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1. Introduction
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Consider the real symmetric stochastic eigenvalue problem (SEVP)

Let Q be a sample space with possible outcomes w.

Awp(w) = Aw)p(w), we
pw) o) = 1,

where Aw) € R, o(w)eRM,  A(w) e RN>Nx,
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Consider the real symmetric stochastic eigenvalue problem (SEVP)

Let Q be a sample space with possible outcomes w.

Awe(w) = AMw)p(w), we
pw)Tpw) = 1,

where A(w) €R, ¢(w) € RNX’ Aw) € RN XNy

Assumptions on A(w)

@ Real symmetric random matrix on probability space (2, F,P).
@ For example, stiffness matrix in structural mechanics problems.

@ Inherits randomness, e.g., from uncertain elastic and dynamic
parameters.
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Parametrization of uncertainty by random variables

o Recall w is a random event in (2, F,P).

o We set A(w) = A({(w)), where & = {&1,...,Em}-

o supp(&) =T C R, with measure p;(&;)d¢;.

o supp(€) =T1 x ... x [y, with measure p(§) = [[12; pi(&)déi.
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Parametrization of uncertainty by random variables

o Recall w is a random event in (2, F,P).

o We set A(w) = A({(w)), where & = {&1,...,Em}-

o supp(&) =T € R, with measure p;(&;)d;.

o supp(€) =T1 x ... x [y, with measure p(§) = [[12; pi(&)déi.

Random field representations

(Truncated) Karhunen-Loeve expansion of A(w):

m
A(w) = Ao + Z&k(w)/‘\k, A e RNMN e —0.1,..., m.
k=1
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Parametrization of uncertainty by random variables

o Recall w is a random event in (2, F,P).

o We set A(w) = A({(w)), where & = {&1,...,Em}-

o supp(&) =T € R, with measure p;(&;)d;.

o supp(€) =T1 x ... x [y, with measure p(§) = [[12; pi(&)déi.

Random field representations

Expand /th eigenpair (A¢(w), @e(w)) using polynomial chaos expansion (PCE):
Ne—1

M) = > APw(ew), AP eR,
k=0

4 Y4
pew) = > ol(Ew)), ¢ e RM.
k=0
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2. Discretization via Stochastic Galerkin Method
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w@ Discretization via Stochastic Galerkin Method

Consider again the model SEVP

Aw)p(w) = Aw)p(w), (1)
pw)Tow) = L (2)

Stochastic Galerkin Method with suitable orthogonal polynomials v,

m Ne—1 Ne—1 Ne—1
SO EEw)Aie = > Y BN, k=0,...,Ne — 1,
i=0 j=0 i=0 j=0

- Ne—1

= |G@A+Y GRA| =D N(He® )| o (3)
—1 — H,—/
=By
=A
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w@ Discretization via Stochastic Galerkin Method

Go = diag ((u3)  (u2) -+ (¥Re-1))

Stochastic : { G (i, ) = (Wiéx), k=1,...,m,
Hi(i,J) = (ithjbie), k=0,..., Ne — 1.

o Ap is symmetric, positive definite; captures mean info in the model.

o Ay, k=1,..., m, represent the fluctuations in the model
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Vo’d@ Discretization via Stochastic Galerkin Method

Go = diag ((u3), (¥3) .-, (¥3, 1))
Stochastic : ¢ G, (i,)) = (Wivi€k), k=1,...,m,
Hi(i,j) = (i), k=0,..., Ng — 1.
o Ap is symmetric, positive definite; captures mean info in the model.

o Ay, k=1,..., m, represent the fluctuations in the model

Multiparametric eigenvalue problem!

For each eigenpair (A, ®):

A = [)\0, )\]_, ey >\N§—1:| T c RNg’
vec—l(cb) = [800; Bilgoooq SONg—l] c R NxxNe
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Vo’d@ Discretization via Stochastic Galerkin Method

Go = diag ((u3), (¥3) .-, (¥3, 1))
Stochastic : ¢ G, (i,)) = (Wivi€k), k=1,...,m,
Hi(i,j) = (i), k=0,..., Ng — 1.
o Ap is symmetric, positive definite; captures mean info in the model.

o Ay, k=1,..., m, represent the fluctuations in the model

Multiparametric eigenvalue problem!

So, we want to compute the tuple:

x 1= {0, AL, -+, ANg—1, 90, @1, - -, Pne—1} € RISTDINe,
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Vo’d@ Discretization via Stochastic Galerkin Method

Go = diag ((u3), (¥3) .-, (¥3, 1))
Stochastic : ¢ G, (i,)) = (Wivi€k), k=1,...,m,
Hi(i,j) = (i), k=0,..., Ng — 1.
o Ap is symmetric, positive definite; captures mean info in the model.

o Ay, k=1,..., m, represent the fluctuations in the model

Multiparametric eigenvalue problem!

