
Abstract

We discuss the feedback stabilization of flow problems described by the
incompressible Navier-Stokes equations. In the last decade, a series of
papers by Raymond and co-workers showed that for small perturbations,
the deviation from a nominal flow, defined by a possibly unstable solution
of the steady Navier-Stokes equations, can be steered to zero at an
exponential convergence rate using an LQR problem for the velocity field
projected onto a suitable space of divergence-free functions. We show
how to solve this LQR problem numerically using the associated algebraic
(operator) Riccati equation. The key idea is to avoid the explicit
Helmholtz projection onto the divergence-free vector fields by employing
a saddle point formulation discussed already by Heinkenschloss, Sorensen,
and Sun (SIAM J. Sci. Comp. 30:1038-1063, 2008) in the context of
balanced truncation model reduction. Also, a number of other issues such
as initializing Newton’s method for the algebraic Riccati equations, need
to be solved to derive a working algorithm for the numerical solution of
the flow stabilization problem. We will show how the computed feedback
control using this approach effectively stabilizes unstable flows using as
test examples von Karman vortex shedding and the coupled systems of a
reactive substance transported by an incompressible fluid.
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Introduction
Model Problems

defined on (0,∞)× Ω, Ω ⊂ R2 bounded and ”smooth enough” Γ = ∂Ω

+ boundary and initial conditions

∂~v

∂t
− ν∆~v +∇p = ~f

div~v = 0

Stokes Equations

∂~v

∂t
− 1

Re
∆~v + (~v · ∇)~v +∇p = ~f

div~v = 0

Navier-Stokes Equations

Flow Models

models describe incompressible, instationary flow

viscosity ν ∈ R+, (NSE: Reynolds number Re = vch·dch
ν
∈ R+)

initial boundary value problem with additional algebraic constraints
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∂~v

∂t
− ν∆~v +∇p = ~f

div~v = 0

Stokes Equations

∂~v

∂t
− 1

Re
∆~v + (~v · ∇)~v +∇p = ~f

div~v = 0

Navier-Stokes Equations

Flow Models

∂c

∂t
− 1

Re Sc
∆c + (~v · ∇)c = 0

Concentration Equation

∂ϑ

∂t
− 1

Re Pr
∆ϑ+ (~v · ∇)ϑ = 0

Temperature Equation

defined on (0,∞)× Ω, Ω ⊂ R2 bounded and ”smooth enough” Γ = ∂Ω

+ boundary and initial conditions

Diffusion-Convection Models

models describe diffusion and convection process

Schmidt number Sc ∈ R+, Prandtl number Pr ∈ R+
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Introduction
Model Problems

∂~v

∂t
− ν∆~v +∇p = ~f

div~v = 0

Stokes Equations

∂~v

∂t
− 1

Re
∆~v + (~v · ∇)~v +∇p = ~f

div~v = 0

Navier-Stokes Equations

Flow Models

∂c

∂t
− 1

Re Sc
∆c + (~v · ∇)c = 0

Concentration Equation

∂ϑ

∂t
− 1

Re Pr
∆ϑ+ (~v · ∇)ϑ = 0

Temperature Equation

Diffusion-Convection Models

Scenario 1: Feedback stabilization of flow field around
stationary trajectory in ”von Kármán Vortex Street”.
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Concentration Equation

∂ϑ

∂t
− 1

Re Pr
∆ϑ+ (~v · ∇)ϑ = 0

Temperature Equation

Diffusion-Convection Models

Scenario 2: Feedback stabilization of coupled flow and
diffusion-convection field in a reactor model.
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Introduction
Basic Ideas of Feedback Stabilization

Motivation:
↪→ Stabilize flow profiles.
↪→ Attenuate external perturbations.
↪→ Influence flow via boundary conditions.

Riccati-based feedback stabilization with boundary control input.

↪→ Use linear quadratic regulator (LQR) approach.
↪→ Influence the model via boundary control.
↪→ Stabilize the flow around a desired flow profile (stationary trajectory)

that is used as linearization point.

Analytical approach by [Raymond since 2005].

↪→ Uses Leray projector to project onto the correct subspace.
↪→ Extended to finite dimensional controllers [Raymond/Thevenet ’10].

