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” @ Polynomial Systems

Ex(t) = Ax(t) ZHEX t)—I—ZNg (t) ®x@(t)) + Bu(t), y(t)=Cx(t), x(0)=0,

where

d is the degree of the polynomial term in the system;

(generalized) states x(t) € R™, x® :=x(t) @ - - - @ x(¢);
N

inputs (controls) u(t) € R™; g—times

outputs (measurements, quantity of interest) y(t) € R?.
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@ Polynomial Systems

Polynomial systems

d d
Ex(t) = Ax(t) + > HexO(t) + > Ne (u(t) @ x2(t)) + Bu(t), y(t) = Cx(t), x(0) =0,
£=2 n=2

where

m d is the degree of the polynomial term in the system;

m (generalized) states x(t) € R", x® :=x(t) @ - -- @ x(¢);
N

m inputs (controls) u(t) € R™; g—times

m outputs (measurements, quantity of interest) y(¢) € R%.

m A large class of nonlinear systems can be lifted to polynomial systems using auxiliary variables.

m Integral part of McCormick Relaxation in optimization. ~~ No approximation! [McCormick '76, Gu ’09]
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”@ Lifting of Nonlinear Systems — an Example

A toy example

3(t) + e, (1a)
(t). (1b)

® To write system (1) in polynomial form, define z(t) := e=*2(*).
m Then, derive ODE for z(t):

z(t) = —e M . x9(t) = —2(t) (—x1(t) + u(?)).
1 (t) = —xa1(t) +x3(t) + z(t),

Xg(t) = —X1 (t) = ll(t),
z(t) = x1(t)z(t) — z(t)u(t).
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@ Construction of ROMs

Ex(t) = Ax(t) + > Hea®(t) + ) Ne (u(t) @ x®(t)) + Bu(t),
=2 n=2
y(t) = Cx(t), x(0)=0.

(Petrov-)Galerkin

A 4
 (Reduced-order system) x

d d
Ex(t) = AR(t) + > HRO(t) + Y N (u(t) @ %®(1)) + Bu(t),
£=2 n=2
(t) = Cx(t), %(0)=0.
E=W'EV, A=wW'Av, H, =W HVO, ¢c{2. . d,
B=w'B, C=cV, N, =W H, VD, nec{1,.., d}.
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@ Common Approaches for Nonlinear MOR

Snapshot-based methods

m Proper orthogonal decomposition e.g., recent tutorial [GRASSLE/HINZE/VOLKWEIN 20|
= Reduced basis methods e.g., recent tutorial [MADAY/PATERA '20]
m Non-intrusive reduced-order modeling e.g, [PEHERSTORFER/WILLCOX '16]
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”@ Common Approaches for Nonlinear MOR

Snapshot-based methods

= Proper orthogonal decomposition e.g., recent tutorial [GRASSLE/HINZE/VOLKWEIN 20|
m Reduced basis methods e.g., recent tutorial [MADAY/PATERA ’20]
m Non-intrusive reduced-order modeling e.g, [PEHERSTORFER/WILLCOX '16]

System-theoretic methods

No transient simulation of full-order systems, rather utilize concepts from systems and control theory.

m For order 2 polynomial systems (known as quadratic-bilinear systems)

— Balanced truncation [B./GovaL '17]
— Interpolation-based methods

[Gu ’11, B./BREITEN '15, AHMAD/B./JAIMOUKHA 16, B./GOYAL/GUGERCIN 18, AHMAD/FENG/B. 19]
— Loewner approach (based on suitable input-output data) [ToniTA 13, ANTOULAS/GOESA 18]

m For order d > 3 polynomial systems

— Balanced truncation [B./GovAL/PoONTES '19]
— Here: interpolation based approach.
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@ Input-Output Mapping

Polynomial Dy-
[ namical system ]_>

m Like for linear systems, we can define input-output mapping by generalized transfer functions.

m Instead of a single transfer function, we have a series of transfer functions.
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” @ Input-Output Mapping

d d
Ex(t) = Ax(t) + Y Hex®(t) + > N¢ (u(t) ® x2(t)(t)) + Bu(?),
) n=2

y(t) = Cx(#), x(0)

m Like for linear systems, we can define input-output mapping by generalized transfer functions.
m Instead of a single transfer function, we have a series of transfer functions.

m Generalized transfer functions (a few leading ones) [B./GovaL '21]

Fi(s1): O (s1)B,
F& (51, ..., 5¢41) i= C®(s¢41)He (B(s¢)B® --- ® ®(s51)B),
F(s1,...,8941) = C®(sy41)N, (I, ® ®(s,)B® - -- ® O(s1)B) ,

I
Q

where ®(s) = (sE — A)~!.
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”@ Interpolating Reduced System

Construct projection matrices V and W such that generalized transfer functions (GTF) satisfy

interpolation conditions, i.e.,

(GTF(U))original = (GTF(U))reduced 5

and reduced matrices are constructed via Petrov-Galerkin projection:

|
2 2
o

TEV, A=WTAV, H,=W'H,VO®, ¢e{2...,d},
C N,=W'N,V®, pe{l,... d}.

o =

m Extended ideas from linear systems to polynomial systems.

m Choice of good interpolation points (open question).
m Moreover, we discuss construction of dominant subspaces by combining interpolation and Loewner

framework.

