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w@ The Max Planck Institute (MPI) in Magdeburg

The Max Planck Society

@ is dedicated to fundamental research; " The first MPI in engineering. .. "

@ operates 84 institutes — 79 in Germany, 2
in Italy (Rome, Florence), 1 each in The
Netherlands, Luxembourg, US;

founded 1998

4 departments (directors)
@ has ~ 23,000 employees; 10 research groups

o
o
o

@ had 18 Nobel Laureates since 1948. @ budget ~ 15 Mio. EUR
@ ~ 230 employees
o
o

~ 160 scientific staff,

doing research in

biotechnology
chemical engineering
process engineering
energy conversion
applied math

HPC
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1. Introduction
Big data in flow control
Low-rank solvers for high-dimensional problems
PDE-constrained optimization under uncertainty
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@ Assume you want to design an airfoil, wing, car, etc.
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@@ Introduction

@ Assume you want to design an airfoil, wing, car, etc.
@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.
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@@ Introduction

@ Assume you want to design an airfoil, wing, car, etc.

@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.

@ Gedankenexperiment:
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& ® Introduction

@ Assume you want to design an airfoil, wing, car, etc.
@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.
@ Gedankenexperiment:
— we use a grid with 10° nodes, for each node we store 4 real numbers: the
velocity in x-, y-, and z-direction, plus the pressure;
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@ Assume you want to design an airfoil, wing, car, etc.
@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.
@ Gedankenexperiment:
— we use a grid with 10° nodes, for each node we store 4 real numbers: the
velocity in x-, y-, and z-direction, plus the pressure;
— we need 1,000 time steps to reach steady-state;
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& ® Introduction

@ Assume you want to design an airfoil, wing, car, etc.
@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.
@ Gedankenexperiment:
— we use a grid with 10° nodes, for each node we store 4 real numbers: the
velocity in x-, y-, and z-direction, plus the pressure;
— we need 1,000 time steps to reach steady-state;
— we have 10 different design parameters, and want to test 10 values for each
of them ~» 10'° configurations, i.e., 10*° transient simulations.
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& ® Introduction

@ Assume you want to design an airfoil, wing, car, etc.
@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.
@ Gedankenexperiment:
— we use a grid with 10° nodes, for each node we store 4 real numbers: the
velocity in x-, y-, and z-direction, plus the pressure;
— we need 1,000 time steps to reach steady-state;
— we have 10 different design parameters, and want to test 10 values for each
of them ~» 10'° configurations, i.e., 10*° transient simulations.
@ Assuming you have a HPC cluster allowing you to do so in reasonable time, just
storing all trajectories (using floats) requires
101 .10%-10°-4 -4 = 1.6 - 10%®bytes ~ 160 exabytes of memory!
Data can be compressed, but first it needs to be generated and stored. ..
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& ® Introduction

@ Assume you want to design an airfoil, wing, car, etc.
@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.
@ Gedankenexperiment:
— we use a grid with 10° nodes, for each node we store 4 real numbers: the
velocity in x-, y-, and z-direction, plus the pressure;
— we need 1,000 time steps to reach steady-state;
— we have 10 different design parameters, and want to test 10 values for each
of them ~» 10'° configurations, i.e., 10*° transient simulations.
@ Assuming you have a HPC cluster allowing you to do so in reasonable time, just
storing all trajectories (using floats) requires
101 .10%-10°-4 -4 = 1.6 - 10%®bytes ~ 160 exabytes of memory!
Data can be compressed, but first it needs to be generated and stored. ..
@ Why not starting with a compressed data format from the very beginning, and
computing all trajectories all-at-once?
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& ® Introduction

@ Assume you want to design an airfoil, wing, car, etc.
@ This requires 3D flow simulations for varying configurations, and you want to save
the data for visualization and further studies/comparisons.
@ Gedankenexperiment:
— we use a grid with 10° nodes, for each node we store 4 real numbers: the
velocity in x-, y-, and z-direction, plus the pressure;
— we need 1,000 time steps to reach steady-state;
— we have 10 different design parameters, and want to test 10 values for each
of them ~» 10'° configurations, i.e., 10*° transient simulations.
@ Assuming you have a HPC cluster allowing you to do so in reasonable time, just
storing all trajectories (using floats) requires
101 .10%-10°-4 -4 = 1.6 - 10%®bytes ~ 160 exabytes of memory!
Data can be compressed, but first it needs to be generated and stored. ..
@ Why not starting with a compressed data format from the very beginning, and
computing all trajectories all-at-once?
@ This is the idea we pursue in this talk, where we store the data in a compressed
(low-rank) 1 + 10 + 1(3)—-way tensor! (Above example ~~ terabyte-range.)
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@ Introduction

PDEs with st astic coefficients

@ Physical, biological, chemical, etc. processes involve uncertainties.
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@v@ Introduction

PDEs with stochastic coefficients

@ Physical, biological, chemical, etc. processes involve uncertainties.
@ Models of these processes should account for these uncertainties.
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@ Physical, biological, chemical, etc. processes involve uncertainties.

@ Models of these processes should account for these uncertainties.

@ PDEs governing the processes can involve uncertain coefficients, or uncertain
sources, or uncertain geometry.
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”@ Introduction

PDEs with stochastic coefficients

@ Physical, biological, chemical, etc. processes involve uncertainties.

@ Models of these processes should account for these uncertainties.

@ PDEs governing the processes can involve uncertain coefficients, or uncertain
sources, or uncertain geometry.

@ Uncertain parameters modeled as random variables ~~ random PDEs,
potentially also containing uncertain inputs (controls) ~ (generalized)
polynomial chaos approach ~~ high-dimensional PDE!
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PDEs with stochastic coefficients

@ Physical, biological, chemical, etc. processes involve uncertainties.

@ Models of these processes should account for these uncertainties.

