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@ Numerical Approximation of f(A)v

Given a function f: R™*™ — R™* ™ we are interested in approximating

f(A)

for a large and sparse matrix A and a vector v (where we assume that f is sufficiently
regular so that f(A) is well defined).
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@ Numerical Approximation of f(A)v

Given a function f: R™*™ — R™* ™ we are interested in approximating

f(A)

for a large and sparse matrix A and a vector v (where we assume that f is sufficiently
regular so that f(A) is well defined).

Typical approach for large-scale computations:
find a matrix V' € R™** with orthogonal columns so that

fAw = VEVTAVIV T,
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@ Numerical Approximation of f(A)v

Given a function f: R™*™ — R™* ™ we are interested in approximating

f(A)

for a large and sparse matrix A and a vector v (where we assume that f is sufficiently
regular so that f(A) is well defined).

Typical approach for large-scale computations:
find a matrix V' € R™** with orthogonal columns so that

fAw = VEVTAVIV T,

m As A, = VT AV € R*** the evaluation of Vf(Ak)VTv should be much faster
than that of f(A)v.
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@ Numerical Approximation of f(A)v

Given a function f: R™*™ — R™* ™ we are interested in approximating

f(A)

for a large and sparse matrix A and a vector v (where we assume that f is sufficiently
regular so that f(A) is well defined).

Typical approach for large-scale computations:
find a matrix V' € R™** with orthogonal columns so that

fAw = VEVTAVIV T,

m As A, = VT AV € R*** the evaluation of Vf(Ak)VTv should be much faster
than that of f(A)v.

m Note: The problem of approximating the action of f(A) to a vector is significantly
different from that of approximating f(A) (see seminal Higham book).
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@ Numerical Approximation of f(A)v

Given a function f: R™™™ — R™™™ we are interested in approximating
f(Aw

for a large and sparse matrix A and a vector = (where we assume that f is sufficiently
regular so that f(A) is well defined).

Typical approach: find a matrix V € R™** with orthogonal columns so that

FAz = ViVTAVVT . (1)
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@ Numerical Approximation of f(A)v

Given a function f: R™™™ — R™™™ we are interested in approximating
f(Aw

for a large and sparse matrix A and a vector = (where we assume that f is sufficiently
regular so that f(A) is well defined).

Typical approach: find a matrix V € R™** with orthogonal columns so that

FAz = ViVTAVVT . (1)

Use, e.g., Arnoldi method to compute V' as an orthogonal basis of Krylov subspace

Ki(A,v) = span{v, Av, A%v, ..., AF "1},
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@ Numerical Approximation of f(A)v

Given a function f: R™™™ — R™™™ we are interested in approximating
f(Aw

for a large and sparse matrix A and a vector = (where we assume that f is sufficiently
regular so that f(A) is well defined).

Typical approach: find a matrix V € R™** with orthogonal columns so that

FAz = ViVTAVVT . (1)

Use, e.g., Arnoldi method to compute V' as an orthogonal basis of Krylov subspace
Ki(A,v) = span{v, Av, A%v, ..., AF "1},

As Ve = v/||v||2, (1) simplifies to

FA = o]V (VT AV er.
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@ Numerical Approximation of f(A)v

Given a function f : R™*™ — R™*™ we are interested in approximating

f(A)w

for a large and sparse matrix A and a vector z (where we assume that f is sufficiently
regular so that f(A) is well defined).

Typical approach: find a matrix V' € R™** with orthogonal columns so that

fAz=VVTAV)V v,

[Druskin/Knizhnerman 1998] suggest to use orthogonal basis of the extended Krylov
subspace

Kr(A,v) + Kg (A_l, A_lv) = span{A_kv, AT, AT e, Av, AP, Ak_lv}.

