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Inverse Problems

Many inverse problems governed by
PDEs, we seek to infer unknown or
uncertain varying parameter fields

initial conditions

coefficients

boundary conditions · · · · · ·
from limited and noisy observation.

Bayesian inference provides a
systematic framework for
incorporating uncertainties in

observations

forward models

prior knowledge· · · · · ·
to quantify uncertainties.
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Bayesian Framework
In Bayesian framework, view all parameters as random variables and define
the parameter-to-observable map g : Rn × Rk → Rm

Y = g(U,E ).

Here, Y , U, E are all random variables.

u ∈ Rn: model parameters to be recovered;

e ∈ Rk : error vector;

y ∈ Rm: observable variables;

are realizations of U, E , and Y , respectively.
Choose probability density functions (PDFs)

πnoise : Rk → R, modeling error and observation noise, etc.,

πprior : Rn → R, prior information on parameters u,

π(y |u): describes relationship between observables y and parameters
u.
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Bayesian Inference

To get posterior PDF πpost : Rm → R, we apply Bayes’ theorem,

πpost := π(u|yobs) =
πprior(u)π(yobs|u)

π(yobs)
∝ πprior(u)π(yobs|u).

Here we assume additive noise, so

Y = f (U) + E ,

where f : Rn → Rm and e is additive noise that reflects both the modeling
error and observation error.
Assume U and E are statistically independent, therefore,

πpost ∝ πprior(u)πnoise(yobs − f (u)).
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Linear Gaussian Case
Assuming that both probability density functions for u and e are Gaussian,
we can rewrite the PDFs in the form

πprior(u) ∝ exp

(
−1

2
(u − ūprior)

T Γ−1
prior (u − ūprior)

)
,

πnoise(e) ∝ exp

(
−1

2
(e − ē)T Γ−1

noise (e − ē)

)
Bayes’ theorem further gives

πpost ∝ exp

(
−1

2
(u − ūprior)

T Γ−1
prior (u − ūprior)−

1

2
(e − ē)T Γ−1

noise (e − ē)

)
= exp

(
−1

2
‖u − ūprior‖2

Γ−1
prior
− 1

2
‖e − ē‖2

Γ−1
noise

)
.
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Computations of Γpost

For linear parameter-to-observable map, y = f (u) = Au, we have

πpost ∝ exp

(
−1

2
‖u − ūprior‖2

Γ−1
prior
− 1

2
‖yobs − Au − ē‖2

Γ−1
noise

)
.

Then we get

ūpost = argminu

(
1

2
‖u − ūprior‖2

Γ−1
prior

+
1

2
‖yobs − Au − ē‖2

Γ−1
noise

)
︸ ︷︷ ︸

J (u)

,

given by maximum a posterior (MAP) point.
The posterior covariance matrix Γpost is the inverse of the Hessian of J (u)

Γpost =
(
ATΓ−1

noiseA + Γ−1
prior

)−1
.

Since A stems from discretization of time-dependent PDE, A is large and
dense, direct computation of Γpost is impossible.
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Approximation of Γpost

Note that

Γpost =
(
ATΓ−1

noiseA + Γ−1
prior

)−1

= Γ
1/2
prior(Γ

1/2
priorA

TΓ−1
noiseAΓ

1/2
prior︸ ︷︷ ︸

H̃mis

+I )−1Γ
1/2
prior

It can be shown that the so-called ‘prior-preconditioned data misfit
Hessian’ H̃mis has low numerical rank [Flath et al 2011]  Lanczos
method can be used to obtain low-rank approximation

H̃mis ≈ VΛV T .

With Sherman-Morrison-Woodbury formula,

Γpost ≈ Γprior − Γ
1/2
priorV Λ̃V TΓ

1/2
prior

where Λ̃ = diag( λi
1+λi

).
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Computational Challenage

Applying the Lanczos method to H̃mis = Γ
1/2
priorA

TΓ−1
noiseAΓ

1/2
prior, at each

iteration, we need to solve

one forward PDE

one adjoint PDE

For time-dependent PDE
∂

∂t
y − Ly = f

computations of the solution y =
[
y1 y2 y3 · · · ynt

]
gives O(nxnt)

complexity for both computations and storage.
Here

nx : number of variables in space

nt : number of time steps

 high storage requirements!
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Low-Rank Lanczos

To overcome storage problem

we do not directly compute y =
[
y1 y2 y3 · · · ynt

]
,

but a low-rank approximation of y ≈ uxv
T
t with

rank(ux) = rank(vt) = r , r � {nx , nt}

by low-rank in time approach [Stoll/Breiten 2015].