@ PDEs governing the processes can involve uncertain coefficients, or uncertain
sources, or uncertain geometry.

@ Uncertain parameters modeled as random variables ~~ random PDEs,
potentially also containing uncertain inputs (controls) ~ (generalized)
polynomial chaos approach ~~ high-dimensional PDE!

@ Here: no stochastic PDEs in the sense of dynamics driven by Wiener or Lévy
or ... processes!
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@ Physical, biological, chemical, etc. processes involve uncertainties.

@ Models of these processes should account for these uncertainties.

@ PDEs governing the processes can involve uncertain coefficients, or uncertain
sources, or uncertain geometry.

@ Uncertain parameters modeled as random variables ~~ random PDEs,
potentially also containing uncertain inputs (controls) ~ (generalized)
polynomial chaos approach ~~ high-dimensional PDE!

@ Here: no stochastic PDEs in the sense of dynamics driven by Wiener or Lévy
or ... processes!

Uncertainty arises because

@ available data are incomplete;
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astic coefficients

@ Physical, biological, chemical, etc. processes involve uncertainties.

@ Models of these processes should account for these uncertainties.

@ PDEs governing the processes can involve uncertain coefficients, or uncertain
sources, or uncertain geometry.

@ Uncertain parameters modeled as random variables ~~ random PDEs,
potentially also containing uncertain inputs (controls) ~ (generalized)
polynomial chaos approach ~~ high-dimensional PDE!

@ Here: no stochastic PDEs in the sense of dynamics driven by Wiener or Lévy
or ... processes!

Uncertainty arises because

@ available data are incomplete;
@ data are predictable, but difficult to measure, e.g., porosity above oil
reservoirs;
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\”y@ Introduction

astic coefficients

@ Physical, biological, chemical, etc. processes involve uncertainties.

@ Models of these processes should account for these uncertainties.

@ PDEs governing the processes can involve uncertain coefficients, or uncertain
sources, or uncertain geometry.

@ Uncertain parameters modeled as random variables ~~ random PDEs,
potentially also containing uncertain inputs (controls) ~ (generalized)
polynomial chaos approach ~~ high-dimensional PDE!

@ Here: no stochastic PDEs in the sense of dynamics driven by Wiener or Lévy
or ... processes!

Uncertainty arises because

@ available data are incomplete;

@ data are predictable, but difficult to measure, e.g., porosity above oil
reservoirs;

@ data are unpredictable, e.g, wind shear.
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@ Low-rank Solvers for High-dimensional Problems

Curse of Dimensionality [BELLMAN ’57]

Increase in matrix size of discretized differential operator for h — g by factor 29.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).
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@ Low-rank Solvers for High-dimensional Problems

Curse of Dimensionality [BELLMAN ’57

Increase in matrix size of discretized differential operator for h — g by factor 29.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Consider —Au = f in [0, 1] x [0, 1] C R?, uniformly discretized as
(I@A+AR)x = Ax=b — AX + XAT =B
with x = vec (X) and b = vec (B) with low-rank right hand side B ~ by bJ .
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@ Low-rank Solvers for High-dimensional Problems

Curse of Dimensionality [BELLMAN ’57]

Increase in matrix size of discretized differential operator for h — g by factor 29.

~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Consider —Au = f in [0, 1] x [0, 1] C R?, uniformly discretized as
(I@A+AR)x = Ax=b = AX +XAT =B

with x = vec (X) and b = vec (B) with low-rank right hand side B ~ by bJ .

@ Low-rankness of X := VW & X follows from properties of A and B, and in
particular (approximate) separability u(x,y) ~ v(x)w(y), f(x,y) = g(x)h(y); e.g.,
[PENZL 00, GRASEDYCK '04].
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@ Low-rank Solvers for High-dimensional Problems

Curse of Dimensionality [BELLMAN ’57]

Increase in matrix size of discretized differential operator for h — g by factor 29.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Consider —Au = f in [0, 1] x [0, 1] C R?, uniformly discretized as
(I@A+AR)x = Ax=b = AX +XAT =B

with x = vec (X) and b = vec (B) with low-rank right hand side B ~ by bJ .
@ Low-rankness of X := VW & X follows from properties of A and B, and in
particular (approximate) separability u(x,y) ~ v(x)w(y), f(x,y) = g(x)h(y); e.g.,
[PENZL 00, GRASEDYCK '04].
@ We solve this using low-rank Krylov subspace solvers. These essentially require
matrix-vector multiplication and vector computations.
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@ Low-rank Solvers for High-dimensional Problems

Curse of Dimensionality [BELLMAN ’57]

Increase in matrix size of discretized differential operator for h — g by factor 29.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Consider —Au = f in [0, 1] x [0, 1] C R?, uniformly discretized as
(I@A+AR)x = Ax=b = AX +XAT =B

with x = vec (X) and b = vec (B) with low-rank right hand side B ~ by bJ .
@ Low-rankness of X := VW & X follows from properties of A and B, and in
particular (approximate) separability u(x,y) ~ v(x)w(y), f(x,y) = g(x)h(y); e.g.,
[PENZL 00, GRASEDYCK '04].
@ We solve this using low-rank Krylov subspace solvers. These essentially require
matrix-vector multiplication and vector computations.

® Hence,  Avec(Xc) = Avec (ViW/]) = vec ([Avk, Vil [ Wh, AWk]T>
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@ Low-rank Solvers for High-dimensional Problems

Curse of Dimensionality [BELLMAN ’57]

Increase in matrix size of discretized differential operator for h — g by factor 29.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).
Consider —Au = f in [0, 1] x [0, 1] C R?, uniformly discretized as
(I@A+AR)x = Ax=b = AX +XAT =B
with x = vec (X) and b = vec (B) with low-rank right hand side B ~ by bJ .
@ Low-rankness of X := VW & X follows from properties of A and B, and in

particular (approximate) separability u(x,y) ~ v(x)w(y), f(x,y) = g(x)h(y); e.g.,
[PENZL 00, GRASEDYCK '04].

