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Parametric model order reduction

Parametric system

dx(t,p) = A(p)x(t,p)+ B(p)u(t)
y(t,p) = C(p)Tx(t,p)

with
@ parameter vector p € Q C RY, Q compact
o x(t,p) € R", input u(t) € R™, output y(t,p) € RY, m,g < n
o stability: A(A(p)) € C~ for all p

w

Reduced-order parametric system
4x(t,p) = A(p)X(t,p) + B(p) u(t)
y(t,p) = C(p)Tx(t,p)

o x(t,p) € R" of reduced dimension r < n
o |ly — ¥|| bounded

y
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Balanced truncation/interpolatory MOR for d =

@ Choose k + 1 interpolation points po, ..., px € [a, b].
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Balanced truncation/interpolatory MOR for d =11
@ Choose k + 1 interpolation points po, ..., px € [a, b].

@ Apply balanced truncation to Gj(s) := G(s, pj):

6;](5) = éjT(slrj - Aj)*léj, for j=0,..., k.
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Balanced truncation/interpolatory MOR for d =11

@ Choose k + 1 interpolation points po, ..., px € [a, b].
@ Apply balanced truncation to Gj(s) := G(s, pj):

6;](5) = Q-T(sl,j - Aj)*léj, for j=0,..., k.

© Parametric reduced-order system by interpolation:

k k
Gi(s,p) = _0i(p)Gi(s) =D ¢i(p) G (sl — A)~*B;
=0 =0

with interpolation conditions:

A,

Gi(s, pj) = Gj(s) ~ Gj(s) = G(s,pj), forj=0,... k.

Max Planck Institute Magdeburg P. Benner, PMOR using interpolation on sparse grids 4/26



Balanced truncation/interpolatory MOR for d =1

k k

Gi(s.p) = >_¢i(p)Gi(s) =D _ ¢i(p) G (s, — A)) B
j=0 j=0

n T ~ 1 ~

Co(p) (sl, — Ao) Bo

Ce(p) (sl — A) By

+ reduced complexity in numerical simulation:
costs for evaluation of transfer function reduced from O(n3)
for G(s, p) to O(k max(r;)*) for G(s, p)

+ reduced storage requirements from O(n?) for original system
to O((k + 1) max(r;)?) for reduced-order system

Max Planck Institute Magdeburg P. Benner, PMOR using interpolation on sparse grids ~ 5/26



Balanced truncation/interpolatory MOR for d =11

global error bound by combination of BT error bound, i.e.

n

1Gi(-) = Gl <2( D 07) < tol (1)
i= rj+1
and error estimates for interpolation:

sup [ G(s,p) — Gi(s,p)l| = sup [|G(s,p) Z%(p )Gi(s

seCt sect
p€la,b] pEla,b]
k
< sup [|G(s,p) = Gi(s,p)l + sup [|D_¢i(p)(Gi(s) — Gi(s))]
seCt seCt j=0
pEla,b] p€Ela,b]
(1) k R k
< sup | #i(P)(Gi(s) = Gi())l +tol - sup [ ;(p)
sect JZO pE[a,b] _]:0
p€[a,b]
BT error

interpolation error
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Example from Microsystems Technology

Flow meter (anemometer)

@ Sensor to measure flow rate of liquids and gases.

@ An engineering requirement in this case is a compact flow
meter model that allows us to use fluid properties (flow
velocity) as parameters.

o Mathematical model: Linear convection-diffusion equation.

FlowProfile

SenL Heater SenR

Figure: Flow meter model generated with ANSYS
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Anemometer discretization

Convection-diffusion equation with fluid properties
fluid velocity v, heat capacity ¢, thermal conductivity &:

cOL(t,&) = V- (kVT(t,€)—cV-VT+4q, £€(0,1)

|l space discretization n = 29008

ESGT(t) = (—Ka—pKe) T(t)+bu(t)
(p)
y(t) = ¢ T?t)

First: preserve flow velocity as single parameter p.
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Numerical results - Lagrange interpolation

@ choose pg, -+, p11 € [0, 1] as Chebyshev points (second kind)
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Numerical results - Lagrange interpolation

@ choose pg, -+, p11 € [0, 1] as Chebyshev points (second kind)
@ prescribe BT error bound for G;(s) by tol=10"*
= systems of reduced order 2 < r; <9 = r =78
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Numerical results - Lagrange interpolation

@ choose pg, -+, p11 € [0, 1] as Chebyshev points (second kind)
@ prescribe BT error bound for G;(s) by tol=10"*
= systems of reduced order 2 < r; <9 = r =78

