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Hamiltonian Eigenproblems

Definition

LetJ:[ 0

—I, 0
m Hamiltonian, if (HJ)T = HJ,
m skew-Hamiltonian, if (HJ)T = —HJ.

A matrix pencil AN — H is called a Hamiltonian/skew-Hamiltonian
pencil, if H is Hamiltonian and N is skew-Hamiltonian.

], then H € R27%2" s called

Explicit block form

of Hamiltonian matrices:

[ g _jT ],whereA,G,QeR”X” and G=GT,Q=QT,
of skew-Hamiltonian Matrices:
[ g /E\;T ],where A G QeR™and G=-GT, Q=-Q".



Introduction

Spectral Properties

Hamiltonian
KiviovSehur Hamiltonian Eigensymmetry

Peter Benner
Hamiltonian matrices and Hamiltonian/skew-Hamiltonian pencils

Hamitonan exhibit the Hamiltonian eigensymmetry:
e if A is a finite eigenvalue of H — AN, then A\, —\, —\ are eigenvalues

of H— AN, too.




Introduction

Spectral Properties

Hamiltonian
Krylov-Schur

Hamiltonian Eigensymmetry
Pete
Hamiltonian matrices and Hamiltonian/skew-Hamiltonian pencils

Hamitonan exhibit the Hamiltonian eigensymmetry:
e if \is a finite eigenvalue of H — AN, then X, —\, —\ are eigenvalues

of H— AN, too.

Typical Hamiltonian spectrum:
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pencils like the QR/QZ, Lanczos, Arnoldi algorithms!
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Hamiltonian Eigenproblems

Goal
Structure-preserving algorithm, i.e., if X is a computed eigenvalue of

H — AN, then X, —X, —X should also be computed eigenvalues.

Goal cannot be achieved by general methods for matrices or matrix
pencils like the QR/QZ, Lanczos, Arnoldi algorithms!

For an algorithm based on similarity transformations, the goal is
achieved if the Hamiltonian structure is preserved.

Definition
S € R?7%27 js symplectic iff STJS=J, e, S t=JTSTJ.

Lemma

If H is Hamiltonian (skew-Hamiltonian) and S is symplectic, then
ST'HS

is Hamiltonian (skew-Hamiltonian), too.
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Applications

Hamiltonian Hamiltonian eigenproblems arise in many different applications, e.g.:

Krylov-Schur
Peter Benner
u
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Applications

m Systems and control:

Solution methods for algebraic and differential Riccati equations.
Design of LQR/LQG/H./Hs controllers and filters for
continuous-time linear control systems.

Stability radii and system norm computations; optimization of
system norms.

Passivity-preserving model reduction based on balancing.
Reduced-order control for infinite-dim. systems based on inertial
manifolds.

m Computational physics:
exponential integrators for Hamiltonian dynamics.

[E1rOLA ’03, LOPEZ/SIMONCINI "06]

m Quantum chemistry:
computing excitation energies in many-particle systems using
random phase approximation (RPA).

m Quadratic eigenvalue problems...
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By Bz Quadratic Eigenproblems with Hamiltonian Symm

Q\)x == (MM + G+ K)x =0,
where M =MT, K=KT, G= -G,

Applications

These QEPs arise in
linear elasticity

gyroscopic systems
used for modeling vibrations of spinning structures such as
the simulation of tire noise, helicopter rotor blades, inertial
navigation systems and components, or spin-stabilized
satellites with appended solar panels or antennas
[LANCASTER ’99, NACKENHORST ’04, ELSSEL/VOss '06, ...];
vibro-acoustics

opto-electronics
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Q(\)x := (MM + \G + K)x = 0,
where M =MT, K=KT, G= -G,

Applications

These QEPs arise in
linear elasticity

gyroscopic systems

vibro-acoustics
modeling of flexible piping systems by coupling of linear
wave equation with structural Lamé-Navier equations at
fluid-structure interfaces; [MAESss/GAUL '05];

opto-electronics
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Applications

Hamiltonian
Krylov-Schur

petedenne Quadratic Eigenproblems with Hamiltonian Symmetry

Q(\)x := (MM + \G + K)x = 0,
where M =MT, K=KT, G= -G,

Applications

These QEPs arise in
linear elasticity
gyroscopic systems
vibro-acoustics

opto-electronics
optical waveguide design, using Maxwell eigenproblems
[ScamIDT ET AL ’03].
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Hamiltonian
Krylov-Schur

Peter Benner Symplectic Lanczos Algorithm for Hamiltonian operators H

m is based on transpose-free unsymmetric Lanczos process
[FREUND '94],

Symplectic
Lanczos

m computes partial J-tridiagonalization;

m provides a symplectic (J-orthogonal) Lanczos basis Vj € R27%2k,
i.e., VkTJ,, Vk = Jk;

m was derived in several variants: [FREUND/MEHRMANN 94,
FERNG/LIN/WANG ’97, B./FASSBENDER ’97, WATKINS ’04];

m requires re-J-orthogonalization using, e.g., modified symplectic
Gram-Schmidt;

m can be restarted implicitly using implicit SR steps
[B./FASSBENDER '97];

m exhibits convergence problems without locking & purging.
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or Hamiltonian J-Hessenberg Form
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Symplectic
Lanczos

Vn _5n B

m can be computed by symplectic similarity T, = S™'HS almost always,

m is computed partially by symplectic Lanczos process, based on
symplectic Lanczos recursion

HVi = Vi Tie + Ciop1 Vies160%, Vie=[S(:,1: k), S(:, k+1:2k)].