© h.fassbender@tu-braunschweig.de, benner@mpi-magdeburg.mpg.de


mailto:h.fassbender@tu-braunschweig.de
mailto:benner@mpi-magdeburg.mpg.de

Extended Krylov Subspace Method (EKSM)

Given v, A, set Vy = gram_sh([v, A~'0]), Vy = 0.
Form=1,2 ...,

L Vi = V-1, Vi

2. Set T, = VI AV,

3. Compute ¥, = f(T)er

4. If converged then 1, = V,,y,, and stop

5. Vi = [AVer, A7V 60

. ) i
6. V41 < orthogonalize V| ., w.rto Vy

7. vm+l - gram-Sh(vm-H)
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Extended Krylov Subspace Method (EKSM)

Given v, A, set Vy = gram_sh([v, A~'0]), Vy = 0.
Form=1,2 ...,

L Vi = V-1, Vi

2. Set T, = VI AV,

3. Compute ¥, = f(T)er

4. If converged then 1, = V,,y,, and stop

5. Vi = [AVer, A7V 60

6. V41 < orthogonalize V| _, wrtoV,,

'
m+

7. vm+l - gram-Sh(vm-H)

m At each iteration, two new vectors are added to the space.
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Extended Krylov Subspace Method (EKSM)

Given v, A, set Vy = gram_sh([v, A~'0]), Vy = 0.
Form=1,2 ...,

L Vi = V-1, Vi

2. Set T, = VI AV,

3. Compute ¥, = f(T)er

4. If converged then u,, = V,, ¥, and stop

5. Vi = [AVer, A7V 60

6. V41 < orthogonalize V| _, wrtoV,,

'
m+

7. vm+l - gram-Sh(vm-H)

m At each iteration, two new vectors are added to the space.

m Unless breakdown occurs, at the mth iteration the method has constructed an
orthonormal basis of dimension 2m, given by V., = [Vi,Va,..., Vi, Vi € R™*2,
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Extended Krylov Subspace Method (EKSM)

Given v, A, set Vy = gram_sh([v, A~'0]), Vy = 0.
Form=1,2 ...,

L Vi = V-1, Vi

2. Set T, = VI AV,

3. Compute ¥, = f(T)er

4. If converged then u,, = V,, ¥, and stop

5. Vi = [AVer, A7V 60

6. Viuq1 «— orthogonalize V) | w.rto Vp,

7. vm+l - gram-Sh(vm-H)

m At each iteration, two new vectors are added to the space.

m Unless breakdown occurs, at the mth iteration the method has constructed an
orthonormal basis of dimension 2m, given by V., = [Vi,Va,..., Vi, Vi € R™*2,

m The orthogonalization is performed first with respect to the previous basis vectors,
and then within the new block of 2 vectors.
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Extended Krylov Subspace Method (EKSM)

Given v, A, set Vy = gram_sh([v, A~'0]), Vy = 0.
Form=1,2 ...,

L Vi = V-1, Vi

2. Set T, = VI AV,

3. Compute ¥, = f(T)er

4. If converged then u,, = V,, ¥, and stop

5. Vi = [AVer, A7V 60

6. Viuq1 «— orthogonalize V) | w.rto Vp,

7. vm+l - gram-Sh(vm-H)

m At each iteration, two new vectors are added to the space.

m Unless breakdown occurs, at the mth iteration the method has constructed an
orthonormal basis of dimension 2m, given by V., = [Vi,Va,..., Vi, Vi € R™*2,

m The orthogonalization is performed first with respect to the previous basis vectors,
and then within the new block of 2 vectors.

m Arnoldi-like recurrence
AV = Vi T + Vm+1Tm+1,1E77r;

holds, where E,, = [ezm_legm] S R2mx2 and Tm+1,1 = VTZ;LIAVm.
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Numerical Approximation of f(H)v for Hamiltonian matrices H
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:@ Numerical Approximation of f(H)v for Hamiltonian matrices H

m H € R?>"*2" is Hamiltonian matrix iff
8 JoH = (JoH)T, where J,, = [_(}n Ig] € R?"X27 and [, is the n x n identity

matrix, or, equivalently,

m there exist matrices £, B = BT, C = CT € R"*" such that H = [5 _gT]'