Since

Ne = (m+r)!/m!rl, m = #random variables and r = deg(%);),

the dimension of the eignproblem can become quite huge.
(E.g., m=10, r=4 ~> ~ 1000 - N, unknowns!)
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@&!@ Multi-parametric Eigenproblem

Eigentuple-eigenvector problem

o We can re-write (3) as

Ne—1
Ad = )" A Bid.
k=0
0 Ai=31"Gk @Ay, Bi:i=Hik® Iy, with By := Iy, ® Iy, .
@ N¢ =1 yields standard eigenproblem A® = A\g®.
@ For N¢ = 2, we obtain (A — A1B1)® = A\oBp® :

= standard eigenproblem for fixed A;.

(©Peter Benner, benner@mpi-magdeburg.mpg.de Low-rank methods for SEVP


mailto:benner@mpi-magdeburg.mpg.de

@&!@ Multi-parametric Eigenproblem

Eigentuple-eigenvector problem

o We can re-write (3) as

Ne—1
Ad = )" A Bid.
k=0
0 Ai=31"Gk @Ay, Bi:i=Hik® Iy, with By := Iy, ® Iy, .
@ N¢ =1 yields standard eigenproblem A® = A\g®.
@ For N¢ = 2, we obtain (A — A1B1)® = A\oBp® :

= continuum of real solutions \g(A1) parameterized by A;.
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S @ Multi-parametric Eigenproblem

Eigentuple-eigenvector problem

o We can re-write (3) as

Ne—1
Ad = )" A Bid.
k=0
0 Ai=31"Gk @Ay, Bi:i=Hik® Iy, with By := Iy, ® Iy, .
@ N¢ =1 yields standard eigenproblem A® = A\g®.
@ For N¢ = 2, we obtain (A — A1B1)® = A\oBp® :

= 2N, + 2 = 2(N, + 1) unknowns in only 2N, equations.
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@&!@ Multi-parametric Eigenproblem

Eigentuple-eigenvector problem

o We can re-write (3) as

Ne—1
Ad = )" A Bid.
k=0
0 Ai=31"Gk @Ay, Bi:i=Hik® Iy, with By := Iy, ® Iy, .
@ N¢ =1 yields standard eigenproblem A® = A\g®.
@ For N¢ = 2, we obtain (A — A1B1)® = A\oBp® :

We append normalization condition (2) to (3) to avoid this.
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@&!@ Multi-parametric Eigenproblem

Eigentuple-eigenvector problem

o We can re-write (3) as

Ne—1
Ad = )" A Bid.
k=0
0 Ai=31"Gk @Ay, Bi:i=Hik® Iy, with By := Iy, ® Iy, .
@ N¢ =1 yields standard eigenproblem A® = A\g®.
@ For N¢ = 2, we obtain (A — A1B1)® = A\oBp® :

That is, ¢T(Hk®INX)¢:6kOa k=0,1,...,N§—1.

(©Peter Benner, benner@mpi-magdeburg.mpg.de Low-rank methods for SEVP


mailto:benner@mpi-magdeburg.mpg.de

@&!@ Multi-parametric Eigenproblem

Eigentuple-eigenvector problem

o We can re-write (3) as
Ne—1
Ad = )" A Bid.
k=0
0 A= ZT:O Gk ® Ak, B = Hi® INx with By := //\/§ & INX~
@ N¢ =1 yields standard eigenproblem A® = A\g®.
@ For N¢ = 2, we obtain (A — A1B1)® = A\oBp® :

Thus, SEVP (1) and (2) now posed as  NyN¢ + Ng = (Ny + 1)Ng non-linear
deterministic equations.

Low-rank methods for SEVP
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S @ Multi-parametric Eigenproblem

Eigentuple-eigenvector problem

o We can re-write (3) as

Ne—1
Ad = )" A Bid.
k=0
0 Ai=31"Gk @Ay, Bi:i=Hik® Iy, with By := Iy, ® Iy, .
@ N¢ =1 yields standard eigenproblem A® = A\g®.
@ For N¢ = 2, we obtain (A — A1B1)® = A\oBp® :

We use low rank solvers to approach the dimensionality problem.
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3. The Newton-Krylov Approach
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@&!@ The Newton-Krylov Approach

The Newton system for stochastic eigenvalue problem

o Set F(x) = 0, where x := (A, ®) € RINFDNe and

[ S (G @A) = M(He@ wI® ] 1
¢T(Ho®//\/x)¢—1 0
F(x) = ST (Hy ® In,)® = 1. (4)