Interpolation-Based Model Reduction for Polynomial Systems
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Q.Q@ Construction of Interpolatory ROMs

Theorem (simplified) [B./GovaL ’21]
Let 0; and p;, @ € {1,...,7}, be interpolation points, and define subspaces V and W as follows:
Vi = range (®(c1)B, ..., ®(07)B) Wy = range (®(u1) B, ..., ®(ur) T CT)
v = U range (2(0i)N, (2(ci)B® - ® #(0:)B)) | WP = O range (®(0:) | (Ny) (o) (<I>(oi)B® ® @(#i)TcT) )
=1 i=1

v = U range (®(0;)He (®(0)B® - ® ®(04)B)) | W& = O range (@(ai)T (He) 5 (@(gi)B ®---® @(“i)TcT))
=1 i=1

(n) &)
L V C range (VL,VN" » Vi ) A W C range (WL,WI(\In),Wg))

where ®(s) := (sE — A)~'. If the ROM is constructed using Petrov-Galerkin projection with compatible basis
matrices V of V and W of W, then GTFs of original model and ROM match at o, p.

m Quality of the ROM depends on the interpolation points. Optimal selection is an open problem.

J

m Thus, we propose an approach to determine dominant subspaces for MOR.
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”@ Algorithm to Determine Dominant Subspaces

Algorithm: Construction of Dominant Subspaces for MOR
1. Take Ti,y i, = 1,...,N.
range (®(01)B, ..., ®(on)B)

2. Compute R := ngl Ui\il range (®(0;)Ny (®(0;)B® - -- @ ®(04)B))
Ug=; UL, range (2(0i)He (B(0:)B ® -+ © €(0:)B))
range (®(u1)TCT,..., @(un)TCT),
3

. Compute O = a1 UL, range (2(07) (Ny) ) (2(01)B®--- ® (05)B ® 2(u;) TCT)
Ug—o UL, range (®(0v) (He) (o) (2(0:)B @ - - © B(03)B @ (1) TCT)

&

Determine matrices (alike Loewner and shifted-Loewner): L= —OTER, L,=-0OTAR.

(6]

. Compute singular value decomposition:

[Y1,50,X:] = svd ([L,La]), [¥2, 52, X2] = svd ([]H) .

6. Determine projection matrices: V := RX5(:,1:7), W :=OYa(:,1: 7).

(©Peter Benner, benner@mpi-magdeburg.mpg.de Interpolation-Based Model Reduction for Polynomial Systems
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”@ Algorithm to Determine Dominant Subspaces

Algorithm: Construction of Dominant Subspaces for MOR

1. Take oy, pi, i=1,...,N. w'av, A=w'av, H,=w H VO,
range (®(01)B, ..., ®(on)B) B=w'B, C=cv. N, =w u,v®
2. Compute R := ngl U, range (®(0:)Ny, (8(0)B ® - - - @ B(07)B))

U¢_2 U, range (2(01)He (2(01)B ® - -- ® @(0:)B))
range (‘D(ul)TCT, ce, @(pN)TCT) s

. Compute O = ¢_ U, range (@(07) (Ny) (g (2(0:)B@ -+ @ B(0:)B ® d(s) ' CT)
Ug—o UL, range (®(0v) (He) (o) (2(0:)B @ - - © B(03)B @ (1) TCT)

w

4. Determine matrices (alike Loewner and shifted-Loewner): L = —O'ER, L,=-0'AR.

5. Compute singular value decomposition:

[Y1,50,X:] = svd ([L,La]), [¥2, 52, X2] = svd ([]H) .

6. Determine projection matrices: V := RX5(:,1:7), W :=OYa(:,1: 7).
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”@ Algorithm to Determine Dominant Subspaces

m Embarrassingly parallel.

Algorithm: Construction of Dominant Subspaces for MO FREE NN R R IVET R 1Tt e i

1. Take oy, pi, i=1,...,\. can employ low-rank techniques.
( range (P(01)B, ..., D(ox)B) )
2. Compute R := Ud_, U, range (®(0:)Ny (2(0:)B & - ® (0)B))

Ug_, U, range (®(0:)He (2(0:)B ® - - ® ®(07)B))
LR (@(“I)TCT, EERR) (I:'(/J'N)TCT) ’

3. Compute @ = { U, U, range (@(0:) (Ny) (3 (2(0:)B® - ® B(04)B ® B(;) TCT)
ngg U'Z\il range ( ®(o;) (Hg)@) (‘b(o’i)B R - RP(0;) B® @(ui)TCT)

(S J

4. Determine matrices (alike Loewner and shifted-Loewner): L = —O'ER, L,=-0'AR.

5. Compute singular value decomposition:

[Y1,50,X:] = svd ([L,La]), [¥2, 52, X2] = svd ([]H) .