In case H is nonsingular, H~' is Hamiltonian as well.
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:@ Numerical Approximation of f(H)v for Hamiltonian matrices H

m H € R?>"*2" is Hamiltonian matrix iff
8 JoH = (JoH)T, where J,, = [_(}n Ig] € R?"X27 and [, is the n x n identity

matrix, or, equivalently,

m there exist matrices E, B = BT, C = CT € R"*™ such that H = [E B ]

c —ET|
In case H is nonsingular, H~' is Hamiltonian as well.

m J, is orthogonal and skew-symmetric, J;I = J; ' = —J,.
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@ Numerical Approximation of f(H)v for Hamiltonian matrices H

m H € R?>"*2" is Hamiltonian matrix iff
8 JoH = (JoH)T, where J,, = [_(}n Ig] € R?"X27 and [, is the n x n identity

matrix, or, equivalently,

m there exist matrices E, B = BT, C = CT € R"*™ such that H = [E B ]

c -ET
In case H is nonsingular, H~' is Hamiltonian as well.
m J, is orthogonal and skew-symmetric, /X = J,; ' = —J,.

B Let V € R**2™ have orthogonal columns and H € R?*"*2" Hamiltonian. Then
VTHV € R*™*2™ is (in general) not Hamiltonian.
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@ Numerical Approximation of f(H)v for Hamiltonian matrices H

m H € R?>"*2" is Hamiltonian matrix iff
8 JoH = (JoH)T, where J,, = [_(}n Ig] € R?"X27 and [, is the n x n identity
matrix, or, equivalently,

m there exist matrices E, B = BT, C = CT € R"*™ such that H = [E B ]

c -ET
In case H is nonsingular, H~' is Hamiltonian as well.
m J, is orthogonal and skew-symmetric, /X = J,; ' = —J,.

B Let V € R**2™ have orthogonal columns and H € R?*"*2" Hamiltonian. Then
VTHV € R*™*2™ is (in general) not Hamiltonian.

m A matrix S € R?"*?" is called symplectic if ST.J,S = J,,. Its columns are
J-orthogonal.
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@ Numerical Approximation of f(H)v for Hamiltonian matrices H

m H € R?>"*2" is Hamiltonian matrix iff

8 JoH = (JoH)T, where J,, = [_(}n Ig] € R?"X27 and [, is the n x n identity

matrix, or, equivalently,

m there exist matrices E, B = BT, C = CT € R"*™ such that H = [E B ]

c -ET
In case H is nonsingular, H~' is Hamiltonian as well.
m J, is orthogonal and skew-symmetric, /X = J,; ' = —J,.

B Let V € R**2™ have orthogonal columns and H € R?*"*2" Hamiltonian. Then
VTHV € R*™*2™ is (in general) not Hamiltonian.

m A matrix S € R?"*?" is called symplectic if ST.J,S = J,,. Its columns are
J-orthogonal.

m A symplectic matrix S is nonsingular with S~ = JZ' ST .J,,.

m Let S be symplectic and H be Hamiltonian. Then S™'HS is Hamiltonian again.
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@ Numerical Approximation of f(H)v for Hamiltonian matrices H

m H € R?>"*2" is Hamiltonian matrix iff
8 JoH = (JoH)T, where J,, = [_(}n Ig] € R2"X27 and I, is the n x n identity

matrix, or, equivalently,

m there exist matrices E, B = BT, C = CT € R"*™ such that H = [g _gT]'
In case H is nonsingular, H~' is Hamiltonian as well.
m J, is orthogonal and skew-symmetric, J;I = J; ' = —J,.

B Let V € R**2™ have orthogonal columns and H € R?*"*2" Hamiltonian. Then
VTHV € R*™*2™ is (in general) not Hamiltonian.

m A matrix S € R?"*?" is called symplectic if ST.J,S = J,,. Its columns are
J-orthogonal.

m A symplectic matrix S is nonsingular with S~ = JZ' ST .J,,.
m Let S be symplectic and H be Hamiltonian. Then S™'HS is Hamiltonian again.
m Let S € R?"*?™ 4 < n, have J-orthogonal columns, STJ,,S = J,,..