@ We solve this using low-rank Krylov subspace solvers. These essentially require
matrix-vector multiplication and vector computations.
® Hence,  Avec(Xc) = Avec (ViW/]) = vec ([Avk, Vil [ Wh, AWk]T>

@ The rank of [AVk VK] € R™"| [Wi AW,] € R™? increases but can be
controlled using truncation. ~~ Low-rank Krylov subspace solvers.
[KrRESSNER/TOBLER, B/BREITEN, SAVOSTYANOV/DoLGov, ...].
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“ @ PDE-constrained Optimization under Uncertainty

We consider the problem:

yeg},weu J(y,u) subject to c(y,u)=0,
where
o c(y,u) =0 represents a (linear or nonlinear) PDE (system) with
uncertain coefficient(s).
o The state y and control u are random fields.
@ The cost functional J is a real-valued Fréchet-differentiable functional
on)Y xU.
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Curse of Dimensionality [BELLMAN ’57]

Increase matrix size of discretized differential operator for h — g by factor 2.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Goal of this talk

Apply low-rank iterative solvers to discrete optimality systems resulting from

PDE-constrained optimization problems under uncertainty,

and go one step further applying low-rank tensor (instead of matrix) techniques.
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Curse of Dimensionality [BELLMAN ’57]

Increase matrix size of discretized differential operator for h — g by factor 2.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Goal of this talk
Apply low-rank iterative solvers to discrete optimality systems resulting from
PDE-constrained optimization problems under uncertainty,

and go one step further applying low-rank tensor (instead of matrix) techniques.

Take home message

Biggest problem solved so far has n = 1.29 - 10! unknowns (KKT system for
unsteady incompressible Navier-Stokes control problem with uncertain viscosity).
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Curse of Dimensionality [BELLMAN ’57]

Increase matrix size of discretized differential operator for h — g by factor 2.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Goal of this talk

Apply low-rank iterative solvers to discrete optimality systems resulting from

PDE-constrained optimization problems under uncertainty,

and go one step further applying low-rank tensor (instead of matrix) techniques.

Take home message

Biggest problem solved so far has n = 1.29 - 10! unknowns (KKT system for
unsteady incompressible Navier-Stokes control problem with uncertain viscosity).

Would require ~ 10 petabytes (PB) = 10,000 TB to store the solution vector!
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& @ This Talk

Curse of Dimensionality [BELLMAN ’57]

Increase matrix size of discretized differential operator for h — g by factor 2.
~> Rapid Increase of Dimensionality, called Curse of Dimensionality (d > 3).

Goal of this talk
Apply low-rank iterative solvers to discrete optimality systems resulting from
PDE-constrained optimization problems under uncertainty,

and go one step further applying low-rank tensor (instead of matrix) techniques.

Take home message

Biggest problem solved so far has n = 1.29 - 10! unknowns (KKT system for
unsteady incompressible Navier-Stokes control problem with uncertain viscosity).

Would require ~ 10 petabytes (PB) = 10,000 TB to store the solution vector!

Using low-rank tensor techniques, we need ~ 7 - 107 bytes = 70 GB to solve the
KKT system in MATLAB in less than one hour!
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2. Unsteady Heat Equation
Model set-up
The stochastic Galerkin finite element method
The tensor train format
Numerical results
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& ® Unsteady Heat Equation

Consider the optimization problem

1 _ a B
J(t,y,u) = §||y - Y||%2(0,T;D)®L2(Q) + §||5td()’)||i2(o,r;73) + §||U||i2(o,T;D)®L2(Q)

subject, P-almost surely, to

E)y(g:aw) — V- (a(x,w)Vy(t,x,w)) = u(t,x,w), in (0,T] xD xQ,
Y(t,x,w) =0, on (0, T] X 0D x Q’
_y(O,X,(.U) = Yo, in D x Q’
where

o forany z: D x Q — R, z(x,-) is a random variable defined on the complete
probability space (2, F,P) for each x € D,

0 30 < amin < amax < 00 s.t. P(w € Q: a(x,w) € [amin, amax] Vx € D) = 1.
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We discretize and then optimize the stochastic control problem.

@ Under finite noise assumption we can use N-term (truncated)
Karhunen-Loéve expansion (KLE)

a=a(x,w) = an(x,&(w)) = an(x, &1(w), &(w), - - -, En(w)).

@ Assuming a known continuous covariance C,(x,y), we get the KLE

an(x,£(w)) = Efa](x) + o, Z Vi (x)&i(w),

where (A;, ;) are the dominant eigenpairs of C,.
@ Doob-Dynkin Lemma allows same parametrization for solution y.

@ Use linear finite elements for the spatial discretization and implicit Euler in
time.

This is used within a stochastic Galerkin FEM (SGFEM) approach.
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@@ Stochastic Galerkin Finite Element Method

Weak formulation of the random PDE

Seek y € H! (0, T; H}(D) ® L?(2)) such that, P-almost surely,
(ye, v) + B(y,v) = l(u,v) Vv e H}(D)® L),
with the coercive (as P(a(x,w) > amin > 0) = 1) bilinear form
= / / a(x, w)Vy(x,w) - Vv(x,w)dx dP(w), v,y € H3(D)® L*(Q),
QJp
and
0(u,v) u(x,w), v(x,w))
/ / x, Wv(x,w)dx dP(w), u,v € H}(D) ® L*(Q).

Coercivity and boundedness of B + Lax-Milgram = unique solution exists.

