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Parametric model order reduction

Parametric system

d
dt x(t, p) = A(p) x(t, p) + B(p) u(t)
y(t, p) = C (p)T x(t, p)

with

parameter vector p ∈ Ω ⊂ Rd , Ω compact

x(t, p) ∈ Rn, input u(t) ∈ Rm, output y(t, p) ∈ Rq, m, q � n

stability: λ(A(p)) ⊂ C− for all p

Reduced-order parametric system

d
dt x̂(t, p) = Â(p) x̂(t, p) + B̂(p) u(t)

ŷ(t, p) = Ĉ (p)T x̂(t, p)

x(t, p) ∈ Rr of reduced dimension r � n

‖y − ŷ‖ bounded
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Balanced truncation/interpolatory MOR for d = 1

1 Choose k + 1 interpolation points p0, . . . , pk ∈ [a, b].

2 Apply balanced truncation to Gj(s) := G (s, pj):

Ĝj(s) = ĈT
j (sIrj − Âj)

−1B̂j , for j = 0, . . . , k .

3 Parametric reduced-order system by interpolation:

ĜI (s, p) =
k∑

j=0

ϕj(p)Ĝj(s) =
k∑

j=0

ϕj(p) ĈT
j (sIrj − Âj)

−1B̂j

with interpolation conditions:

ĜI (s, pj) = Ĝj(s) ≈ Gj(s) = G (s, pj), for j = 0, . . . , k .
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Balanced truncation/interpolatory MOR for d = 1

ĜI (s, p) =
k∑

j=0

ϕj(p)Ĝj(s) =
k∑

j=0

ϕj(p) ĈT
j (sIrj − Âj)

−1B̂j

=

 Ĉ0(p)
...

Ĉk(p)


T  (sIr0 − Â0)−1

. . .

(sIrk − Âk)−1


 B̂0

...

B̂k


+ reduced complexity in numerical simulation:

costs for evaluation of transfer function reduced from O(n3)
for G (s, p) to O(k max(rj)

3) for ĜI (s, p)

+ reduced storage requirements from O(n2) for original system
to O((k + 1) max(rj)

2) for reduced-order system
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Balanced truncation/interpolatory MOR for d = 1

global error bound by combination of BT error bound, i.e.

‖Gj(·)− Ĝj(·)‖H∞ ≤ 2(
n∑

i=rj+1

σi ) < tol (1)

and error estimates for interpolation:

sup
s∈C+

p∈[a,b]

‖G (s, p)− ĜI (s, p)‖ = sup
s∈C+

p∈[a,b]

‖G (s, p)−
k∑

j=0

ϕj(p)Ĝj(s)‖

≤ sup
s∈C+

p∈[a,b]

‖G (s, p)− GI (s, p)‖+ sup
s∈C+

p∈[a,b]

‖
k∑

j=0

ϕj(p)(Gj(s)− Ĝj(s))‖

(1)

≤ sup
s∈C+

p∈[a,b]

‖
k∑

j=0

ϕj(p)(Gj(s)− Ĝj(s))‖

︸ ︷︷ ︸
interpolation error

+ tol · sup
p∈[a,b]

|
k∑

j=0

ϕj(p)|︸ ︷︷ ︸
BT error
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Example from Microsystems Technology

Flow meter (anemometer)

Sensor to measure flow rate of liquids and gases.

An engineering requirement in this case is a compact flow
meter model that allows us to use fluid properties (flow
velocity) as parameters.

Mathematical model: Linear convection-diffusion equation.

SenL Heater SenR

FlowProfile

Figure: Flow meter model generated with ANSYS

Max Planck Institute Magdeburg P. Benner, PMOR using interpolation on sparse grids 7/26



Anemometer discretization

Convection-diffusion equation with fluid properties
fluid velocity ~v , heat capacity c, thermal conductivity κ:

c ∂T
∂t (t, ξ) = ∇ · (κ∇T (t, ξ))− c~v · ∇T + q̇, ξ ∈ (0, 1)2

⇓ space discretization n = 29008

E d
dtT (t) = (−Kd − pKc)︸ ︷︷ ︸

A(p)

T (t) + b u(t)

y(t) = c> T (t)

First: preserve flow velocity as single parameter p.