Low-rank in time approach gives

O(nx + nt) computational complexity

O(nx + nt) memory consumption

Applying the low-rank in time approach to the Lanczos method yields
low-rank Lanczos,

reorthogonalization is necessary due to truncation (perturbation)!
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Example
We assume uncertainty in the initial condition

∂

∂t
y −∆y = 0, Ω× (0,T )

y = u, Ω× {t = 0}
y = 0, ∂ΩD × (0,T )

Oy · n = 0, ∂ΩN × (0,T )

The objective function becomes

min
u

(
βnoise

2

∫ T

0

∫
Ω

(y − yobs)
2 b(x , t)dxdt +

βprior

2

∫
Ω

(u − ū)2dx

)
.

Here, yobs can only be obtained in the vicinity of the sensor locations and
b(x , t) is the observation operator with

b(x , t) = Σjδ(x − xj).

Settings for uncertainty in input, boundary conditions, etc., are similar.
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Tensor Formulation
Discretizing using

finite elements in space, and

implicit Euler in time

simultaneously gives Ky = Cu and

min
u

(
1

2
(y − yobs)

T BTΓ−1
noiseB(y − yobs) +

1

2
(u− ū)TΓ−1

prior(u− ū)

)
,

where Γnoise = 1
βnoise

Int ⊗M, and Γprior = 1
βprior

M.

Here K = C ⊗M + Int ⊗ (τK ), C = e1 ⊗ (τM), M is the mass matrix, K is
the stiffness matrix, e1 is the canonical unit vector, τ = T/nt and C is a
bidiagonal matrix that comes from the implicit Euler method.
This gives

H̃mis = Γ
1
2
priorC

TK−TBTΓ−1
noiseBK

−1CΓ
1
2
prior.

Other settings for Γprior are also possible.
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Preconditioning
Recall that

H̃mis = Γ
1
2
priorC

TK−TBTΓ−1
noiseBK

−1CΓ
1
2
prior.

Applying low-rank Lanczos to H̃mis requires matrix-vector multiplications
with the involved operators.
Take application of K−1 as an example:

(Int ⊗ L + C ⊗M) vec(X ) = vec(F ). (1)

To solve (1), we use the alternative minimal energy (AMEn) approach and
the tensor-train (TT) toolbox. At each AMEn iteration,

left Galerkin projection(
In ⊗ L + Ĉ ⊗M

)
x̂ = b̂, (2)

or right Galerkin projection(
In ⊗ L̃ + C ⊗ M̃

)
x̃ = b̃. (3)

P = diag(In)⊗ L + diag(Ĉ )⊗M for (2) and direct method for (3)
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Implementation Details
Consider the uncertainty in the initial condition case. Two problems are
used

Heat equation

Convection-diffusion equation

For both cases, we have data observed from 9 sensors which are uniformly
located inside the domain.
Hardware

Intel i5 CPU, 3.60GHZ

8GB RAM

Software

MATLAB 2011b

Tensor Train Toolbox (TT-Toolbox)

tensor approximation tolerance: 10−8

PDE solver tolerance: 10−8
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Low-rank Lanczos vs ‘eigs’

Heat equation, 32× 32 mesh
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10−1

100

low-rank Lanczos
‘eigs’

Figure: λ(H̃mis), nt = 60
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Maximum Rank vs nt

64× 64 mesh
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Figure: Heat equation
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Figure: Convection-diffusion equation,
ν = 10−2
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Maximum Rank vs h and ν
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Figure: Heat equation, nt = 30
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Figure: Convection-diffusion equation,
64× 64 mesh, nt = 30
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Preconditioner Performance

Heat equation, 1st Lanczos iteration, 2nd AMEn (outer) iteration, GMRES
for inner iteration
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Preconditioner Performance

Convection-diffusion problem, 1st Lanczos iteration, 2nd AMEn (outer)
iteration, GMRES for inner iteration
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Figure: ν = 10−1
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Figure: ν = 10−3
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Approximated Γpost

We show different truncation tolerance ε for the eigenvalues computations
of low-rank Lanczos method. We plot the diagonal entries of Γpost for a
64× 64 mesh, βnoise = 106βprior.
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Figure: ε = 100, 72 Lanczos steps
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Figure: ε = 10−2, 187 Lanczos steps
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Approximated Γpost (cont’d)

βnoise = 108βprior.
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Figure: ε = 100, 347 Lanczos steps
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Figure: ε = 10−2, 591 Lanczos steps
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Conclusions & Remarks

Low-rank method enables to solve even larger linear Bayesian inverse
problems;

Maximum rank remains bounded with the increase of nx and nt ;

Block diagonal preconditioner + AMEn solver give satisfactory
performance;

Extending to nonlinear inverse problem is challenging (non-Gaussian
Posterior).
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