Let H € R?"*?" be Hamiltonian.

1. The matrix JL ST J, is the left inverse of S, J};STJnS = Iopm,.
2. The matrix (%STJ,L)HS is Hamiltonian.

m
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@ Hamiltonian Lanczos Method [B./FaRbender 1997, Ferng et al 1997]

m J-orthogonal basis of Krylov subspace Ko, (H,u1) = span{ui, Hua,. .., H* " 'ui}.
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@ Hamiltonian Lanczos Method [B./FaRbender 1997, Ferng et al 1997]

m J-orthogonal basis of Krylov subspace Ko, (H,u1) = span{ui, Hua,. .., H* " 'ui}.
m Generates S = [U, V,] with U,,V; € R®"*" with J-orthogonal columns such that

amn oo

H[U, Vi] = [Ur Vi |:D(T) —G

T
:| + u'r‘+1tr+1,'r62r

where G, D) € R™" are diagonal and T € R"*" is tridiagonal.
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@ Hamiltonian Lanczos Method [B./FaRbender 1997, Ferng et al 1997]

m J-orthogonal basis of Krylov subspace Ko, (H,u1) = span{ui, Hua,. .., H* " 'ui}.
m Generates S = [U, V,] with U,,V; € R®"*" with J-orthogonal columns such that

amn oo

H[U, Vi| = [Ur Vi |:D(T) —G

T
:| + u'r‘+1tr+1,'r62r

where G, D) € R™" are diagonal and T € R"*" is tridiagonal.

m Short recurrence to compute the next vectors u,41 and v,41 of the basis involving
only the three preceding vectors v, t, ur_1.
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@ Hamiltonian Lanczos Method [B./FaRbender 1997, Ferng et al 1997]

m J-orthogonal basis of Krylov subspace Ko, (H,u1) = span{ui, Hua,. .., H* " 'ui}.
m Generates S = [U, V,] with U,,V; € R®"*" with J-orthogonal columns such that

amn oo

H[U, Vi| = [Ur Vi |:D(T) —G

T
:| + u'r‘+1tr+1,'r62r

where G, D) € R™" are diagonal and T € R"*" is tridiagonal.

m Short recurrence to compute the next vectors u,41 and v,41 of the basis involving
only the three preceding vectors v, t, ur_1.

Requires 2r matrix-vector products and 3r inner products.
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@ Hamiltonian Lanczos Method [B./FaRbender 1997, Ferng et al 1997]

m J-orthogonal basis of Krylov subspace Ko, (H,u1) = span{ui, Hua,. .., H* " 'ui}.
m Generates S = [U, V,] with U,,V; € R®"*" with J-orthogonal columns such that

amn oo

H[U, Vi| = [Ur Vi |:D(T) —G

T
:| + u'r‘+1tr+1,'r62r

where G, D) € R™" are diagonal and T € R"*" is tridiagonal.

m Short recurrence to compute the next vectors u,41 and v,41 of the basis involving
only the three preceding vectors v, t, ur_1.

Requires 2r matrix-vector products and 3r inner products.

Arnoldi method requires 2 matrix-vector products and 72 inner products.
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@ Hamiltonian Lanczos Method [B./FaRbender 1997, Ferng et al 1997]

m J-orthogonal basis of Krylov subspace Ko, (H,u1) = span{ui, Hua,. .., H* " 'ui}.
m Generates S = [U, V,] with U,,V; € R®"*" with J-orthogonal columns such that

amn oo

H[U, Vi| = [Ur Vi |:D(T) —G

T
:| + u'r‘+1tr+1,'r62r

where G, D) € R™" are diagonal and T € R"*" is tridiagonal.

m Short recurrence to compute the next vectors u,41 and v,41 of the basis involving
only the three preceding vectors v, t, ur_1.