[DEB/BABUSKA/ODEN 01, X1U/KARNIADAKIS 03, BABUSKA/TEMPONE/ZOURARIS "04,
ROSSEEL/WELLS 12, GUNZBURGER/ WEBSTER/ZHANG ’14]
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@@ Stochastic Galerkin Finite Element Method

Weak formulation of the optimality system

Theorem [CHEN/QUARTERONI 14, B./ONWUNTA/STOLL ’18]

Under appropriate regularity assumptions, there exists a unique adjoint state p
and optimal solution (y, u, p) to the optimal control problem for the random
unsteady heat equation, satisfying the stochastic optimality conditions (KKT
system) for t € (0, T| P-almost surely

Ve, v) ‘I'B(y’ V) :Z(u, V)a Vv e H&(D)@) L2(Q)7
(pesw) = B*(p,w) = £ ((y = 7) + 58, w),  Vw e H}(D) & L(Q),
{(Bu— p, W) =0, Vi € (D) ® L*(Q),

where

o S(y) is the Fréchet derivative of [std(y)|7(o 7.p);

@ B* is the adjoint operator of 5.
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@ Stochastic Galerkin Finite Element Method

Discretization of the random PDE

@ y,p,u are approximated using standard Galerkin ansatz, yielding
approximations of the form

P—1 J P—1
2(t,x,w) = Y > zi(B)g()en(€) = D zie(t, x)u().
k=0 j—1 k=0

@ Here,
o {¢;};_, are linear finite elements;

° {zpk}f;(} are the P = (A,(,T,:'!)] multivariate Legendre polynomials of
degree < n.

o Implicit Euler/dG(0) used for temporal discretization with constant
time step 7.
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@ The Fully Discretized Optimal Control Problem

0 ﬁTMz TNT u = 0 s
0

where
O M =DRGC.OM==DM, M>=D®& G &M,
° /ct:lm®[2,-”:0Gf®l?;]+(C®G0®M),
ON=1,8GM,

and
0 Go= dlag (<¢(2)> ) <¢%> PR <w.‘2’—1>)v Gf(j> k) = <§i¢j¢k> ) = 17 RS N,
® Go = Go+ adiag (0, (¥1),...,{(¥p_1)) (with first moments (.) w.r.t. P),

0 Ko=M+71Ky, Ki=7Ki, i=1,...,N,

@ M, K; € R?7 are the mass and stiffness matrices w.r.t. the spatial discretization,
where K; corresponds to the contributions of the ith KLE term to the stiffness,

@ C = —diag(ones,—1), D =diag(3,1,...,1,3) € R"*",
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0 BTMz TNT
_’Ct TN 0

TMl 0 —’CZ— ]

Linear system with 3JPn; unknowns!

(©Peter Benner, benner@mpi-magdeburg.mpg.de Low-rank tensor methods for PDE control


mailto:benner@mpi-magdeburg.mpg.de

@ Ssolving the KKT system

Optimality system leads to saddle point problem
A BT
B 0 |°

@ Very large scale setting, (block-)structured sparsity ~ iterative solution.
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@ Ssolving the KKT system

Optimality system leads to saddle point problem
A BT
B 0 |°

@ Very large scale setting, (block-)structured sparsity ~ iterative solution.

@ Krylov subspace methods for indefinite symmetric systems: MINRES, . ...
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@ Ssolving the KKT system

Optimality system leads to saddle point problem
A BT
B 0 |°

@ Very large scale setting, (block-)structured sparsity ~ iterative solution.

@ Krylov subspace methods for indefinite symmetric systems: MINRES, . ...

@ Requires good preconditioner.
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@ Ssolving the KKT system

Optimality system leads to saddle point problem

A BT

B 0 '
Very large scale setting, (block-)structured sparsity ~ iterative solution.
Krylov subspace methods for indefinite symmetric systems: MINRES, . ...

Requires good preconditioner.

Famous three-iterations-convergence result [MURPHY/GOLUB/WATHEN ’00]:
using ideal preconditioner

P = [ /3 _OS } with the Schur complement S := —BAleT,

MINRES finds the exact solution in at most three steps.
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@ Ssolving the KKT system

Optimality system leads to saddle point problem
A BT
B 0 |°
Very large scale setting, (block-)structured sparsity ~ iterative solution.

Krylov subspace methods for indefinite symmetric systems: MINRES, . ...
Requires good preconditioner.

Famous three-iterations-convergence result [MURPHY/GOLUB/WATHEN ’00]:
using ideal preconditioner

P = [ /3 _OS } with the Schur complement S := —BAleT,

MINRES finds the exact solution in at most three steps.

o
[V =]
—_

@ Motivates to use approximate Schur complement preconditioner {
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@ Ssolving the KKT system

Optimality system leads to saddle point problem

A BT

B 0 '
Very large scale setting, (block-)structured sparsity ~ iterative solution.
Krylov subspace methods for indefinite symmetric systems: MINRES, . ...

Requires good preconditioner.

Famous three-iterations-convergence result [MURPHY/GOLUB/WATHEN ’00]:
using ideal preconditioner

P = [ /3 _OS } with the Schur complement S := —BAleT,

MINRES finds the exact solution in at most three steps.

S

Here, A ~ mass matrices ~» application of A~! is approximated using a small
number of Chebyshev semi-iterations.

: . iy A 0
Motivates to use approximate Schur complement preconditioner 0o ¢ |
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@ Ssolving the KKT system

Optimality system leads to saddle point problem

[A BT

. . . A 0
B o0 with approximate Schur complement preconditioner 0 ¢ |

@ How to approximate the application of the inverse Schur complement efficiently?
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@ Ssolving the KKT system

Optimality system leads to saddle point problem

[A BT

. . . A 0
B o0 with approximate Schur complement preconditioner 0 ¢ |

@ How to approximate the application of the inverse Schur complement efficiently?

@ Pioneering work by BirROs, ELMAN, ERNST, GHATTAS, POWELL, SILVESTER,
ULLMANN, ...
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& ® solving the KKT system

Optimality system leads to saddle point problem

{A BT

. . . A 0
B 0 with approximate Schur complement preconditioner 0 ¢ |

@ How to approximate the application of the inverse Schur complement efficiently?