© Lagrange interpolation using barycentric formula:

k . ~
£ Pfjpj Gj(s) 1
@/(S,p) = i=0 s WJ = Y—_—
zk: w; Hi;éj(pj — pi)
=0 P—Pj
: 1/2 j=0ork
w; = (=1)9;, ;=
J (=1y / J {1 otherwise
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Numerical results - Lagrange interpolation

@ choose pg, -+, p11 € [0, 1] as Chebyshev points (second kind)
@ prescribe BT error bound for G;(s) by tol=10"*
= systems of reduced order 2 < r; <9 = r =78

© Lagrange interpolation using barycentric formula:

k . ~
£ Pfjpj Gj(s) 1
@/(S,p) = /=0 s WJ = Y—_—
zk: w; Hi;éj(pj — pi)
=0 P—Pj
: 1/2 j=0ork
w; = (=1)9;, ;=
J (=1y / J {1 otherwise

Q@ sup ||G(s,p) — Gi(s,p)|| <6.2x 1074
s€[710—2,5106]
pE[0,1]
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Numerical results - Lagrange interpolation
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Numerical results - Hermite interpolation

Anemometer example with n = 29008
G(s,p)=c’(sE—A(p))*b, pelo 1],
and 12 Chebyshev points, BT tolerance 107* = r =75
Q At [po,...,p11]:

6;/(Svpj) = @J(s) ~ G(57pj)a
aa[(s7p) ~ ~ 1A ~ A
TJ = &' (sE, — Aj))Au(sE, — A)) th &

Q C,(s,p) by Hermite interpolation with error estimate:

sup  ||G(s,p) — Gi(s,p)|| <3.5x107*
s€[710—2,7100]
p€[0,1]
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Numerical results - Hermite interpolation
|G (jo,p)-Gr(owp)l
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Numerical results - rational interpolation

Anemometer example with n = 29008

G(s,p) =c'(sE—A(p))'b, pelo 1],
and 12 Chebyshev points, BT tolerance 107* = r = 75

e _ num(s,p) .
Q Gi(s,p) = Ten(so) with num € HL%J and den € HLEJ
representation by generalized continued fraction,
computation by divided inverse differences

(2] G/(s,p) by rational interpolation with error estimate:
sup  [|G(s.p) — Gi(s, p)l| <2.4 x 10~

s€[710—2,7100]
p€[0,1]

Max Planck Institute Magdeburg

P. Benner, PMOR using interpolation on sparse grids ~ 13/26



Numerical results - rational interpolation

| G(j ©, p) — Gr(j @, p)|
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Summary numerical results - Anemometer

Lagrange interpolation
16(j0,p) - G P)

rational interpolation
| G(j o, p) - Gr(j ®, p)l

i

0 4*

Hermite interpolation
|G (o, p)—Gr(ow p)l
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Balanced truncation/interpolatory MOR

But:

for higher dimensional parameter spaces p € [0,1]¢ with d >3
we need many interpolation points = many times BT,

i.e. very high complexity!

Thus:
employ sparse grid interpolation [Smolyak 63, Zenger 91, Griebel 91,
Bungartz 92]
main advantages:
@ requires significantly fewer grid points

@ preserves asymptotic error decay with increasing grid
resolution (up to logarithmic factor)
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Hierarchical basis decomposition in d =1

On [0, 1] construct (equidistant) grid with mesh size hy = 2~¢ and
associated (2¢ — 1)-dim. space of piecewise linear functions S;

hierarchical basis decomposition:

subspaces of S3:
Ss=T1@---dTy P 3

T

Ta

/\\\ TS

basis of Ty, To, T3
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Hierarchical basis decomposition in d =1

On [0, 1] construct (equidistant) grid with mesh size hy = 2~¢ and
associated (2¢ — 1)-dim. space of piecewise linear functions S;

hierarchical basis decomposition:

subspaces of S3:
Ss=T1@---dTy P 3

For G(s,-) € C2([0, 1]) and interpolant n
G es .
14 /// \\\ To
G = Zgi, gicl; . o
i=1 ) -

the interpolation error is bounded
o [[G(s.) = Gillo < O(h7)
H 8 G(S

basis of Ty, To, T3

o |lgilloo < 1477285
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Hierarchical basis decomposition in d = 2

On [0, 1] construct rectangular grid with mesh size hy, = 27 hy, = 2~ P
and (2¢ — 1)2-dim. space of piecewise bilinear functions Sy (£ := (¢,£))

hierarchical basis decomposition:

@@ Ti, i=(i,h)

h1=1ih=1 .