The Symplectic Lanczos Algorithm

Derivation using Partial J-Tridiagonalization

Hamiltonian
Krylov-Schur Theorem

Peter Benner If T = S™'HS is in Hamiltonian J-tridiagonal form, then

: K(H,2n—1,v) = SR with s =v
Symplectic
Lanczos

is an SR decomposition of the Krylov matrix
K(H,2n—1,v) :=[v,Hv,...,H"v].

If R is nonsingular, then T is unreduced, i.e., {; # 0 for all j.



The Symplectic Lanczos Algorithm

Derivation using Partial J-Tridiagonalization

Hamiltonian
Krylov-Schur Theorem

Peter Benner If T = S™'HS is in Hamiltonian J-tridiagonal form, then

: K(H,2n—1,v) = SR with s =v
Symplectic
Lanczos

is an SR decomposition of the Krylov matrix
K(H,2n—1,v) :=[v,Hv,...,H"v].

If R is nonsingular, then T is unreduced, i.e., {; # 0 for all j.

Column-wise evaluation of HS = ST, yields (S := [vi,..., Vo, w1,..., Wy])
Hvi = Okvk + viewyk <= viwk = Hvik — dkvik =: wi,
Hwm = Cmvk—1+ Brvk — 0wk + Cra1Vit1
— Cha1Viyr = Hwi — Cevi—1 — Bk + 0wk =: Vicr1.

= Choose parameters dx, Bk, Vk, Cx such that resulting algorithm
computes symplectic (J-orthogonal) basis of Krylov subspace

K(H, vi,2m) = span{vy, Hvi, ..., Hzm_lvl}.
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The Symplectic Lanczos Algorithm

Algorithm based on symplectic Lanczos recursion HVy = Vi T\ + (k41 vk+1esz

INPUT: H e R?*™2" 'm e N, and start vector # # 0 € R*".
OUTPUT: T, e R2™X2M Ve R2™X2™ ¢ 1, and Vimy1.

G =2

vi = éf/l

FOR k=1,2,...,m
(a) t = Hvm, u= Hwpy,

(b) 0m = (t, vim)

() Wm = t — Omvim

(d) vm = (t,vm)y

(e) wm= #v"vm

(f) Bm = —(u, Wm)y

(g) Vmp1 =u— Cme—l - ﬁme + OmWm
(h) Cms1 = || Vmr]l2

(i) V1 = mvm-H

ENDFOR
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The Symplectic Lanczos Algorithm

Algorithm based on symplectic Lanczos recursion HVy = Vi T\ + (k41 vk+1esz

INPUT: H e R?*™2" 'm e N, and start vector # # 0 € R*".
OUTPUT: T, e R2™X2M Ve R2™X2™ ¢ 1, and Vimy1.

G = [l
V1=é\71
FORKk=1,2,....m

(a) t = Hvm, u= Hwpy,

(b) 6m = (t, vm)

() W = £ — Omvim

(d) vm = (t,vim)y

(e) wm= #v"vm

(f) Bm = —{u, Wm)y

(g) Vm+l =u-— Cme—l — ,Bme + 6me
(h) Cme1 = [Vmell2

(i) Vi1 = Z 5 Vmn

ENDFOR

Note: 3(b) yields orthogonality of vi, wix [FERNG/LIN/WANG '97]




The Symplectic Lanczos Algorithm

Algorithm based on symplectic Lanczos recursion HVy = Vi T\ + (k41 vk+1esz

Hamiltonian INPUT:

Krylov-Schur

H e R?*™2" 'm e N, and start vector # # 0 € R*".
OUTPUT: T, € R*™", V,, € R*™™, (i1, and Vg1

G =2
Symplectic vi = é";l

Lanczos
FOR k=1,2,...,m
(a) t = Hvm, u= Hwpy,

Peter Benner

(b) 0m = (t, vim)

() Wm = t — Omvim

(d) vm = (t,vm)y

(e) wm= #v"vm

(f) Bm = —(u, Wm)y

(g) Vmp1 =u— Cme—l - ﬁme + OmWm
(h) Cms1 = || Vmr]l2

(i) V1 = mvm-H

Note: 3(b) yields orthogonality of vi, wi [FERNG/LIN/WANG *97] and
optimal conditioning of Lanczos basis [B. '03] if ||v|> = 1 is forced.



The Symplectic Lanczos Algorithm

Implicit Restarts for given k-step Lanczos recursion HVy = Vi T) + Cit1Vi+1 esz.