Max Planck Institute Magdeburg P. Benner, PMOR using interpolation on sparse grids 8/26



Numerical results - Lagrange interpolation

1 choose p0, · · · , p11 ∈ [0, 1] as Chebyshev points (second kind)

2 prescribe BT error bound for Ĝj(s) by tol=10−4

⇒ systems of reduced order 2 ≤ rj ≤ 9 ⇒ r = 78

3 Lagrange interpolation using barycentric formula:

ĜI (s, p) =

k∑
j=0

wj

p−pj Ĝj(s)

k∑
j=0

wj

p−pj

, wj =
1∏

i 6=j(pj − pi )

wj = (−1)jδj , δj =

{
1/2 j = 0 or k

1 otherwise

4 sup
s∈[10−2,106]

p∈[0,1]

‖G (s, p)− ĜI (s, p)‖ ≤ 6.2× 10−4
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⇒ systems of reduced order 2 ≤ rj ≤ 9 ⇒ r = 78

3 Lagrange interpolation using barycentric formula:
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Numerical results - Lagrange interpolation
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Numerical results - Hermite interpolation

Anemometer example with n = 29008

G (s, p) = cT (sE − A(p))−1b, p ∈ [0, 1],

and 12 Chebyshev points, BT tolerance 10−4 ⇒ r = 75

1 At [p0, . . . , p11]:

ĜI (s, pj) = Ĝj(s) ≈ G (s, pj),

∂ĜI (s, pj)

∂p
= ĉT (sErj − Âj)

−1Â1(sErj − Âj)
−1b̂ ≈

∂G (s, pj)

∂p

2 ĜI (s, p) by Hermite interpolation with error estimate:

sup
s∈[10−2,106]

p∈[0,1]

‖G (s, p)− ĜI (s, p)‖ ≤ 3.5× 10−4
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Numerical results - Hermite interpolation
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Numerical results - rational interpolation

Anemometer example with n = 29008

G (s, p) = cT (sE − A(p))−1b, p ∈ [0, 1],

and 12 Chebyshev points, BT tolerance 10−4 ⇒ r = 75

1 ĜI (s, p) = num(s,p)
den(s,p) with num ∈ Πb k+1

2
c and den ∈ Πb k

2
c

representation by generalized continued fraction,

computation by divided inverse differences

2 ĜI (s, p) by rational interpolation with error estimate:

sup
s∈[10−2,106]

p∈[0,1]

‖G (s, p)− ĜI (s, p)‖ ≤ 2.4× 10−4
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Numerical results - rational interpolation

10
0

0

0.5

1
0

2

4

6

x 10
−4

ω

| G(j ω, p) −  Gr(j ω, p)|

p

Max Planck Institute Magdeburg P. Benner, PMOR using interpolation on sparse grids 14/26



Summary numerical results - Anemometer

Lagrange interpolation
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Hermite interpolation
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Balanced truncation/interpolatory MOR

But:

for higher dimensional parameter spaces p ∈ [0, 1]d with d ≥ 3
we need many interpolation points ⇒ many times BT,

i.e. very high complexity!

Thus:

employ sparse grid interpolation [Smolyak 63, Zenger 91, Griebel 91,

Bungartz 92 ]

main advantages:

requires significantly fewer grid points

preserves asymptotic error decay with increasing grid
resolution (up to logarithmic factor)
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Hierarchical basis decomposition in d = 1

On [0, 1] construct (equidistant) grid with mesh size h` = 2−` and

associated (2` − 1)-dim. space of piecewise linear functions S`

hierarchical basis decomposition:

S` = T1 ⊕ · · · ⊕ T`

For G (s, ·) ∈ C 2([0, 1]) and interpolant

GI ∈ S`

GI =
∑̀
i=1

gi , gi ∈ Ti

the interpolation error is bounded

‖G (s, ·)− GI‖∞ ≤ O(h2` )

‖gi‖∞ ≤ 1
24−i‖∂

2G(s,·)
∂p2

‖∞

subspaces of S3:

T

T

T3

2

1

basis of T1, T2, T3
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Hierarchical basis decomposition in d = 2