subspaces of S33:

supports of basis of Ty ---
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Hierarchical basis decomposition in d = 2 @
On [0, 1] construct rectangular grid with mesh size hy, = 271 hy, = 27

and (2¢ — 1)2-dim. space of piecewise bilinear functions Sy (£ := (¢,£))

hierarchical basis decomposition:

L l
= @@ TD L: (il, 1'2)

subspaces of S33:

h=1h=1 . -
4 . *
For G: [0, 17 = R, 555 € C°((0, 1]°) :
I Ll c e <.
=> > & &€T; S I e
h=1h=1
the interpolation error is bounded It
o [G(s,") = Gilloc < O(H7) ¢ bas fT '
c supports of basis of Ty ---
o llgilloo < §47 72115555 oo
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Sparse grids in d =2

sparse decomposition: S, = @ T, = (i, i2)
i1 +ip<f+1
subspaces of S33:

with reduced dimension:

dimS, = 2f(4 —1) +1
For G : [0, 1]> = R, 2626(:0([0 1)
Gi= > & &c<T; : AN
i+ <l+1 M
Ne [ R
AVl
SN A

the interpolation error is bounded

Gilloo < O(M2log(h;t
Oo (glog(h; ")) supports of basis of Tij -

||G(S, ) -

Max Planck Institute Magdeburg
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Sparse grids [Smolyak 63, Zenger 91, Griebel 91, Bungartz 92]

On [0, 1]9 construct rectangular grid with mesh size hy.

For G(s,-) : [0, 1]¢ — R, g QG(S ;€ CO([0, 1]9) search

interpolant G; in space of piecewise d-linear functions:

full grid space sparse grid space
Zé”'éﬂ' 5= @ T
h=1  ig=1 lij1 <t+d—1
dimension O(h,9) O(h, *(log(h,1))71)
1G(s,-) = Gilloo O(h7) O(h7 (log(h;*))* 1)
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Sparse grids

MATLAB Sparse Grid Interpolation Toolbox:

Points: 5, Level: 1

Points full grid: 9

Points: 13, Level: 2

Points full grid: 25

Points: 29, Level: 3

Points full grid: 81

[Klimke/Wohlmuth 05, Klimke 07]

Points: 29, Level: 4
Points full grid:289

1 1 H 1 H
0.8 08 : 0.8 ° 0.8 .
0.6 0.6 0.6 : 0.6
0.4 : 0.4 0.4 ' : ' 0.4 e : o
0.2 0.2 0.2 . 0.2
% 05 1 0 05 1 0 o5 1 0 05 1

Points: 7, Level: 1
Points full grid: 27

Points: 25, Level: 2
Points full grid: 125

Points: 69, Level: 3
Points full grid: 729

Points: 177, Level: 4
Points full grid: 4913

We employ sparse grids for high-dim. parameter space p € Z9.
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Numerical results - Anemometer d = 3

Consider again

oT

(6.9 = V- (:VT(£,€) = cv- VT +¢

with fluid properties:
fluid velocity v, heat capacity ¢, thermal conductivity s

(Ms +poMs) & T(t) = (—Kas—piKas — paKe) T(t) + bu(t)
——
E(po) A(p1,p2)
y(t) = ¢ T(t)

o Now: parameter space [0, 1] x [0.1, 2] x [1, 2]
o MATLAB Sparse Grid Interpolation Toolbox
[Klimke/Wohlmuth 05, Klimke 07]

@ Chebyshev-Gauss-Lobatto grid with polynomial interpolation
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Numerical results - Anemometer d = 3

o we choose level for grid
refinement: ¢ =2
= 25 sparse grid points

10 : @ error tol for BT applied to
G(s,p/): 1073
0 rj = 2 = system of
ol reduced order r = 50
o estimated interpolation
105 pye e e e error (from Toolbox):
? 42 x 1074
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Numerical results - Anemometer d = 3

P. Benner, PMOR using interpolation on sparse grids ~ 24/26




Conclusions/Outlook

@ We have developed a balanced truncation/interpolatory
method for parametric model reduction with reduced
complexity in numerical simulations, error estimates.

@ The method can be applied to higher (d < 10) dimensional
parameter spaces [Baur/B., at-Automatisierungstechnik, 2009].

Next steps:
@ Only function for evaluation of reduced-order system, search
for explicit description of TFM, state-space model.
@ Which interpolation method fits best to which problem?
@ Look at other interpolation based techniques:
o weighted interpolation in time domain

[Panzer/Mohring/Eid/Lohmann, at-Automatisierungstech. 2010].

o high-order multivariate interpolation on nonlinear matrix
manifolds [Amsallem, 2010].

o Adaptive sparse grids [Gerstner/Griebel 2003].
@ Sparse grid discretization directly on PDE level.
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