Requires 2r matrix-vector products and 3r inner products.

Arnoldi method requires 2 matrix-vector products and 72 inner products.

F(H)ur = |Jur||2SF(IEST I HS)er  as  JE (ST (Jpur)) = ||lu||zer-
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Let a Hamiltonian matrix H € R?"*2" and a vector u; € R*" be given.
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Let a Hamiltonian matrix H € R?"*2" and a vector u; € R*" be given.

Construct Sy € R?7%2(7+5) \with J-orthonormal columns such that the columns of
S,-+s span the same subspace as Ko, (H, u1) 4 Kos(H ™, H™  uy).
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Let a Hamiltonian matrix H € R?"*2" and a vector u; € R*" be given.

Construct Sy € R2%2(+5) \yith J-orthonormal columns such that the columns of
S,-+s span the same subspace as Ko, (H, u1) 4 Kos(H ™, H™  uy).

Assume that dim Co,-(H,u1) = 2r and dim Cos (™, H 'uy) = 2s.
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Let a Hamiltonian matrix H € R?"*2" and a vector u; € R*" be given.

Construct Sy € R2%2(+5) \yith J-orthonormal columns such that the columns of
S,-+s span the same subspace as Ko, (H, u1) 4 Kos(H ™, H™  uy).

Assume that dim Co,-(H,u1) = 2r and dim Cos (™, H 'uy) = 2s.

In [Meister 2011], it is suggested to construct S, in the following way:
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Let a Hamiltonian matrix H € R?"*2" and a vector u; € R*" be given.
Construct Sy € R2%2(+5) \yith J-orthonormal columns such that the columns of
S,-+s span the same subspace as Ko, (H, u1) 4 Kos(H ™, H™  uy).
Assume that dim Co,-(H,u1) = 2r and dim Cos (™, H 'uy) = 2s.
In [Meister 2011], it is suggested to construct S, in the following way:
m Step 1: Start with the two vectors in K2(H,u1) and construct

S1 = [U1 | 111] € R**?

with ST J,,S1 = Ji and span{S1} = Ka2(H,u1). (r = 1,5 = 0)
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Let a Hamiltonian matrix H € R?"*2" and a vector u; € R*" be given.

Construct Sy € R2%2(+5) \yith J-orthonormal columns such that the columns of
S,-+s span the same subspace as Ko, (H, u1) 4 Kos(H ™, H™  uy).

Assume that dim Co,-(H,u1) = 2r and dim Cos (™, H 'uy) = 2s.

In [Meister 2011], it is suggested to construct S, in the following way:
m Step 1: Start with the two vectors in K2(H,u1) and construct

S1 = [U1 | 111] S RQnXQ

with ST J,,S1 = Ji and span{S1} = Ka2(H,u1). (r = 1,5 = 0)
m Step 2: Take the two vectors in KC2(H ', H 'u1) and construct

Sa=[p wlz w]=M Ui|X1 W]eRrR™

with 57 .J,,S2 = J» and span{S2} = Ko (H,u1) + K2(H ', H 'uy). (r=s5=1)
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Let a Hamiltonian matrix H € R?"*2" and a vector u; € R*" be given.

Construct Sy € R2%2(+5) \yith J-orthonormal columns such that the columns of
S,-+s span the same subspace as Ko, (H, u1) 4 Kos(H ™, H™  uy).

Assume that dim Co,-(H,u1) = 2r and dim Cos (™, H 'uy) = 2s.

In [Meister 2011], it is suggested to construct S, in the following way:
m Step 1: Start with the two vectors in K2(H,u1) and construct

S1 = [U1 | 111] S RQnXQ

with ST J,,S1 = Ji and span{S1} = Ka2(H,u1). (r = 1,5 = 0)
m Step 2: Take the two vectors in KC2(H ', H 'u1) and construct

So = [yl uy | 1 'Ul] = [Yl Ur | X1 Vl] e R#x4
with 57 .J,,S2 = J» and span{S2} = Ko (H,u1) + K2(H ', H 'uy). (r=s5=1)

Proceed in this fashion by alternating between Ko, (H, u1) and Kaos(H ™', H  uy).