@ Pioneering work by BirROs, ELMAN, ERNST, GHATTAS, POWELL, SILVESTER,
ULLMANN, ...

Theorem [B./ONWUNTA/STOLL '16]

Let a€l0,4), y=+(1+a)/f K=Yr,G®K;, and
§:é(IC+T’yN)M1_1(lC+TWN)T.

Then the eigenvalues of 5715 satisfy

2
&-1 1 VE(K) + 1
619 ey ). \’(m—n—>> :
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& ® solving the KKT system

Optimality system leads to saddle point problem

{A BT

: : . Ao
B 0 with approximate Schur complement preconditioner A

@ How to approximate the application of the inverse Schur complement efficiently?

@ Pioneering work by BirROs, ELMAN, ERNST, GHATTAS, POWELL, SILVESTER,
ULLMANN, ...

Corollar B./ONWUNTA/STOLL ’16
y

Let A be the KKT matrix from the stochastic Galerkin approach, and P the
preconditioner using the Schur complement approximation S (and exact A). Then

MP'A) c {1yuztuz,

tol1x 1+L,\/§ .
2 l1+a

where
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@ Tensor Techniques

Separation of variables and low-rank approximation

@ Approximate: x(i,. .., i) & Zx(l) i) x(2) (in) - x(d)( ).
——

tensor
tensor product decomposition
Goals:
@ Store and manipulate x O(dn) cost instead of O(n9).
@ Solve equations Ax = b O(dn?) cost instead of O(n?).
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@ Data Compression in 2D: Low-Rank Matrices

o Discrete separation of variables:

X1,1 "t Xin r | Vie
=] [ waa] +O)
Xn,1 Xn,n a=1 Vn,a
o Diagrams:
«
X ~ v w
—— - i2
I ‘ I ‘ ik ‘
@ Rank r < n.

o mem(v) + mem(w) = 2nr < n? = mem(x).
e Singular Value Decomposition (SVD)
=  ¢(r) optimal w.r.t. spectral/Frobenius norm.
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@@ Data Compression in Higher Dimensions

[WILsON 75, WHITE '93, VERSTRAETE ’04, OSELEDETS '09/°11]
For indices

ip-dqg = (ip = 1)Mps1 -+ ng + (fp+1 — L)npi2 -+~ ng + -+ - + (ig—1 — 1)ng + g,

the TT format can be expressed as

r
x(iv - ia) = > x0(i)  xE oy (i2) - xSy (i) -+ %K) o, (ia)
a=1

or
x(i - dg) = xXP (i) - xDi),  xF (i) e R w/ ro,rg = 1,

or
W e Sl ey [ e ] e R S @

Storage: O(dnr?) instead of O(n“).
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@ Overloading Tensor Operations

Always work with factors x(K) € RM%-1Xm*"k instead of full tensors.

Sumz=x+y ~» increase of tensor rank r, = r,+ry.

TT format for a high-dimensional operator

Al igogt - Ja) = AW (i 1) - AD (g, jg)

Matrix-vector multiplication y = Ax;  ~ tensor rank r, = ra - ry.

Additions and multiplications increase TT ranks.

Decrease ranks quasi-optimally via QR and SVD.
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@ Solving KKT System using TT Format

The dimensionality of the saddle point system is vast = use tensor structure and
low tensor ranks.
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The dimensionality of the saddle point system is vast = use tensor structure and
low tensor ranks.

Use tensor train format to approximate the solution as

r...rg—1

y(i, i)~ Yy )Y () -y (a—a)y’D) (ia),

al...ad,1=1

and represent the coefficient matrix as

Ry...Ry_1
. . . D/ a2 . - d)y . .
Al igy gy~ > AP, )AD , (2.2) - AY (g, ja),
Bi...Ba—1=1
where the multi-index i = (i1,. .., lq) is implied by the parametrization of the

approximate solutions of the form

z(t)é.l)"'vgNax)) zZ=y,up,

i.e., solution vectors are represented by d-way tensor with d = N + 2.
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@ Numerical Results

Mean-Based Preconditioned TT-MinRes

dim(A) = 3JPn;

f=10"°
£ =106
£ =108

f=10"°
B =10"°
£ =108

10,671,360 21,342,720 85,370, 880

6 (285.5)  6(300.0) 8 (372.2)
4 (77.6) 4(130.9) 4 (126.7)
4 (56.7) 4 (59.4) 4 (64.9)

4(2073)  6(3665) 6 (229.5)
4(153.9)  4(1583) 4 (172.0)
2 (35.2) 2 (37.8) 2 (40.0)
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3. Unsteady Navier-Stokes Equations
Model problem: von Kidrman vortex street
Numerical discretization techniques
Alternating linear solvers
Numerical Experiments
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@ Unsteady Navier-Stokes Equations

» to Numerical Experiments

I
—
rin — . rWaII rout
Ic

rWa//

@ We model this as a boundary control problem.
@ Our constraint ¢(y, u) = 0 is given by the unsteady incompressible
Navier-Stokes equations with uncertain viscosity v := v(w).
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@ Model Problem

Minimize:
T, 0) = llewrlv oo rimpsize + 2 l6lB0 oo (1)
) 5 20, mo)e2(@) T 5 1420, m.p)e2(@)
subject to
ov )
a—l/Aij(v-V)v—i-Vp:O7 in D,
~V.v=0, in D,
v==~6, on T,
vV = 07 on rWall; (2)
v =u, on [
8” - 9 C»
ov
% - 07 on rOUt7
v(+,0,-) =w, in D.
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@ MOdEl PI‘Oblem Set-up (cf. [POWELL/SILVESTER ’12])

We assume
o v(w) =vy+ 11é(w), o, 11 €RT, E~U(-1,1).
0 P(w e Q:v(w) € [Vmin, Vmax]) = 1, for some 0 < Vmin < Vmax < +00.
@ = velocity v, control u and pressure p are random fields on L%(Q).
o [%(Q) := L%(Q,F,P) is a complete probability space.
e [%(0, T;D) := L%(D) x L*(T).
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@ MOdeI PrOblem Set—l.lp (cf. [POWELL/SILVESTER ’12])

We assume
o v(w) =vy+ 11é(w), o, 11 €RT, E~U(-1,1).
0 P(w e Q:v(w) € [Vmin, Vmax]) = 1, for some 0 < Vmin < Vmax < +00.
@ = velocity v, control u and pressure p are random fields on L%(Q).
o [%(Q) := L%(Q,F,P) is a complete probability space.
o L2(0, T;D) := L%(D) x L*(T).