6. Determine projection matrices: V := RX5(:,1:7), W :=OYa(:,1: 7).
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”@ Algorithm to Determine Dominant Subspaces

Algorithm: Construction of Dominant Subspaces for MOR
1. Take Ti,y i, = 1,...,N.
range (®(01)B, ..., ®(on)B)

2. Compute R := Ui, Ui\il range (®(0;)Ny (®(0;)B® - -- @ ®(04)B))
U§:2 U, range (®(0;)He (®(0)B® - - - © B(0;)B))
range (‘D(ul)TCT, ce, @(pN)TCT) s
3. Compute O = z:l Ui\il range ( (o) (Ny) () (2(0i)B® - ®®(0i)B® @(M)TCT)2
Ug:Q UiL, range (2(c:) (Hf)@) (®(oy m Efficient variants of 1éVl; can be
4. Determine matrices (alike Loewner and shifted-Loewner applied, including randomized SVD. ’

5. Compute singular value decomposition:

[Y1,20,X1] = svd ([L,L]), [Yz, 52, Xa] = svd ([IH) .

6. Determine projection matrices: V := RX5(:,1:7), W :=OYa(:,1: 7).
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Numerical Example
Chafee-Infante equation

Governing equation

Vi = Vg + V(1 — v?)

with boundary conditions

v(0,) = u(t) vg(L,+) =0, t€(0,T) v(z,0) =0, z€(0,L).

m To construct dominant subspaces, we take 200 points on jw axis in the frequency range [10_3, 103].
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Numerical Example

Chafee-Infante equation

Governing equation

Vg = Vg + (1 — 0?)

Decay of ”Loewner” singular values
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Numerical Example
w Chafee-Infante equation

Governing equation

Vi = Vg + V(1 — v?)

Construction of reduced systems
—e— Full system (n = 500)
2 T
1.5

Response
—
Response

0.5

\ \ \
0 0 1 2 3 4

Time
u(t) = 10sin(nt)
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Numerical Example
Fitz-Hugh Nagumo Model

Governing coupled PDE-ODE system

vy = €2Vzz +v(v — 0.1)(1 —v) —w + g,
wy = hv —yw +gq,

with boundary conditions

v(z,0) =0, w(xz,0) =0, z € (0,L), vz (0,t) = ig(t), v (1,t) =0, t>0.

m To construct dominant subspaces, we take 200 points on jw axis in the frequency range [10_2, 102].
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Numerical Example
Fitz-Hugh Nagumo Model

Governing coupled PDE-ODE system

vy = €2Vgz +v(v — 0.1)(1 —v) —w + g,
wy = hv —yw +gq,

Decay of singular values

10°

éﬁ 10—10 -

1020 ! : ! !
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Fitz-Hugh Nagumo Model

Governing coupled PDE-ODE system

vy = €20z +v(v — 0.1)(1 —v) —w+gq,
wy = hv —yw + g,

Construction of reduced systems

— Ori. sys.(n = 300) --=- Red. sys.(r =15) oo Red. sys.(r = 6)
10° " T T T
|
—6 ERETI
1070 i
‘ ‘
10—]_2 | | |
0 5 10 15 20 0 5 10 15 20
Time Time
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@ Outlook and Conclusions

Contributions of the talk

m Employed generalized transfer functions of polynomial systems.

m Construction of interpolatory reduced-order models.

m Proposed an algorithm to determine dominant subspaces.

m Computational aspects in a large-scale setting (low-rank factors, randomized SVDs).
m Application to benchmark examples.

[

Not in the talk: use of CUR for cheaper tensor calculus, extension to parametric systems.
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Q.ﬂ@ Outlook and Conclusions

Contributions of the talk

m Employed generalized transfer functions of polynomial systems.

m Construction of interpolatory reduced-order models.

m Proposed an algorithm to determine dominant subspaces.

m Computational aspects in a large-scale setting (low-rank factors, randomized SVDs).
m Application to benchmark examples.

[

Not in the talk: use of CUR for cheaper tensor calculus, extension to parametric systems.

Open questions and future work

m Extension to structured systems such as delay and second-order systems ~- for d = 1,2, see
[B./GUGERCIN/WERNER "21]!

m Stability of reduced-order systems ~~ for d = 2: talk by Boris Kramer in MS31!

m Non-homogeneous initial conditions.

m Construct polynomial systems directly from input-output data ~» for d = 1,2, [ANTOULAS ET AL].
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