WEIETIET) Extend Lanczos recursion by p symplectic Lanczos steps, yielding

Krylov-Schur

Peter Benner T
HViip = Vit p Tktp + Chtp+1 Vit p+1€2(k-4p) -

E— Let Siyp € R2KHP)¥2kHP) be symplectic. Then with

Lanczos

H (VitpSkip) = (VirpSkip) (5[:,, ThtpSkip) +Chipr1 Vk+p+1e27(—k+p)5k+p7

Vitp Virp Tictp

\A/Hp is J-orthogonal, ?_k+p is Hamiltonian.
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Obtain new Lanczos recursion from (x) by truncating back to k and
choosing Sk, so that
m T, is Hamiltonian J-tridiagonal,

m the residual term Ck+1Vk+15¢ has the form vector x ex.



The Symplectic Lanczos Algorithm

Implicit Restarts for given k-step Lanczos recursion HVy = Vi T) + Cit1Vi+1 esz.

Hamiltonian Extend Lanczos recursion by p symplectic Lanczos steps, yielding

Krylov-Schur

Peter Benner T
HViip = Vit p Tktp + Chtp+1 Vit p+1€2(k-4p) -

Let Siyp € R2KHP)¥2kHP) be symplectic. Then with

Symplectic
Lanczos

H (ViespSictp) = (VierpSicin) (Sicip Tk Skt p) FChept1 Vit p+1 €3k 4 p) Sk

Vk+p Vk+p 7’k+p
\A/Hp is J-orthogonal, ?_k+p is Hamiltonian. Thus,
(*) H\A/k+p = \A/k+p ?k+p+ck+p+1 Vk+P+15kT+p (5kT+p = Sktp(2(k+p), 1))

Obtain new Lanczos recursion from (x) by truncating back to k and
choosing Sk, so that
m T, is Hamiltonian J-tridiagonal,
m the residual term é\k+]_ Uk+15« has the form vector x ex.
=—> implicit SR steps with structure-induced shift polynomials, e.g.,
p2(x) = (x — p)(x + p) or pa(x) = p2(x)p2(x).
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The SR triangular) decomposition, using orthosymplectic Givens and

S Householder as well as symplectic Gaussian eliminations.

[BUNSE-GERSTNER/MEHRMANN ’86]
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The SR Algorithm

Key Ingredients

Hamiltonian

Krylov-Schur Bulge-chasing algorithm of GR class based on symplectic
Peter{Benner (J-orthogonal) similarity transformations. [DELLA-DORA 73]

m Algorithmic details analogous to QR algorithm, replace QR
decomposition by SR (symplectic x “psychologically” upper

The SR triangular) decomposition, using orthosymplectic Givens and

S Householder as well as symplectic Gaussian eliminations.

[BUNSE-GERSTNER/MEHRMANN ’86]

m Preserves the Hamiltonian J-tridiagonal form.

m Uses implicit double or quadruple shift SR steps which
correspond to SR decomposition of po(H) = (H — ul)(H + ul)
or ps(H) = p2(H)p2(H).

m Converges to Schur-like form with local cubic convergence rate.

[WATKINS/ELSNER "91]

m Can be implemented using the 4n — 1 parameters of the
J-tridiagonal form only ~~ parametric SR algorithm.

[FASSBENDER '07]
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Hamiltonian Schur-like form obtained from SR algorithm

Hamiltonian SR iterates converge to

Krylov-Schur _
A1 G1
Peter Benner

Ak Gk
0 Gry1

The SR
Algorithm

Qx+1 0

o 0

m the 1 x 1 blocks A; represent real eigenvalues with \; < 0,
m the 2 x 2 blocks A; represent complex eigenvalues with Re(});) < 0,

. G; . . .
m the blocks [g{ /(T] represent purely imaginary eigenvalues.
A



The SR Algorithm

Hamiltonian Schur-like form obtained from SR algorithm

Hamiltonian SR iterates converge to

Krylov-Schur _

Ay G
Peter Benner
Ak Gk
0 Gry1
The SR
Algorithm
0 Gm
0 —AT ’
0 -A]
Q41 0
L Qm 0 |
m the 1 x 1 blocks A; represent real eigenvalues with \; < 0,

the 2 x 2 blocks A; represent complex eigenvalues with Re(\;) < 0,

. G; . . .
the blocks [g{ /(T] represent purely imaginary eigenvalues.
A

m Re-ordering of eigenvalues requires (block-)permutation only!
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A Hamiltonian Krylov-Schur-Type Algorithm

Motivation

Hamiltonian

Krylov-Sehar m To enhance convergence of implicitly restarted Krylov subspace
By Bz methods need deflation strategies for
— locking: deflate converged and wanted Ritz pairs,
— purging: deflate converged but unwanted Ritz pairs,
but re-(J-) orthogonalize against converged Ritz vectors!
m Deflation, locking & purging technically involved and hard to
realize for implicitly restarted Arnoldi/Lanczos.
[LEHOUCQ/SORENSEN ’96, SORENSEN ’02].
m Deflation strategies do not carry over to implicitly restarted
symplectic Lanczos!
m Stewart's idea (SIMAX '01): rather than using Arnoldi
decomposition (recursion), i.e.