Computational challenges

@ Nonlinearity (due to the nonlinear convection term (v - V)v) .

@ Uncertainty (due to random v(w)).

@ High dimensionality (of the resulting linear/optimality systems).
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@ Optimality System in Function Space: Optimize-then-Discretize (OTD)

state equation
vi —vAv+ (V- V)v+yp=0
V - v =0+ boundary conditions
adjoint equation
—xt = Ax — (V- V) x + (V7)) x + v = —curl’v

V-x=0
on [pay Ul X = 0
ox
Mout UT ¢ : = =
on « U on 0
X('7 T7 ) - 0

gradient equation
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@ Optimality System in Function Space: Optimize-then-Discretize (OTD)

state equation
vi —vAv+ (V- V)v+yp=0
V - v =0+ boundary conditions
adjoint equation
—xt = Ax — (V- V) x + (V7)) x + v = —curl’v

V-x=0
on [pay Ul X = 0
ox
Mout UT ¢ : = =
on « U on 0
X('7 T7 ) =0

gradient equation
BU + X|rc = O'

@ v denotes the velocity from the previous Oseen iteration.
@ Having solved this system, we update v = v until convergence.
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@ Stochastic Galerkin Finite Element Method

@ Velocity v and control u are of the form

P-1 J,

z(t, x,w) ZZZJk )6 ()Yk(€) = D zi(t, x)Pi(€)-

k=0 j=1 0

F
)

==
Il

@ Pressure p is of the form

P-1 Jp

p(t, x,w) Z ijk ¢J Zpk (t, x)Vi(§)-

k=0 j=1

@ Here,

° {qﬁj =3 and {3 J"l are Q2-Q1 finite elements (inf-sup stable);
° {wk} —o are Legendre polynomials.

o Implicit Euler/dG(0) used for temporal discretization.
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@ Discrete Stochastic Control Problem

Linearization and SGFEM discretization yields the following saddle point system
M,
0
L

0 L y f

M 0

N 0 A g
-~ =~

<
=2
—
c
I

A X b

Each of the block matrices in A is of the form

R
D Xa® Yo ® Za,

a=1

corresponding to temporal, stochastic, and spatial discretizations.
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@ Discrete Stochastic Control Problem

Linearization and SGFEM discretization yields the following saddle point system
M,
0
L

0 L y f

M ul =10

N 0 A g
-~ =~

<
=
_|

A X b

Each of the block matrices in A is of the form

R
D Xa® Yo ® Za,

a=1

corresponding to temporal, stochastic, and spatial discretizations.

Size: ~ 3n:P(J, + Jp), e.g., for P =10, n; = 210 J 2 10° ~~ =~ 10% unknowns!
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@ Linear Systems in TT Format

Central Question

How to solve Ax = b if Krylov solvers become too expensive?
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@ Linear Systems in TT Format

Central Question

How to solve Ax = b if Krylov solvers become too expensive?

Data are given in TT format:
o A(i.j) = AW (iy,j1) - A (ig, ja).
@ b(i) = bW (i) bl (iy).

Seek the solution in the same format:

o x(i) = xM(ip)---x@(iy).
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@ Linear Systems in TT Format

Central Question

How to solve Ax = b if Krylov solvers become too expensive?

Data are given in TT format:
o A(i.j) = AW (iy,j1) - A (ig, ja).
@ b(i) = bW (i) bl (iy).

Seek the solution in the same format:

o x(i) = xM(ip)---x@(iy).

Use a new block-variant of Alternating Least Squares in a new block TT format
to overcome difficulties with indefiniteness of KKT system matrix.
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@ Alternating Least Squares Method [KroONENBERC DE LATHAUWER ’00, SCHNEIDER ’12]

o If A= AT > 0: minimize J(x) = x"Ax — 2x T b.

Alternating Least Squares (ALS):

e replace min, J(x) by iteration size n?

o fork=1,...,d, size r?

solve minyg J (xM(iy) - - x (i) - - x(D(iy)).
(all other blocks are fixed)

n
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@ ALS for d =3

1. %) = arg min,q) J (x(l)(,'l)x(2)(i2)x(3)(i3))
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@ ALS for d =3

1. %) = arg min,q) J (x(l)(,'l)x(2)(i2)x(3)(i3))
2. %) = arg min, ) J (52(1)(fl)x(z)(i2)x(3)(i3))
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@ ALS for d =3

1. %) = arg min,q) J (x(l)(,'l)x(2)(i2)x(3)(i3))
2. %) = arg min, ) J (52(1)(fl)x(z)(i2)x(3)(i3))
3. %0 = argmin e J (X ()%? (b)x®(i3))
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d=3

%) = arg min (i1)x® (i
%) = arg min @) J (x)( (1
%3 = arg min, ) i(l)(i1)ﬁ(2)(/2)x(3)(i3)
£ (i)x@)(

el N

x?) = arg min,2)
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d=3

x(D (i1)x®) (i2)x (’3))
M ()x@ (i2)xB)(i3))
MW ()& )(Iz)x(3)(/3))