Ideas for numerical treatment based on [Bänsch/Benner ’10].

↪→ Consider linearized Navier-Stokes equations for 2D.
↪→ Discrete projection idea by [Heinkenschloss/Sorensen/Sun ’08].
↪→ Use Newton-ADI method to compute optimal control.
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↪→ Consider linearized Navier-Stokes equations for 2D.
↪→ Discrete projection idea by [Heinkenschloss/Sorensen/Sun ’08].
↪→ Use Newton-ADI method to compute optimal control.

5/23 benner@mathematik.tu-chemnitz.de Numerical Solution of the Feedback Control Problem for Navier-Stokes Equations



Introduction Discretized System Work Flow Numerical Examples Conclusion

Introduction
Basic Ideas of Feedback Stabilization

Motivation:
↪→ Stabilize flow profiles.
↪→ Attenuate external perturbations.
↪→ Influence flow via boundary conditions.

Riccati-based feedback stabilization with boundary control input.

↪→ Use linear quadratic regulator (LQR) approach.
↪→ Influence the model via boundary control.
↪→ Stabilize the flow around a desired flow profile (stationary trajectory)

that is used as linearization point.

Analytical approach by [Raymond since 2005].

↪→ Uses Leray projector to project onto the correct subspace.
↪→ Extended to finite dimensional controllers [Raymond/Thevenet ’10].

Ideas for numerical treatment based on [Bänsch/Benner ’10].
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Introduction
Analytical Approach [Raymond since 2005]

Feedback boundary stabilization of (Navier)-Stokes flow problems.

Linearize around a given stationary trajectory.

Formulate stabilization problem for the perturbation.

Problem

Partial differential equation with additional algebraic constrains.

↪→ Need projector onto correct solution manifold.

↪→ “Hide” constraints inside the function space.

Leray Projector

Orthogonal projection onto divergence-free function space.

↪→ LQR approach can be applied.

↪→ Perturbation vanishes and flow achieves given trajectory.
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Introduction
Leray Projection

Helmholtz Decomposition [Girault/Raviart ’86]

Splitting a vector field ~v ∈ (L2(Rd ))d into:

Divergence-free component: ~vdiv ∈ Hdiv0(Rd )
Curl-free component: ~vcurl ∈ Hcurl0(Rd )
↪→ ∃ stream-function ψ and potential-function p:

~v = ~vdiv + ~vcurl

⇒ (L2(Rd ))d = Hdiv0(Rd )⊕⊥ Hcurl0(Rd )

with ~vdiv = curlψ (div~vdiv = 0) and ~vcurl = ∇p (curl~vcurl = 0).

Leray Projector P

P : ~v 7→ ~vdiv , which means for a given ~v solve

~vdiv +∇p = ~v ,

div~vdiv = 0,

to compute the divergence-free component ~vdiv .
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Discretized Control Systems
Finite Element Discretization

Applying a standard finite element discretization to the linearized
flow/coupled flow problems yields

M
d

dt
v(t) = Av(t) + Gp(t) + f(t), (1a)

0 = GTv(t). (1b)

y(t) = Cv(t).

Properties

Differential algebraic system (DAE) of D-index 2 (if G̃ has full rank).

Matrix pencil: ([
A G

G T 0

]
,

[
M 0
0 0

])
.

Descriptor system with multiple inputs and outputs (MIMO).

Index reduction to apply LQR approach [Heinkenschloss/Sorensen/Sun ’08].
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Discretized Control Systems
Discrete Leray Projection

Projection Method [Heinkenschloss/Sorensen/Sun ’08]

Index reduction for Lyapunov-solver.

Projector:
Π := I − G (GTM−1G )−1GTM−1.

Recall P(~v) = ~w :
~w +∇p = ~v ,

div ~w = 0,
⇒
[
M G
GT 0

] [
w
p

]
=

[
Mv

0

]
.

GTM−1

Mw +

GTM−1

Gp =

GTM−1

Mv

Mw + G (GTM−1G )−1GTv = Mv

Properties of Π: (Π := I − G(G T M−1G)−1G T M−1)

Π2 = Π null(Π) = range(G )

ΠM = MΠT range(Π) = null(GTM−1)

GTx = 0⇐⇒ ΠTx = x

– Projection onto divergence-free functions (div~v = 0).