¢T(HN§_1 & /NX)CD
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@&!@ The Newton-Krylov Approach

The Newton system for stochastic eigenvalue problem cont’d
@ Given xp, we obtain iterations via the Newton equations:
F(Xk) =F F’(xk)sk =0. (5)

@ Newton step: sy = 0xx = Xkr1 — Xk-
@ When Newton step is obtained, next iterate is given by xx11 = Xk + sk.
@ Set (V, )\) = (Vo, Vi, .oy VN1, )\()7 )\1, Y )\Ngfl) ~ (cb,/\),

][] (a8 o] (]

J:=F' F
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k=0
Ne—1
T = [(Gk® Ac) — Au(Hi @ In,)] v € RNNe,
k=0
Ne—1
T'A)v == (He® vy) € RMNexNe,
k=0

-
Q(v)=d:= |:VT(H0 @ In)v—1,---, vT(HNg_l ® INX)V} € RN,
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@ The Newton-Krylov Approach

Algorithm 1 Inexact Newton Method (INM)

1: Given xg € R(N+DNe

2: for k=0,1,... (until {xx} convergence) do

3:  Choose some 7 € [0,1).

4 Solve the Newton equations (5) approximately to obtain a step s, such that
5 [[F(x) + F'(xi)sil | < mel | F () ]-

6: Set Xx11 = Xk + Sk-

7: end for
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@ The Inexact Newton’s Method

@ Solving the Newton equation F(xx) + F'(xx)sk = 0 is expensive due
to large-scale setting.

@ It can be solved approximately with Krylov solvers.

@ This leads to an inexact Newton-Krylov method.

@ Since the Jacobian F’ is not symmetric, we use BiCGStab.

@ However, the choice of forcing terms 7y is very important:

m = 1 = min{1/(k +2), [[F ()]}
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@ The Inexact Newton’s Method

@ Solving the Newton equation F(xx) + F'(xx)sk = 0 is expensive due
to large-scale setting.

@ It can be solved approximately with Krylov solvers.

@ This leads to an inexact Newton-Krylov method.

@ Since the Jacobian F’ is not symmetric, we use BiCGStab.

@ However, the choice of forcing terms 7y is very important:

M =Nk = 1074
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@ The Inexact Newton’s Method

@ Solving the Newton equation F(xx) + F'(xx)sk = 0 is expensive due
to large-scale setting.

@ It can be solved approximately with Krylov solvers.

@ This leads to an inexact Newton-Krylov method.

@ Since the Jacobian F’ is not symmetric, we use BiCGStab.

@ However, the choice of forcing terms 7y is very important:

) Gk 17,((1:”1‘/5)/2 <0.1,
s 1l maX {Cka 77[((1_-2_\/5)/2} ) 77;((1_-"_]_\/5)/2 > O].7

o _ !
where ¢ — IF00) = Flac1) = FO)siall g 5

IF (o)l
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@ The Inexact Newton’s Method

@ Solving the Newton equation F(xx) + F'(xx)sk = 0 is expensive due
to large-scale setting.

@ It can be solved approximately with Krylov solvers.

@ This leads to an inexact Newton-Krylov method.

@ Since the Jacobian F’ is not symmetric, we use BiCGStab.

@ However, the choice of forcing terms 7y is very important:

) Gk 17,((1:”1‘/5)/2 <0.1,
s 1l maX {Cka 77/((1_-2_\/5)/2} ) 77;((1_-"_]_\/5)/2 > O].7

_ _ !
where ¢, = IF0%) = FOw1) = Fllaca)siall ) g 5

IF (o)l

@ We use low rank solvers to approach the dimensionality problem.

(©Peter Benner, benner@mpi-magdeburg.mpg.de Low-rank methods for SEVP


mailto:benner@mpi-magdeburg.mpg.de

‘!@ The Inexact Newton’'s Method — Globalization

Inexact Newton method with backtracking

Globalization is required to enhance the robustness of INM.

It means augmenting Newton's method with auxiliary procedures that
increase the likelihood of convergence.

It adjusts step lengths (usually shortened) to obtain satisfactory steps.

It can be backtracking or trust-region.

In Algorithm 2, backtracking globalization resides in the while-loop

[1F O + sl < [1 = 2(1 = n)][1F )]
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@ The Inexact Newton’s Method — Globalization

Algorithm 2 Inexact Newton Backtracking Method (INBM)

Require: xo € RMNHDNe € [0,1), t € (0,1), and 0 < Oin < Omax < 1.