)

2
x(?) = argmin @) J (M) (i)x®) (1)%C) (i3)

repeat 1.—4. until convergence

£ = arg min,q) J (
%2 = arg min, ) J (f(
%) = argminyg) J (%

o &~ W=

(©Peter Benner, benner@mpi-magdeburg.mpg.de Low-rank tensor methods for PDE control


mailto:benner@mpi-magdeburg.mpg.de

@@ ALS = Projection method

If we differentiate J w.r.t. TT blocks, we see that. ..

o ...each step means solving a Galerkin linear system
(XLAx ) 20 = (xLb) € R,

© Xk =TT ()A((l) e )“((k—l)> ®\[//® TT (x(k+1) .. .x(d)) )

~" nxn
nk=lxre_4 nd=kxry
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@@ ALS = Projection method

If we differentiate J w.r.t. TT blocks, we see that. ..

o ...each step means solving a Galerkin linear system
(XLAx ) 20 = (xLb) € R,

© Xk =TT ()A((l) e f((k—l)> ®\///®TT (X(k+1) .. .x(d)) )

~ -~ nxn

nk=lxre_4 nd=kxry

Properties of ALS include:

+ Effectively 1D complexity in a prescribed format.
—  Tensor format (ranks) is fixed and cannot be adapted.
— Convergence may be very slow, stagnation is likely.
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@ ALS: Getting rid of “ "

@ Density Matrix Renormalization Group (DMRG) [WHITE 92]
— updates two blocks x(K)x(kt1) simultaneously.

@ Alternating Minimal Energy (AMEn) [DOLGOV/SAVOSTYANOV ’13]
— augments X, by a TT block of the residual z(F).
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@ Density Matrix Renormalization Group (DMRG) [WHITE ’92]
— updates two blocks x(K)x(kt1) simultaneously.

@ Alternating Minimal Energy (AMEn) [DOLGOV/SAVOSTYANOV ’13]
— augments Xz, by a TT block of the residual z(¥).

But. .., what about saddle point systems A?

@ Recall our KKT system:

M, 0 L*] [y f

0 M, NT| |u] = |0

L N of|n e
A

@ The whole matrix is indefinite = X;—kAX;ék can be degenerate.
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@ Block ALS [B./DoLcov/ONWUNTA/STOLL 2016, 2017]

@ Work-around: Block TT representation

(k) T
Y Yy (d)
_ (1 d
up =Xu ® ® Ua, g, ® ®xad—1‘
A
AOtk—17041<_
Xtk
. 3
P e P S| ey [ | ey [ B )
AR
i ‘ i ‘ ik—1 ‘ k1 ig

ik‘

@ Xy is the same for y, u, \.

ter Benner, benner@mpi-magdeburg.mpg.de k tensor methods for PDE control


mailto:benner@mpi-magdeburg.mpg.de

@ Block ALS [B./DoLcov/ONWUNTA/STOLL 2016, 2017]

@ Work-around: Block TT representation

(k) T
Y Yy (d)
_ (1 d
up =Xu ® ® Ua, g, ® ®xad—1‘
A
AOtk—17041<_
Xtk
. 3
P e P S| ey [ | ey [ B )
AR
i ‘ i ‘ ik—1 ‘ k1 ig

ik‘
@ Xy is the same for y, u, \.
o Project each submatrix:
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& ® Numerical Experiments

Vary one of the default parameters:

TT truncation tolerance € = 1074,

mean viscosity vp = 1/20,

uncertainty v; = 1/80,
regularization/penalty parameter 3 = 1071,
number of time steps: n; = 210,

time horizon T = 30,

spatial grid size h=1/4 ~~ J = 2488,

max. degree of Legendre polynomials: P = 8.

Solve projected linear systems using block-preconditioned GMRES using efficient
approximation of Schur complement [B/ONWUNTA/STOLL 2016].
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@ Varying regularization (3 (left) and time

logyo CPU Time TT rank % Mem CPU Time TTrank % Mem
1,200F
112
- 60
1, 110 I
55
1,000 |- 11
411
50
10.9
h 900 -
1% Jos
09 800
Jo. . . . J
0 40 60 80 1060 07
logio 8 T
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Varying Spatial h (left) / Temporal n; (right) Mesh

log;o CPU Time TT rank % Mem CPU Time TT rank % Mem
2.8+ R 116
» 80 5,000 {*
cr | q25
Jg0 {14
44f
4,000
4.2 12 42
4 11 3,000
38 115
36 708 2,000 w 40
A 41
34 106 130
1,000 |
320 000 4 s
‘ ‘ 20 Jo4 ‘ ‘ w :
4 9 10 11 17

loga2(1/h) logane
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Varying the Viscosity

CPU Time TTrank  %Mem  CPU Time TTrank % Mem
1,100 7120 50001 o
| 4 418
1,000 [} 11t
g 4,000 180 1qg
900 1t
800 109 3000| q70 14
700 108 Lo 112
600 Ho07 1,
150
H0s6
500 {08
\ \ ] \
2 4 6 8 0 08 10 20 30 20 5070
vo/v1 1/vo

Figure: Left: vg = 1/10, 14 is varied. Right: v; and v are varied together as
vy = 0.251/0
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Controlled von

Karman Vortex Street
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@ Emprical Complexity Study

Balance all errors w.r.t.

@ time, spatial, and stochastic
discretization;

o TT truncation.

Call the balanced error €.

-8 10+ Sl
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@ Emprical Complexity Study

Balance all errors w.r.t.

@ time, spatial, and stochastic
discretization;

o TT truncation.

Call the balanced error €.

-8 10+ Sl
[3

This indicates asymptotic complexity e~2, asymptotically equal complexity
as for deterministic problem.
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@ Emprical Complexity Study

Balance all errors w.r.t.