– Nullspace represents curl-free components (rot∇p = 0).

– Symmetric w.r.t. (. , .)M (i.e., the discrete (. , .)L2 )
⇒ oblique in (Rn, (. , .)2) but orthogonal in (Rn, (. , .)M ).

ΠT seems to be discrete Leray projector
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Discretized Control Systems
Discrete Leray Projection

Projection of Control System

Projector:
ΠT := I −M−1G (GTM−1G )−1GT .

For GTv(t) = 0⇔ ΠTv(t) = v(t).

Correct solution manifold (hidden manifold)

0 = GTM−1Av(t) + GTM−1Gp(t) + GTM−1Bu(t),

is invariant under ΠT .

System (1) reduces to

ΠMΠT d

dt
v(t) = ΠAΠTv(t) +ΠBu(t), (2a)

y(t) = CΠTv(t). (2b)

not invertible, because nullspace of Π is non trivial
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Discretized Control Systems
Discrete Leray Projection

Decomposition of Projector [Heinkenschloss/Sorensen/Sun ’08]

Consider decomposition:

Π = Θl Θ
T
r ,

with Θl ,Θr ∈ Rnv×(nv−np), such that ΘT
l Θr = I(nv−np)×(nv−np).

Substituting the decomposition into (2) yields

ΘT
r MΘr

d

dt
ṽ(t) = ΘT

r AΘr ṽ(t) + ΘT
r Bu(t),

y(t) = CΘr ṽ(t).
(3)

with ṽ ∈ Rnv−np and M =MT � 0.
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Discretized Control Systems
LQR Approach for Projected System [Benner/Saak/Stoll/W. 12]

Minimize

J (y,u) =
1

2

∫ ∞
0

λ||y||2 + ||u||2 dt,

subject to

M d

dt
ṽ(t) = Aṽ(t) + Bu(t),

y(t) = Cṽ(t).
(4)

Riccati Based Feedback Approach [e.g.,Locatelli ’01]

Optimal control: u(t) = −Kṽ(t).

Feedback: K = BTXM,

where X is the solution of the generalized algebraic Riccati equation

R(X ) = CTC +ATXM+MTXA−MTXBBTXM = 0.
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Feedback: K = BTXM,

where X is the solution of the generalized algebraic Riccati equation

R(X ) = CTC +ATXM+MTXA−MTXBBTXM = 0.

12/23 benner@mathematik.tu-chemnitz.de Numerical Solution of the Feedback Control Problem for Navier-Stokes Equations



Introduction Discretized System Work Flow Numerical Examples Conclusion

Work Flow
Scenario 1: NSE on ”von Kármán Vortex Street”

Goal: ~z = ~v − ~w → 0
 Linearized Navier-Stokes equations:

∂~z

∂t
− 1

Re
∆~z + (~z · ∇)~w + (~w · ∇)~z +∇p = 0

div~z = 0

defined on (0,∞)× Ω
+ boundary and initial conditions

PDE: NSE

NSE

stationary NSE

Minimize

J (y, u) =
1

2

∫ ∞
0

λ||y||2 + ||u||2 dt

s.t.[
Mz 0
0 0

]
d

dt

[
z
p

]
=

[
Az G
G T 0

][
z
p

]
+

[
Bz

0

]
u

y(t) = Czz(t)

LQR

[Heinkenschloss/Sorensen/Sun ’08]

Domain Ω: von Kármán vortex street
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Scenario 1: NSE on ”von Kármán Vortex Street”

Goal: ~z = ~v − ~w → 0
 Linearized Navier-Stokes equations:

∂~z

∂t
− 1

Re
∆~z + (~z · ∇)~w + (~w · ∇)~z +∇p = 0
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defined on (0,∞)× Ω
+ boundary and initial conditions
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Goal: ~z = ~v − ~w → 0
 Linearized Navier-Stokes equations:

∂~z

∂t
− 1

Re
∆~z + (~z · ∇)~w + (~w · ∇)~z +∇p = 0

div~z = 0

defined on (0,∞)× Ω
+ boundary and initial conditions

PDE: NSE

NSE

stationary NSE

Minimize

J (y, u) =
1

2

∫ ∞
0

λ||y||2 + ||u||2 dt

s.t.