Derivation

AV, = Vi H, + rk+1ekT with upper Hessenberg matrix Hy
use Krylov-Schur decomposition
AW, = W, T + rk+1t,(T+1 with Ty in (real) Schur form

for locking & purging.



A Hamiltonian Krylov-Schur-Type Algorithm

Krylov-Schur for symplectic Lanczos

Hamiltonian
Krylov-Schur

Peter Benner Assume we have constructed a symplectic Lanczos decomposition of
length 2(k 4+ p) = 2m of the form

HVi = Vi Ty + Cm+1Vm+1e2Tm-

Derivation



A Hamiltonian Krylov-Schur-Type Algorithm

Krylov-Schur for symplectic Lanczos

Hamiltonian
Krylov-Schur

Peter Benner

Assume we have constructed a symplectic Lanczos decomposition of
length 2(k 4+ p) = 2m of the form

HVp =V Tm + Cm+1Vm+1e2Tm'
H\A/m = \A/m ?-m + é\m+1 Om+1§,31—
is a Hamiltonian Krylov-Schur-type decomposition if
m rank ([\7,,,, vm+1]> =2m+1,
] \7,,, is J-orthogonal,
=

m is in Hamiltonian Schur-type form.



A Hamiltonian Krylov-Schur-Type Algorithm

Symplectic Lanczos decomposition = Hamiltonian Krylov-Schur-type decomposition

i Applying SR algorithm to T, yields symplectic matrix Sy, such that
p:—, " T :=Sn'TnS» has Hamiltonian Schur-like form.
As noted before, T can be ordered by J-orthogonal permutations so that
converged and wanted/unwanted Ritz values appear in the leading/trailing
blocks,
A1
A A>

T, =
Derivation m (o))

G

G2

—A1T

Q —A;



A Hamiltonian Krylov-Schur-Type Algorithm

Symplectic Lanczos decomposition = Hamiltonian Krylov-Schur-type decomposition

Hamiltonian Applying SR algorithm to T, yields symplectic matrix S, such that

Krylov-Sch — . . .
PO T =S 'TnS» has Hamiltonian Schur-like form ~
Peter Benner

H(VnSm) = (VSm)(Sm’ TmSm) + Cmi1Vin1€3mSm
A1 G
A G
= [Vk7 Vm Wka WP] Ql 2 7Ail' 2 + Cm+1 Vm+15131—
@ —A;

Derivation

Note: in case of deflation (~+ locking possible), s} = [0, 5;1,0,5,12].
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Purging: continue with Hamiltonian Krylov-Schur-type decomposition

H[ Vi, Wi] = [Vie, Wi] Tic + Cms1Vims1si
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H[Vp, W] = [Vi, Wl T + Cmiavimsas,



A Hamiltonian Krylov-Schur-Type Algorithm

Symplectic Lanczos decomposition = Hamiltonian Krylov-Schur-type decomposition

Harmiltonian Applying SR algorithm to T, yields symplectic matrix S, such that

Krylov-Sch — . . .
IYSEE Tm = Sm 'TmSm has Hamiltonian Schur-like form
Peter Benner

H(VnSm) = (VSm)(Sm’ TmSm) + Cmi1Vin1€3mSm
A1 G
A G
= [Vk7 Vm Wk7 WP] Ql 2 7Ail' 2 + Cm+1 Vm+15131—
@ —A;

Derivation

Note: in case of deflation (~+ locking possible), s} = [0, sF,T_l,O,s,Ig].

Purging: continue with Hamiltonian Krylov-Schur-type decomposition
H[Vie, Wi] = [Vie, Wi] Tic + Cms1Vims1si

Locking: continue with Hamiltonian Krylov-Schur-type decomposition
H[Vp, Wy] = [V, W] Tp, + Cm+1Vm+15pT

In order to expand subspace back to length m, need to return to symplectic
Lanczos decomposition!



A Hamiltonian Krylov-Schur-Type Algorithm

Hamiltonian Krylov-Schur-type decomposition = symplectic Lanczos decomposition

Hamiltonian
Feter Benne Every Hamiltonian Krylov-Schur-type decomposition is equivalent to
a symplectic Lanczos decomposition.

Constructive proof:
Given a Hamiltonian Krylov-Schur-type decomposition of length k,

HU = UT +us'.
1

J-orthogonalize u w.r.t. U so that UTJu=0 = 0 := 5 (u—U),

Derivation

HU = UT + (v + Ut)s" = U(T +ts") +~ios” = UB+ 05",



A Hamiltonian Krylov-Schur-Type Algorithm

Hamiltonian Krylov-Schur-type decomposition = symplectic Lanczos decomposition

Hamiltonian
Krylov-Schur Theorem
Peter Benner

Every Hamiltonian Krylov-Schur-type decomposition is equivalent to
a symplectic Lanczos decomposition.

Constructive proof:
Given a Hamiltonian Krylov-Schur-type decomposition of length k,

HU = UT +us'.

Derivation

J-orthogonalize u w.r.t. U so that UTJu=0 = HU = UB+05".
Compute orthogonal symplectic matrix W such that W5 = (Ae;k =
HUW = UW(WTBW) + 3" W =: UWB + (irej;.