1: for k=0,1,... (until {xc} converges) do
2: Choose initial nx € [0,7max) and solve (5) approximately to obtain si such
that [|F(x) + F'(e)sill < el [Fx0)] -
while [|F(x¢ + s)l| > [1 — ¢(1 - 7 [F(x0)|| do
Choose 6 € [Omin, Omax]-
Update s < Osi and n, < 1 — 6(1 — ny).
end while
Set Xx11 = Xk + Sk-
end for

NSO R®
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‘!@ The Inexact Newton’'s Method — Globalization

Inexact Newton method with backtracking

o Globalization is required to enhance the robustness of INM.

@ It means augmenting Newton's method with auxiliary procedures that
increase the likelihood of convergence.

o It adjusts step lengths (usually shortened) to obtain satisfactory steps.
o It can be backtracking or trust-region.

@ In Algorithm 2, backtracking globalization resides in the while-loop
[1F (ke + il < [1 = ¢(1 = mi)lI[F ()]

We combine the backtracking with low-rank techniques to tackle the
high-dimensional SEVP.
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4. Low-rank Inexact Newton-Krylov Method
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’\“‘@ Low-rank Inexact Newton-Krylov Method

Low-rank inexact Newton-BiCGStab

We solve the Newton equations with low-rank BiCGStab.
Since vec(WXV) = (VT @ W)vec(X), we have JX = R, where

SM(G © A) = Ni(Hi @ Iy)] — ZIH ® Vi
J=F= Ne—1 =0 ;
2§)H;®VIT 0
ves=[ R ]=[ED ] e[ ]

and

Ne—1
Ry = vec™ (Z (G @A) = Ni(Hi @ In)] v) , Ry =vec™(d).
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@ Low-rank Inexact Newton-Krylov Method

Low-rank inexact Newton-BiCGStab

Rewriting the linear system as matrix equation

Hence, we have

AYGT — Nl YHT)  — v;ZHT
JX = vec Z [ ( ! 2yx7'w_',7> ’ ]
i=0 !

1
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%o @ Low-rank Inexact Newton-Krylov Method

Low-rank inexact Newton-BiCGStab

Rewriting the linear system as matrix equation

Hence, we have

(A,' YGiT — >\iINX YHiT — V,'ZH;T
vec | D [ 2v.T YH,F)

JX

i=0

= vec R
= Vi R2 5
Low-rank format for solution

Y =Wy V\l—, with Wy € R(NX+1)><r1’ Vy € RNEX’l’
Z= WZVZT, with W7 € R(NX+1)Xf2’ Vy e RNﬁXQ,

where rnp < Ng, N,.
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s

@ Low-rank Inexact Newton-Krylov Method

\l'
Low-rank inexact Newton-BiCGStab

Rewriting the linear system as matrix equation

Hence, we have
o (A, YGiT — >\iINX YHiT — V,'ZH;T
JX = vec| ) [ 2vT YH,F)

i=0

- w([2])

Left hand side of linear system in low-rank format

VIH;
(second row) > [2v;Wy ] [ V) H; ] .
i=0
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w@ Low-rank Inexact Newton-Krylov Method

The low-rank format

The low-rank nature of the factors
@ guarantees fewer multiplications with the submatrices;
@ maintains smaller storage requirements;
@ can be obtained via MATLAB® functions svd or svds.

The iterates of Y and Z in low-rank BiCGStab are truncated using a
prescribed tolerance.
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*w@ Low-rank Inexact Newton-Krylov Method

Low-rank truncation

Suppose X = WVT =~ T.(X) = WVT st.

IX = Te(X)II < el X][F,

@ skinny QR factorization: X = QWRWRVTQ\Z—.
o SVD: R,RT = BxCT.
@ new factorization: W = Q,B(:;,1:r)and V = Q,C(:;,1: r)X(1:r,1:r).

o singular values: /s? 4+ ...+s2<e\/st+...+s5, ' <r.
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@ Low-rank Inexact Newton-Krylov Method

Low-rank truncation

Suppose X = WVT =~ T.(X) = WVT st.