M d

dt
z̃=Az̃ + Bu

y(t) = Cz̃

LQR

[Heinkenschloss/Sorensen/Sun ’08]
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Work Flow
Scenario 2: NSE Coupled with DCE in Reactor Model

Goal: ~z = ~v − ~w → 0, c = c (~v) − c (~w) → 0
 Linearized coupled system:

∂~z
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Re
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Work Flow
LQR for Nonlinear PDEs with Algebraic Constraints

• Linearize around a given stationary
trajectory.

• Index reduction via projection
method. [Heinkenschloss/Sorensen/Sun ’08]

• Formulate stabilization problem for
the perturbation.

Continuous Level

• Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

• Construct and assemble suitable
input and output operators.

• Adapt Newton-ADI approach to
deal with projection.

Semi-Discretized Level

• Find feedback matrix K depending on cost functional and projected ODE.

LQR Approach

• Apply feedback K within NAVIER.

• Optimize cost functional design to improve
simulation results.

Closed-Loop Simulation

15/23 benner@mathematik.tu-chemnitz.de Numerical Solution of the Feedback Control Problem for Navier-Stokes Equations



Introduction Discretized System Work Flow Numerical Examples Conclusion

Work Flow
LQR for Nonlinear PDEs with Algebraic Constraints

• Linearize around a given stationary
trajectory.

• Index reduction via projection
method. [Heinkenschloss/Sorensen/Sun ’08]

• Formulate stabilization problem for
the perturbation.

Continuous Level

• Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

• Construct and assemble suitable
input and output operators.

• Adapt Newton-ADI approach to
deal with projection.

Semi-Discretized Level

• Find feedback matrix K depending on cost functional and projected ODE.

LQR Approach

• Apply feedback K within NAVIER.

• Optimize cost functional design to improve
simulation results.

Closed-Loop Simulation

15/23 benner@mathematik.tu-chemnitz.de Numerical Solution of the Feedback Control Problem for Navier-Stokes Equations



Introduction Discretized System Work Flow Numerical Examples Conclusion

Work Flow
LQR for Nonlinear PDEs with Algebraic Constraints

• Linearize around a given stationary
trajectory.

• Index reduction via projection
method. [Heinkenschloss/Sorensen/Sun ’08]

• Formulate stabilization problem for
the perturbation.

Continuous Level

• Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

• Construct and assemble suitable
input and output operators.

• Adapt Newton-ADI approach to
deal with projection.

Semi-Discretized Level

• Find feedback matrix K depending on cost functional and projected ODE.

LQR Approach

• Apply feedback K within NAVIER.

• Optimize cost functional design to improve
simulation results.

Closed-Loop Simulation

15/23 benner@mathematik.tu-chemnitz.de Numerical Solution of the Feedback Control Problem for Navier-Stokes Equations



Introduction Discretized System Work Flow Numerical Examples Conclusion

Work Flow
LQR for Nonlinear PDEs with Algebraic Constraints

• Linearize around a given stationary
trajectory.

• Index reduction via projection
method. [Heinkenschloss/Sorensen/Sun ’08]

• Formulate stabilization problem for
the perturbation.

Continuous Level

• Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

• Construct and assemble suitable
input and output operators.

• Adapt Newton-ADI approach to
deal with projection.

Semi-Discretized Level

• Find feedback matrix K depending on cost functional and projected ODE.

LQR Approach

• Apply feedback K within NAVIER.

• Optimize cost functional design to improve
simulation results.

Closed-Loop Simulation

15/23 benner@mathematik.tu-chemnitz.de Numerical Solution of the Feedback Control Problem for Navier-Stokes Equations



Introduction Discretized System Work Flow Numerical Examples Conclusion

Work Flow
LQR for Nonlinear PDEs with Algebraic Constraints

• Linearize around a given stationary
trajectory.