A Hamiltonian Krylov-Schur-Type Algorithm

Hamiltonian Krylov-Schur-type decomposition = symplectic Lanczos decomposition

Hamiltonian
Krylov-Schur Theorem
Peter Benner

Every Hamiltonian Krylov-Schur-type decomposition is equivalent to
a symplectic Lanczos decomposition.

Constructive proof:
Given a Hamiltonian Krylov-Schur-type decomposition of length k,

HU = UT +us'.

Derivation
J-orthogonalize u w.r.t. U so that UTJu=0 = HU = UB+05".
Compute orthogonal symplectic matrix W such that W5 = (Ae;k =
HUW = UWB + Ciejy.
Compute symplectic matrix S restoring J-tridiagonal form of B, ie.,
S7'BS = T is Hamiltonian J-tridiagonal and e}, S = ej,
(~ row-wise bottom-to-top J-tridiagonalization) =
HUWS = UWS ST*BS +(iiej,
M~ e ——
=V =V =T

is an equivalent symplectic Lanczos decomposition.



Algorithm HKS

plamiltontan Use k steps of symplectic Lanczos process to compute symplectic
Lanczos decomposition

HVi = Vi Ti + Chs1Vir1 €

Expand Krylov subspace to length 2(k + p) using p steps of
symplectic Lanczos process,

Peter Benner

HVicp = Vierp Tietp + Chtpt1 Vit pt1€2(k.p)-
Derivation Run (parametrized) SR algorithm on Ty, to obtain Hamiltonian
Krylov-Schur type decomposition
HUkyp = Ukip :rk+p + Chtp1 Vk+P+1SkT+p‘
Re-order Hamiltonian Schur-type form as desired, deflate/purge,
yielding new Hamiltonian Krylov-Schur type decomposition
HU = U T + §k+1 Va8 .
(In case of deflation of ¢ converged Ritz values, k < k — ¢.)
Compute equivalent symplectic Lanczos decomposition
HVie = Vi T + et eds
@A IF k>0, GOTO 2.
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m For interior eigenvalues near target 7, need Hamiltonian shift-and-
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Shift-and-invert



Hamiltonian

gl Sy m HKS is suitable for computing largest or smallest magnitude

By Bz eigenvalues (apply to H or H™1).

m For interior eigenvalues near target 7, need Hamiltonian shift-and-
invert operator!  But: H— 7/, (H—71)"" are not Hamiltonian!

B [MEHRMANN/WATKINS '01]
Ro(r) = (H—7)"'(H+7D)7', 7eRC,
R4(7‘) RQ(T)Rz(?), T € C,

are skew-Hamiltonian, suitable for solution with SHIRA
(skew-Hamiltonian implicitly restarted Arnoldi).

Shift-and-invert



Hamiltonian

gl Sy m HKS is suitable for computing largest or smallest magnitude
Peter Benner eigenvalues (apply to H or H_l).

invert operator!

Shift-and-invert

B [WATKINS '04]
Hi(7)
Ha(7)
Hs(7)
Ha(7)

m For interior eigenvalues near target 7, need Hamiltonian shift-and-

But: H — 7/, (H— 71)™! are not Hamiltonian!

B [MEHRMANN/WATKINS '01]
Rz (7')
Ra(7)

are skew-Hamiltonian, suitable for solution with SHIRA
(skew-Hamiltonian implicitly restarted Arnoldi).

(H=—7)"Y(H+71)"", 7€eR,C,
RQ(T)Rz(?), T E (C,

HYH—-7)"YH+7)"", 7eR,C,
HH—7)"YH+7)"", 7eR,C,
Hi(7)Rx(7), T€eC,
Hy(7)Rx(7), T7€C,

are Hamiltonian and real.
H>, H, are particularly suitable for QEPs (~ later).




Hamiltonian
Krylov-Schur

Peter Benner

Numerical
Example

A Hamiltonian Krylov-Schur-Type Algorithm

Optimal control: cooling of steel profiles

® Mathematical model: boundary control
for linearized 2D heat equation.

0
c pax AAX, e
0
A%X = k(uk—x), €Ty, 1<k<T,
0

= 0, Eerly.

— m=17,p=06.

m FEM discretization, different models for
initial mesh (n = 371),
3 steps of mesh refinement = 20209.

m Spatial semi-discretization =
linear, time-invariant system
x =Ax+ Bu, y=Cx.

Source: Physical model: courtesy of Mannesmann/Demag.

Math. model: TROLTZSCH/UNGER 1999/2001, PENZL 1999, SAAK 2003.