On [0, 1]2 construct rectangular grid with mesh size h`1 = 2−`1 , h`2 = 2−`2

and (2` − 1)2-dim. space of piecewise bilinear functions S` (` := (`, `))

hierarchical basis decomposition:

S` =
⊕̀
i1=1

⊕̀
i2=1

Ti , i = (i1, i2)

For G : [0, 1]2 → R, ∂4G
∂p21∂p

2
2
∈ C 0([0, 1]2)

GI =
∑̀
i1=1

∑̀
i2=1

gi , gi ∈ Ti

the interpolation error is bounded

‖G (s, ·)− GI‖∞ ≤ O(h2` )

‖gi‖∞ ≤ 1
44−i1−i2‖∂

4G(s,·)
∂x21∂x

2
2
‖∞

subspaces of S33:

supports of basis of T11 · · ·
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Sparse grids in d = 2

sparse decomposition: S̃` =
⊕

i1+i2≤`+1

Ti , i = (i1, i2)

with reduced dimension:

dim S̃` = 2`(`− 1) + 1

For G : [0, 1]2 → R, ∂4G
∂p21∂p

2
2
∈ C 0([0, 1]2)

G̃I =
∑

i1+i2≤`+1

gi , gi ∈ Ti

the interpolation error is bounded

‖G (s, ·)− G̃I‖∞ ≤ O(h2` log(h−1` ))

subspaces of S33:

supports of basis of T11 · · ·
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Sparse grids [Smolyak 63, Zenger 91, Griebel 91, Bungartz 92]

On [0, 1]d construct rectangular grid with mesh size h`.

For G (s, ·) : [0, 1]d → R, ∂2dG(s,·)
∂p21 ...∂p

2
d
∈ C 0([0, 1]d) search

interpolant GI in space of piecewise d-linear functions:

full grid space sparse grid space

S` =
⊕̀
i1=1
· · ·

⊕̀
id=1

Ti S̃` =
⊕

|i |1≤`+d−1
Ti

dimension O(h−d` ) O(h−1` (log(h−1` ))d−1)

‖G (s, ·)− GI‖∞ O(h2` ) O(h2` (log(h−1` ))d−1)
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Sparse grids [Klimke/Wohlmuth 05, Klimke 07]

MATLAB Sparse Grid Interpolation Toolbox:
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We employ sparse grids for high-dim. parameter space p ∈ Id .
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Numerical results - Anemometer d = 3

Consider again

c
∂T

∂t
(t, ξ) = ∇ · (κ∇T (t, ξ))− c~v · ∇T + q̇

with fluid properties:
fluid velocity ~v , heat capacity c , thermal conductivity κ

(Ms + p0Mf )︸ ︷︷ ︸
E(p0)

d
dtT (t) = (−Kd ,s − p1Kd ,f − p2Kc)︸ ︷︷ ︸

A(p1,p2)

T (t) + b u(t)

y(t) = c> T (t)

Now: parameter space [0, 1]× [0.1, 2]× [1, 2]

MATLAB Sparse Grid Interpolation Toolbox
[Klimke/Wohlmuth 05, Klimke 07 ]

Chebyshev-Gauss-Lobatto grid with polynomial interpolation
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Numerical results - Anemometer d = 3
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error (from Toolbox):
4.2× 10−4
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Numerical results - Anemometer d = 3
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Conclusions/Outlook

We have developed a balanced truncation/interpolatory
method for parametric model reduction with reduced
complexity in numerical simulations, error estimates.

The method can be applied to higher (d ≤ 10) dimensional
parameter spaces [Baur/B., at-Automatisierungstechnik, 2009 ].

Next steps:

Only function for evaluation of reduced-order system, search
for explicit description of TFM, state-space model.

Which interpolation method fits best to which problem?

Look at other interpolation based techniques:
weighted interpolation in time domain
[Panzer/Mohring/Eid/Lohmann, at-Automatisierungstech. 2010 ].
high-order multivariate interpolation on nonlinear matrix
manifolds [Amsallem, 2010 ].

Adaptive sparse grids [Gerstner/Griebel 2003 ].

Sparse grid discretization directly on PDE level.
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