• Index reduction via projection
method. [Heinkenschloss/Sorensen/Sun ’08]

• Formulate stabilization problem for
the perturbation.

Continuous Level

• Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

• Construct and assemble suitable
input and output operators.

• Adapt Newton-ADI approach to
deal with projection.

Semi-Discretized Level

• Find feedback matrix K depending on cost functional and projected ODE.

LQR Approach

• Apply feedback K within NAVIER.

• Optimize cost functional design to improve
simulation results.

Closed-Loop Simulation

15/23 benner@mathematik.tu-chemnitz.de Numerical Solution of the Feedback Control Problem for Navier-Stokes Equations



Introduction Discretized System Work Flow Numerical Examples Conclusion

Work Flow
Nested Iteration

Compute feedback matrix K = BTXM with X solves:

R(X ) = CTC +ATXM+MTXA−MTXBBTXM = 0

Step m + 1: solve Lyapunov equation

(A− BK(m))TX (m+1)M+MTX (m+1)(A− BK(m)) = −(W(m))TW(m)

Step i: solve the projected linear system

(A− BK(m) + qiM)TVi = Y (5)

Avoid explicit projection using [Heinkenschloss/Sorensen/Sun ’08]:
Replace (5) and solve instead the saddle point system (SPS)

[
AT − (K (m))TBT + qiM

T G̃

G̃T 0

] [
Vi

∗

]
=

[
Y
0

]
for different ADI shifts qi ∈ C− for a couple of rhs Y .N
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Work Flow
Additional Tasks

Compute initial feedback for unstable systems.
↪→ Determine the invariant unstable subspace U .
↪→ Solve Bernoulli equation on U [Benner ’11, Amodei/Buchot ’12].

Derive an efficient variant of large-scale Newton-ADI.
↪→ Preprint SPP1253-090 [Benner/Saak ’10].

Calculate ADI shift parameters depending on the problem structure.
↪→ Different methods have been tested (Penzl, Wachspress, Saak).
↪→ Infinite eigenvalues of DAE pencil yield additional difficulties.

Preconditioned iterative solvers for innermost saddle point systems.
↪→ Preprint SPP1253-130 for Stokes equations

[Benner/Saak/Stoll/W. ’12].

Parameter influence observation during the nested iteration.
↪→ 3 stopping criteria, Reynolds & Schmidt number, ADI shifts,

regularization parameters in cost functional.
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Numerical Examples
Convergence of Newton-ADI: NSE on von Kármán Vortex Street

1 2 3 4 5 6 7 8 9 10

100

10−2

10−4

10−6

10−10

10−12

10−8

Newton step m

||K
(m

) −
K

(m
−
1
) ||

F

||K
(m

) ||
F

Re 100
Re 200
Re 300
Re 400
Re 500

Relative change of feedback matrix K for different Reynolds numbers
(λ = ρ = 1, n = 5468, direct solver, tolNM = 10−8, tolADI = 10−4).

t = 113 sec.

t = 242 sec.

t = 360 (+31) sec.
t = 402 (+33) sec.

t = 732 (+32) sec.
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Convergence of Newton-ADI: NSE on von Kármán Vortex Street
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Numerical Examples
Convergence of Newton-ADI: NSE Coupled with DCE in Reactor Model
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Numerical Examples
Eigenvalue Behavior of NSE on von Kármán Vortex Street
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Eigenvalue Behavior of NSE on von Kármán Vortex Street
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Numerical Examples
Eigenvalue Behavior of NSE on von Kármán Vortex Street
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Numerical Examples
Closed-Loop Simulation of NSE on von Kármán Vortex Street for Re = 300
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Conclusion

Recent Progress

Adapted Newton-ADI algorithm for flow problems (DAE structure).

Closed-loop simulation for NSE.

Applied method to coupled flow in reactor model.

Modulated ADI shift determination for DAE structure.

Improved input matrix B w.r.t. Raymond’s analytic approach.

Developed suitable output matrix C for reactor model.

Outlook

Improve idea of inexact Newton to threefold nested iteration.

Residual based stopping criteria for feedback computation.

Closed-loop simulation of coupled flow in reactor model.

Improve Krylov solver via the use of recycling or block techniques.
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