A Hamiltonian Krylov-Schur-Type Algorithm

Optimal cooling of steel profiles

Hamiltonian

Krylov-Schur Want 12 eigenvalues of largest magnitude (k = 6, choose p = k).

eter Benner T
e m Compare eigs and HKS applied to H = [cé‘c Eir].

m HKS and eigs both need 3 iterations to achieve % <1071
for 12 Ritz pairs (X, X).

m Max. condition number in SR iterations: max(cond (SR)) = 573.
m Eigenvalues scaled by 0.001.
Bmerice! eigs HKS
Eigenvalue Residual Eigenvalue Residual
—0.01807591600154 | 8-10% || —0.01807591600155 | 1-10713
—0.03087837032049 | 2-107% || —0.03087837032047 | 4-1071®
—0.08814494716419 | 1-1071° || —0.08814494716421 | 5-10"*
—0.19258460926304 | 3-107%° || —0.19258460926318 | 110~
—0.26388595299811 | 4-1071 || —0.26388595299800 | 8- 10~ 1°
—0.33668742939988 | 2-107% || —0.33668742939977 | 1-10~




Quadratic Eigenvalue Problems

Hamiltonian

rylov-Schur . . g . o
Kiovsd Quadratic Eigenproblems with Hamiltonian Symmetry
Peter Benner

Q\)x := (MM 4+ \G + K)x =0,
where M=MT, K=K, G=-G',

can be solved using linearization
Quadratic

Eigenvalue
Problems M 0 -G -K y | _ ._
o[ [F Dl vem

~~ unstructured (generalized) eigenproblem, spectral symmetry is destroyed
in finite precision computations.
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Q\)x := (MM 4+ \G + K)x =0,
where M=MT, K=K, G=-G',

can be solved using linearization
Quadratic
Eigenvalue

Frobiems (/\N—H)z:<)\[(l) CI;}—[MO,l _OKDH}:O (y = AMx)

~ skew-Hamiltonian/Hamiltonian eigenproblem as N is skew-Hamiltonian,
H is Hamiltonian;



Quadratic Eigenvalue Problems

Hamiltonian

rylov-Schur . . g . o
Kiovsd Quadratic Eigenproblems with Hamiltonian Symmetry
Peter Benner

Q\)x := (MM 4+ \G + K)x =0,
where M=MT, K=K, G=-G',

can be solved using linearization
Quadratic
Eigenvalue

Frobiems (/\N—H)z:<)\[(l) CI;}—[MO,l _OKDH}:O (y = AMx)

~ skew-Hamiltonian/Hamiltonian eigenproblem as N is skew-Hamiltonian,
H is Hamiltonian;

~~ spectral symmetry can be preserved in finite precision computations if
structure-preserving algorithm is used!



Quadratic Eigenvalue Problems

Hamiltonian

rylov-Schur . . g . o
Kiovsd Quadratic Eigenproblems with Hamiltonian Symmetry
Peter Benner

Q\)x := (MM 4+ \G + K)x =0,
where M=MT, K=K, G=-G',

can be solved using linearization
Quadratic
Eigenvalue

Frobiems (/\N—H)z:<)\[(l) CI;}—[MO,l _OKDH}:O (y = AMx)

~ skew-Hamiltonian/Hamiltonian eigenproblem as N is skew-Hamiltonian,
H is Hamiltonian;

Skew-Hamiltonian/Hamiltonian eigenproblem is equivalent to Hamiltonian
eigenproblem Hz = Az with

[ -ic 0 -K1[! -iG
H‘[o /HM—1 oHo I



Quadratic Eigenvalue Problems

Shift-and-invert

Hamiltonian For eigenvalues of largest magnitude apply HKS to

Krylov-Schur

Peter Benner | -1l 0 - K | —1ig
— 2 2
H‘[o I HM—I oHo I }
For eigenvalues of smallest magnitude apply HKS to
o[ 1316 0o M I 3G
Ho= { 0o I/ -K™' o0 o I |-

Note: more efficient than SHIRA applied to H 2!

Shift-and-invert



Quadratic Eigenvalue Problems

Shift-and-invert

Hamiltonian For eigenvalues of largest magnitude apply HKS to

Krylov-Schur

Peter Benner | -1l 0 —-K | -1
- 2 2
H‘[o ! HM—I oHo I }

For eigenvalues of smallest magnitude apply HKS to
o[ 1316 0o M I 3G
Ho= { 0o I/ -K™' o0 o I |-

For interior real/purely imaginary eigenvalues apply HKS to
Ho(r) = H(H-—7I)""(H+ r/)*1

-1 L Vel o
X[—Q(OT)TOHA_ITIHS%/\H‘

Applying Q(7)™%, Q(7)~" requires only 1 LU factorization!
Note: as efficient as SHIRA applied to R»(7)!

Shift-and-invert

7]



Quadratic Eigenvalue Problems

Shift-and-invert

Hamiltonian For eigenvalues of largest magnitude apply HKS to

Krylov-Schur

Peter Benner | -1l 0 - K | —1ig
— 2 2
H‘[o I HM—I oHo I }

For eigenvalues of smallest magnitude apply HKS to
o[ 1316 0o M I 3G
Ho= { 0o I/ -K™' o0 o I |-

el For interior complex eigenvalues apply HKS to

Hy(r) = HH —71) " (H+71)""(H=71)""(H+7)"".

Note: as efficient as SHIRA applied to R4(7)!



Quadratic Eigenvalue Problems

Numerical tests

Hamiltonian
Krylov-Schur

Peter Benner

m We apply eigs and HKS (and SHIRA for nonzero shifts) to
several test sets.

m Convergence is based on comparable stopping criteria: Ritz
values are taken as converged if relative residuals for the
shift-and-invert operators are smaller than given tolerance.