IX = Te(X)II < el X][F,

or: use truncated SVD of WV ~ BY.C" computed via svds without ever
forming the matrix.
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%@ Low-rank Inexact Newton-Krylov Method

Matrix inner products

@ Suppose
Y =WyVy, WyeRM™, vy e RN,

Z=WzV}), WzeRN>z v, ecRNexrz,
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*v@ Low-rank Inexact Newton-Krylov Method

Matrix inner products

@ Suppose

Y =Wy VY, Wy e RN vy e RNexry,

Z=WzV}), WzeRMN>z v, eRNexrz,

@ Then,

trace((Wy V)| (W2 V) = trace(VJ Vy WY W)
—— ——— —— —
Large Large Small  Small
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*v@ Low-rank Inexact Newton-Krylov Method

Matrix inner products

@ Suppose
Y =WyVy, WyeRM™, vy e RN,

Z=WzV}), WzeRMN>z v, eRNexrz,

@ Then,

trace((Wy V)| (W2 V) = trace(VJ Vy WY W)
—— ——— —— —
Large Large Small  Small

@ Hence, (Y, Z) = vec(Y) vec(Z) = trace(Y' Z)
= 2(Nx + Ng + 1)ryrz flops.
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%@ Low-rank Inexact Newton-Krylov Method

Mean-based Schur complement preconditioner

We precondition the Jacobian J with

p.— [ Tg’\) . ] L S= Q') (T T/ (M)

where we use the following approximations:

T(/\) = IN5 X (Ao — )\0/NX),
S = 2IN§ X [VOT(AO = )\olNX)_IVo] .
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5. Numerical Experiments
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w @ Numerical Experiments

Consider the SEVP

{ —V - (a(-, w) V(- w)) = Aw)e(-,w), in D xQ, -

o(,w) =0, on 9D x Q,

where

@ a:D xQ — R is arandom coefficient field, characterized by
E(a) =1 and

Cba =l e -y
ly ly

Cov(x,y) = o2exp < ) , V(x,y) € D.

o KLE: € = {&1,...,€m} with & ~U(~1,1), and f; = fo = 1.
o PCE: m-dim. Legendre polynomials with support in (—1,1)™.
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\' @ Numerical Experiments

Small-scale problem, \,(w)

Performance of the INBM solver for m =6, r = 4, N, = 49
(~ (Ng¢+1)N, = 10,500) and standard deviation o, = 0.01. Here, /, /I,
and /Il represent the different forcing parameter choices 71,72, and 73.

e | #NS @ BS # KS t[sec] rank mem(LR) mem(FM)

/ 22 1.5 22 16.5 9 18.7 82.03

1l 22 1.5 22 17.5 10 20.8 82.03

I 22 1.5 23 17.2 10 20.8 82.03
Legend:

NS — Newton steps, BS — backtracking steps, KS — Krylov steps,
rank — tensor rank of solution,
mem(LR) — memory low-rank solver in kb,

mem(FM) — memory full-rank solver in kb.
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@ Numerical Experiments

Residuals (||F|[)
5
T

2 4 6 8 10 12 14 16 18 20 22
Inexact Newton iterations
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@ Numerical Experiments
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%. @ Numerical Experiments

Large-scale problem, A\;(w)

Performance of the INBM solver for m =6, r = 4, N, = 392,704
(~ (Ng+1)N, = 82,468,050) and standard deviation g, = 0.1. Here,
I, 1l, and [l represent the different forcing term choices 11,12, and 73.

ne | #NS @ BS #KS t[sec] rank mem(LR) mem(FM)

/ 34 3.6 39 12,123 51 156,552 OoM (644,282)
I 32 3.8 43 12,113 51 156,552 OoM (644,282)
1 33 35 42 12,200 51 156,552 OoM (644,282)

Legend:

NS — Newton steps, BS — backtracking steps, KS — Krylov steps,
rank — tensor rank of solution,

mem(LR) — memory low-rank solver in kb,

mem(FM) — memory full-rank solver in kb.

(©Peter Benner, benner@mpi-magdeburg.mpg.de Low-rank methods for SEVP


mailto:benner@mpi-magdeburg.mpg.de

@ Conclusions & Outlook

@ We have presented a low-rank Newton-type algorithm for
approximating selected eigenpairs of SEVPs.

@ The low-rank approach provides significant storage savings.

o For details, see:
Peter Benner, Akwum Onwunta, and Martin Stoll:
An Inexact Newton-Krylov Method for Stochastic Eigenvalue Problems.
Computational Methods in Applied Mathematics (CMAM), to appear.

Preliminary version: arXiv:1710.09470, October 2017.
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@ Conclusions & Outlook

@ We have presented a low-rank Newton-type algorithm for
approximating selected eigenpairs of SEVPs.
@ The low-rank approach provides significant storage savings.

o For details, see:
Peter Benner, Akwum Onwunta, and Martin Stoll:
An Inexact Newton-Krylov Method for Stochastic Eigenvalue Problems.
Computational Methods in Applied Mathematics (CMAM), to appear.

Preliminary version: arXiv:1710.09470, October 2017.
o Next steps:

o Block-variants to approximate several eigenpairs at once.
o Non-symmetric stochastic eigenvalue problems.

This is the end.
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