@ time, spatial, and stochastic
discretization;

o TT truncation.

Call the balanced error .

-8 10+ Sl
[3

This indicates asymptotic complexity e~2, asymptotically equal complexity
as for deterministic problem.
This compares favorably to

@ Monte-Carlo O(e7%),
@ quasi Monte-Carlo / stochastic collocation O(s~3).
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4. Conclusions
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@@ Conclusions & Outlook

@ Low-rank tensor solver for unsteady heat and Navier-Stokes equations
with uncertain viscosity.

o Similar techniques already used for Stokes(-Brinkman) optimal
control problems.

o With 1 stochastic parameter, the scheme reduces complexity by up to
2-3 orders of magnitude.

@ To consider next:
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@ Conclusions & Outlook

@ Low-rank tensor solver for unsteady heat and Navier-Stokes equations
with uncertain viscosity.

o Similar techniques already used for Stokes(-Brinkman) optimal
control problems.

o With 1 stochastic parameter, the scheme reduces complexity by up to
2-3 orders of magnitude.

o To consider next:

e many parameters coming from uncertain geometry or Karhunen-Loéve
expansion of random fields;
Basic observation: the more parameters, the more significant is the
complexity reduction w.r.t. memory — up to a factor of 10° for the
control problem for a backward facing step set-up.

o HPC implementation of AMEn-like solver to deal with even larger
problems.
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5. Low-rank Techniques in Other Areas
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@ Low-rank Techniques in Other Areas

Consider eigenproblem depending on uncertain parameter(s), e.g., uncertainty in
Young's modulus in elasticity problems,

AWwlp(w) = Mw)pw), weq,
pw)Tpw) = L

(©Peter Benner, benner@mpi-magdeburg.mpg.de Low-rank tensor methods for PDE control


mailto:benner@mpi-magdeburg.mpg.de

@ Low-rank Techniques in Other Areas

Consider eigenproblem depending on uncertain parameter(s), e.g., uncertainty in
Young's modulus in elasticity problems,

Awlp(w) = Mwlpw), we,
pw)Tow) = L

Parametrization of uncertain parameter, (generalized) polynomial chaos expansion
and stochastic Galerkin ansatz ~» multi-parametric eigenvalue problem

m Ne—1
GO®A0+ZG/<®A/< ¢ = Z)\k(Hk®INX) o,
k=1 k=0
where (Ao, ..., Ay, 1) represents the parametrization of a single stochastic

eigenvalue A(w), and ® = (®) = vec ([0, ¢1, .-, ¢n 1)) € RMNe
parameterizes the corresponding stochastic eigenvector p(w).
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@ Low-rank Techniques in Other Areas

Consider eigenproblem depending on uncertain parameter(s), e.g., uncertainty in
Young's modulus in elasticity problems,

A)p(w) = Mw)p(w), weQ,
plw) = 1

Developed an inexact Krylov-Newton solver for the multi-parametric eigenvalue
problem, using again low-rank techniques.

Example: Probability density of
Ao(w), (A2) = 1.412, for uncertain
linear elasticity problem, o, = 0.1.
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@ Low-rank Techniques in Other Areas

Consider eigenproblem depending on uncertain parameter(s), e.g., uncertainty in
Young's modulus in elasticity problems,

AWwlpw) = Mw)p(w), wel,
pw)Tpw) = L

P. Benner, A. Onwunta, and M. Stoll.
A low-rank inexact Newton-Krylov method for stochastic eigenvalue problems.
COMPUTATIONAL METHODS IN APPLIED MATHEMATICS (CMAM), 2018 (online).
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@ Low-rank Techniques in Other Areas

Bayesian inference problem: determine unknown parameters U from observations
Yobs, @assuming additive noise:

Y = f(U) + E.
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@ Low-rank Techniques in Other Areas

Bayesian inference problem: determine unknown parameters U from observations
Yobs, @assuming additive noise:

Y =f(U)+E.
Want posterior probability density function mpest, apply Bayes' theorem ...~
Tpost X 7Tprior(u)'/Tnoise(yobs - f(u))

Want (diagonal of) posterior covariance matrix [ost:

[Mpost = (ATr_l A4+T L )_1 .

noise prior

For a discretized partial differential operator A, this formula is numerically
infeasible.

[LIEBERMAN/WILLCOX/GHATTAS '10, FLATH ET AL ’11, BUI-THANH ET AL '13]
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Bayesian inference problem: determine unknown parameters U from observations
Yobs, @assuming additive noise:

Y = f(U) + E.

Developed a low-rank (TT format) Lanczos technique to compute dominant
eigenvectors, and to obtain low-rank approximation to [Mes:.

99
98
97
96
95
0.4
93
9.2
9.1
B

89

% 01 02 03 04 05 06 07 08 09 1

Example: determine initial
condition for heat flow problem, 9
sensors distributed in the domain,
64 x 64 mesh.
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@ Low-rank Techniques in Other Areas

Bayesian inference problem: determine unknown parameters U from observations
Yobs, @assuming additive noise:

Y = f(U) + E.

P. Benner, Y. Qiu, and M. Stoll.

Low-rank eigenvector compression of posterior covariance matrices for linear Gaussian
inverse problems.

STANM/ASA JOURNAL ON UNCERTAINTY QUANTIFICATION, 6(2):965-989, 2018.
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@ Save the dates!

e 28-30 August 2019, Graz, Austria:

4th Workshop on
Model Reduction of Complex Dynamical Systems

MODRED 2019
https://imsc.uni-graz.at/modred2019/

e 6—8 November 2019, Magdeburg, Germany:
8th Workshop on Matrix Equations and Tensor Techniques

METT-VIII
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@@ 3D Stokes-Brinkman control problem

Standard deviation

State

Control

men(TT)

mem ) _o002. @z
mem( full) )

o Full size: nyngny ~ 3 - 10°. Reduction:
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