Shift-and-invert X . i i .

m Relative residuals in numerical examples are the residuals for the
QEP, i.e., B B

[(A°M + AG + K)X||1
INM + X6 + K|[I%]:’

where (), %) is a converged Ritz pair.



Quadratic Eigenvalue Problems

Corner singularities [APEL/MEHRMANN/WATKINS "02]

Hamiltonian
Krylov-Schur

Solutions of elliptic boundary value problems like Laplace and linear
elasticity (Lamé) equations in domains with polyhedral corners exhibit
singularities in the neighborhood of the corners.

Peter Benner

m Singularities can be quantified if this neighborhood is intersected with
the unit ball centered at the corner and parameterized with spherical
coordinates (r, ¢, 0).

m The singular part of the solution can be expanded in a series with
terms of the form r®u(¢, 8), where « is the singularity exponent.

m It turns out that @ =: A — 0.5 and v can be computed as eigenpairs of
quadratic operator eigenvalue problems of the form

Corner

singularities

Nem(u, v) + Ag(u, v) = k(u, v),
where m(.,.), k(.,.) are Hermitian positive definite sesquilinear forms
and g(.,.) is a skew-Hermitian sesquilinear form.

m Finite-element discretization of the operator eigenvalue problem leads
to a QEP, where M and —K are positive definite.



Quadratic Eigenvalue Problems

Corner singularities

Hamiltonian

Krylov-Schur Here: 3D elasticity problem for Fichera corner (cutting the cube
Feter Benne [0,1] x [0,1] x [0, 1] out of the cube (—1,1) x (—1,1) x (—1,1)).

n = 12,828, matrix assembly with software CoCoS [C. PESTER '05].
Want 12 eigenvalues closest to target shift 7 = 1.

Compare SHIRA applied to R>(1), eigs and HKS applied to Ha(1).
SHIRA needs 3, eigs 6, HKS 4 iterations.

Max. condition number in SR iterations: max(cond (SR)) = 3.35- 10°.

Corner

singularities




Quadratic Eigenvalue Problems

Corner singularities

Hamiltonian

Kvicascity Here: 3D elasticity problem for Fichera corner (cutting the cube

Reter Benrer [0,1] x [0,1] x [0, 1] out of the cube (—1,1) x (=1,1) x (—1,1)).
m n = 12,828, matrix assembly with software CoCoS [C. PESTER '05].
m Want 12 eigenvalues closest to target shift 7 = 1.
m Compare SHIRA applied to R»(1), eigs and HKS applied to H(1).
m SHIRA needs 3, eigs 6, HKS 4 iterations.
m Max. condition number in SR iterations: max(cond (SR)) = 3.35- 10°.
SHIRA HKS
Sngurices Eigenvalue Residual Eigenvalue Residual
0.90510929898162 | 2-107* || 0.90510929894951 | 6-1071°
0.90529568786502 | 2-107'* || 0.90529568784944 | 5-1071°
1.07480595544983 | 5-107'% || 1.07480595544985 | 4-1071°
1.60117345104537 | 1-107'% || 1.60117345101134 | 610716
1.65765608689959 | 4-10~'* || 1.65765608679830 | 3-10'°
1.65914529725492 | 1-10~% || 1.65914529702482 | 7-107%°




Quadratic Eigenvalue Problems

Corner singularities

Hamiltonian

Kvicascity Here: 3D elasticity problem for Fichera corner (cutting the cube

Peter Benner [0,1] x [0,1] x [0, 1] out of the cube (—1,1) x (=1,1) x (—1,1)).
m n = 12,828, matrix assembly with software CoCoS [C. PESTER '05].
m Want 12 eigenvalues closest to target shift 7 = 1.
m Compare SHIRA applied to R»(1), eigs and HKS applied to H(1).
m SHIRA needs 3, eigs 6, HKS 4 iterations.
m Max. condition number in SR iterations: max(cond (SR)) = 3.35- 10°.
eigs HKS
Sngurices Eigenvalue Residual Eigenvalue Residual
0.90510929898127 | 4-1071 || 0.90510929894951 | 6-1071°
0.90529568786417 | 4-107% || 0.90529568784944 | 5.1071°
1.07480595545002 | 4-107'® || 1.07480595544985 | 4-1071°
1.60117345102312 | 2-107¢ || 1.60117345101134 | 6-107%°
1.65765608688689 | 2-107'° || 1.65765608679830 | 3-10'°
1.65914529726339 | 1107 || 1.65914529702482 | 7-10%°




Quadratic Eigenvalue Problems

Gyroscopic systems: micro-gyroscope

Hamiltonian
Krylov-Schur

Peter Benner ! m Vibrating micro-mechanical
gyroscope for inertial navigation.

m Rotational position sensor.

tion axis

m By applying AC voltage to Sepsitivy
electrodes, wings are forced to
et vibrate in anti-phase in wafer
systems pIane.
m Coriolis forces induce motion of A e,

wings out of wafer plane Gorolis ace. Gorolis ace,
yielding sensor data.

