and p = 2 outputs,
m P=PT cR™" = ﬂ"2L1) unknowns.

Confirms mesh independence principle for Newton-Kleinman
[Burns/Sachs/Zietsmann 2006].



Numerical Results

Model Reduction Performance

PDE Model ) . .
Reduction m Numerical ranks of Gramians are 31 and 26, respectively.

S m Computed reduced-order model (BT): r =6 (07 = 5.8-107%),
m BT error bound § = 1.7- 1073,

2 Trensfer Functions g Absolute Error in Transfer Function

11G(e) - G Gea)ll
error bound

magnitude

Model Reduction

magnitude
3

Performance

frequency o 10

frequency »



Numerical Results

Model Reduction Performance

PDE Model

Reduction m Computed reduced-order model (BT): r =6, BT error bound
§=17-1073.

m Solve LQR problem: quadratic cost functional, solution is linear
state feedback.

m Computed controls and outputs (implicit Euler):

Controls Outputs
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Model Reduction -40 1000

Performance
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Numerical Results

Model Reduction Performance

PDE Model

Reduction m Computed reduced-order model (BT): r =6, BT error bound
§=17-1073.

m Solve LQR problem: quadratic cost functional, solution is linear
state feedback.

m Errors in controls and outputs:

Relative Errors

Model Reduction
Performance -2

[lu@® - u O]
— lly®) -y ®OlIy®I

0 0.05 0.1 0.15 02
time t




Numerical Results

Model Reduction Performance: BT vs. LQG BT

FOE Model m Boundary control problem for 2D heat flow in copper on rectangular
domain; control acts on two sides via Robins BC.
m FDM ~» n = 4496, m = 2; 4 sensor locations ~ p = 4.

m Numerical ranks of BT Gramians are 68 and 124, respectively, for
LQG BT both have rank 210.

m Computed reduced-order model: r = 10.

Hankel singular values

= LQG-HSV
—BT-HSV

Model Reduction
Performance 10
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Source: COMPIib v1.1, wuw.compleib.de.


www.compleib.de

Numerical Results

Model Reduction Performance: BT vs. LQG BT

i m Boundary control problem for 2D heat flow in copper on rectangular
Peter Benner domain; control acts on two sides via Robins BC.
m FDM ~» n = 4496, m = 2; 4 sensor locations ~ p = 4.

m Numerical ranks of BT Gramians are 68 and 124, respectively, for
LQG BT both have rank 210.

m Computed reduced-order model: r = 10.
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Numerical Results

Model Reduction Performance: BT vs. LQG BT

PDE Model .
ks m Boundary control problem for 2D heat flow in copper on rectangular

Peter Benner domain; control acts on two sides via Robins BC.

m FDM ~» n = 4496, m = 2; 4 sensor locations ~ p = 4.

m Numerical ranks of BT Gramians are 68 and 124, respectively, for
LQG BT both have rank 210.

m Computed reduced-order model: r = 10.
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Numerical Results

Reconstruction of the State

PDE Model BT is often criticized for its bias towards the input-output behavior of
Reduction .
the system. But states can also be reconstructed using

x(t) = Vx,(t).

Example: 2D heat equation with localized heat source, 64 x 64 grid,
r =6 model by BT, simulation for u(t) = 10 cos(t).

Reconstruction
of the State
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Numerical Results

Reconstruction of the State

PDE Model BT is often criticized for its bias towards the input-output behavior of
Reduction .
the system. But states can also be reconstructed using

x(t) = Vx,(t).

Example: 2D heat equation with localized heat source, 64 x 64 grid,
r =6 model by BT, simulation for u(t) = 10 cos(t).

ROM (1= 6),1=1
FDM (n = 4096),t = 1
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Numerical Results

BT modes are intelligent ansatz functions for Galerkin projection

PDE Model
Reduction BT mode ¥ (n=4095) BT mode v, (n = 4008) BT mode «, (n = 4096)

BT mode v, {n = 4095) BT mode v {n = 4096)

Reconstruction
of the State




rleU Conclusions and Open Problems

PDE Model

Reduction BT (and LQG) BT perform well for model reduction of (as of
Feter Bemer yet, simple) parabolic PDE control problems.

m Robust control design can be based on LQG BT (see [CURTAIN
2004]).

m Need more numerical tests.

m Other balancing schemes (Hoo-/bounded real BT,...) can be
implemented similarly [B. 2007].

Conclusions and m New version of LyaPack, providing MATLAB versions of
Open Frobiems described algorithms, out soon.
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Conclusions and Open Problems

PDE Model

Reduction BT (and LQG) BT perform well for model reduction of (as of
Feter Bemer yet, simple) parabolic PDE control problems.

m Robust control design can be based on LQG BT (see [CURTAIN
2004]).

m Need more numerical tests.

m Other balancing schemes (Hoo-/bounded real BT,...) can be
implemented similarly [B. 2007].

New version of LyaPack, providing MATLAB versions of
described algorithms, out soon.

Conclusions and u
Open Problems

m Open Problems:

m Optimal combination of FEM and BT error estimates/bounds —
use convergence of Hankel singular values for control of mesh
refinement?

m BT modes are intelligent ansatz functions for (Petrov-)Galerkin
projection—how to exploit?

m Application to nonlinear problems: for some semilinear problems,
BT approaches seem to work well.
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