Source: The Oberwolfach Benchmark Collection nttp://uww. intek.de/simulation/benchnark
Courtesy of D. Billger (Imego Institute, Géteborg), Saab Bofors Dynamics AB.



http://www.imtek.de/simulation/benchmark

Quadratic Eigenvalue Problems

Gyroscopic systems: micro-gyroscope

Koow-Sehur = FEM model (ANSYS), n = 17, 361.
Peter Benner m Compare eigs and HKS applied to H~! and H»(10%), request 12
eigenvalues.

Gyroscopic
systems



Quadratic Eigenvalue Problems

Gyroscopic systems: micro-gyroscope

Koow-Sehur = FEM model (ANSYS), n = 17, 361.

Peter Benner m Compare eigs and HKS applied to H~! and H»(10%), request 12
eigenvalues.

H71

m Both need 3 iterations.
m Relative residuals < eps.
= max(cond (SR)) = 1.5 - 10°.

Gyroscopic
systems




Quadratic Eigenvalue Problems

Gyroscopic systems: micro-gyroscope

Hamiltonian s FEM model (ANSYS)' n=17,361.

Krylov-Schur

Peter Benner m Compare eigs and HKS applied to H~! and H»(10%), request 12
eigenvalues.
o —il =i
H H(H—71)""(H+7l)

m Both need 3 iterations. m HKS needs 3, eigs 2 iterations.

m Relative residuals < eps. m Relative residuals < eps.

= max(cond (SR)) = 1.5 - 10°. = max(cond (SR)) = 3.15 - 10°.
Gyroscopic B O Hks
systems s 0

2 el 3

E E




Quadratic Eigenvalue Problems

Gyroscopic systems: rolling tire

Hamiltonian
Krylov-Schur

Peter Benner

m Modeling the noise of rolling tires requires to determine the
transient vibrations, [NACKENHORST/VON ESTORFF '01].

m FEM model of a deformable wheel rolling on a rigid plane
surface results in a gyroscopic system of order n = 124,992
[NACKENHORST '04].

m Sparse LU factorization of Q(7) requires about 6 GByte.

Gyroscopic

systems m Here, use reduced-order model of size n = 2,635 computed by
AMLS [ELssEL/Voss "06].




Quadratic Eigenvalue Problems

Gyroscopic systems: rolling tire

Hamiltonian

Krylov-Schur m Compare eigs and HKS applied to H~! to compute the 12
Feter Benne smallest eigenvalues.

m eigs needs 8, HKS 6 iterations.
m max(cond (SR)) = 331.
m Eigenvalues scaled by 1,000.

eigs HKS
_ Eigenvalue Residual Eigenvalue Residual
e 4.107%% 4+ 1.73705142673: | 2-107* || 1.737051426712 | 5-10Y
—3-107" + 1.66795405953: | 8-107"° || 1.66795405955: | 2-10~*°
2.107'% +1.66552788164: | 2-1071° || 1.66552788164: | 1-1071°
4.107** +1.58209209804: | 1-107*° || 1.58209209804: | 5-10~*"
—1-107" 4 1.136571085782 | 8-10"%" || 1.136571085782 | 7-10~'8
1-10"* 4 0.80560062107z | 1-107* || 0.80560062107: | 6-10"*8




Quadratic Eigenvalue Problems

Gyroscopic systems: rolling tire

Hamiltonian
Krylov-Schur

Peter Benner smallest eigenva|ues.

m Compare eigs and HKS applied to H~! to compute the 180

%10
14
Y ® &R
o : e g B ix bl e ® <
1k 5:&: ‘kxx i i‘ T
L] k k]
x X%
x
st s _
=
E aF = elgs |
Gyroscopic = ¢ HKS
systems
sk 1
Ak 4
L3
a5 . . 1 I . . .
-4 3 2 1 1] 1 2 3 4
Re(x) 10’




Conclusions and Outlook

Hamiltonian
Krylov-Schur

Peter Benner Conclusions

m Solution of large-scale eigenproblems with Hamiltonian
eigensymmetry in a numerically reliable way possible by
combination of symplectic Lanczos process and Krylov-Schur
restarting.

m Alternative to SHIRA, often with faster convergence.

m Relies on parameterized SR algorithm [FASSBENDER ’07].

Conclusions and

Outlook m Advantageous in particular in presence of eigenvalues on the
imaginary axis, e.g., for stable gyroscopic systems.



Conclusions and Outlook

Hamiltonian

Krylov-Schur

Peter Benner Outlook

m Integration into HAPACK (= better and more reliable
implementation. . .)

m Comparison to SOAR [Ba1/Su ’05] for second-order
eigenproblems.

m Solution of higher-order, structured polynomial eigenproblems.
Concsions ang m Version for symplectic/palindromic eigenproblems based on
Outlook symplectic Lanczos process and SZ iteration.

m Two-sided symplectic (implicitly restarted) Arnoldi based on
symplectic URV decomposition [B./KRESSNER/MEHRMANN/XU],
soon.



Hamiltonian
Krylov-Schur

Peter Benner
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