© h.fassbender@tu-braunschweig.de, benner@mpi-magdeburg.mpg.de


mailto:h.fassbender@tu-braunschweig.de
mailto:benner@mpi-magdeburg.mpg.de

@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Assume that
Sop = (Yo Ux| Xk Vi]€R¥™, Yi, Uk, X, Vi € RZF

with J-orthonormal columns has been constructed such that its columns span the same
space as Kok (H,u1) + sz(H_l, H‘lul).
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Assume that
Sop = (Yo Ux| Xk Vi]€R¥™, Yi, Uk, X, Vi € RZF

with J-orthonormal columns has been constructed such that its columns span the same
space as Kok (H,u1) + sz(H_l, H‘lul).

Repeat the following steps until done:
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Assume that
Sop = (Yo Ux| Xk Vi]€R¥™, Yi, Uk, X, Vi € RZF

with J-orthonormal columns has been constructed such that its columns span the same
space as Kok (H,u1) + sz(H_l, H‘lul).
Repeat the following steps until done:
m Construct ug41 and v, yq and set
Sopr1=[Ye Uk urgr|Xe Vi vrg1]
_ [Yk Uk+1 | X Vk+1] €R2nx4k+2
such that S§C+1Jn52k+1 = Jog+1 and
span{Sog41} = Kogyo(H,u1) + Kox(H ™', H Muy).
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Assume that
Sop = (Yo Ux|Xr Vi] €R*™*, Yy, Uk, X, Vi € RZF

with J-orthonormal columns has been constructed such that its columns span the same
space as Kok (H,u1) + sz(H_l, H‘lul).
Repeat the following steps until done:
m Construct ug41 and v, yq and set
Sokt1=[Ye Uk wrgr | Xi Vi vpg1]
=[Yi Upg1 | Xp Vipr] € REnx4h+2
such that S§C+1Jn52k+1 = Jog41 and
span{Sak 1} = Kok yo(H,u1) + Kop(H™ ', H tur).
m Construct yz4+1 and x4 and set
Sokt2 = [Yer1 Y Ukyrlaesn Xeo Vig]
= [Yit1 Ukt1 | Xps1 Vigi) € R2n X4kt
such that S§€+2Jn52k+2 = Jap42 and
span{Sap 2} = Kogio(H,u1) + Kogqo(H ™1, H tuy).
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Observation: In case r = s = k, Hop, = JogSay Jn H Sor € R**** has the form
(Hamiltonian)
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Hamiltonian Extended Krylov Subspace (HEKS) Method

Observation: In case r = s + 1 = k + 1 the special form of the Hamiltonian matrix
H2k+1 = J2k+1Sgk+1JnHSgk+1 is given by

Ak

Yk B
g
1] M ¥ =]
[ ¥y «1 [F
wz [ Bz «z B3
By Bk
0 Yk ug Bk41
o B Brky1 %k
Bk

54

24
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Inductive proof:
Assume that we have constructed

Sok=1[yr - yrur -+ uk | @k o @ or - v = [Vi Up | Xk Vi] € RPH
such that S;‘[;CJTLS% = Jok,

Hok = J33.Sap.Jn H Sak

'—X;JnHYk —xry.HU, —XTJ,HX, —-XIJ,HV,
B —v% JnHY, —VIJ,HU, —Vqli JnHX), —VQZi JnHV,
- YkTJnHYk Y,%JnHUk YL, HX}, YL J, HV,
| UL J.HY, Ul J.HUy, UL JnHX), Ul J.HVj,
[0 0 Ar Bk

0 0 BL T

Ar 0 0 0

|0 O 0 0

and
span{Sgk} = ’Czk(H, ul) + ’Czk(Hil, Hﬁlul)‘
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

The next two vectors H**u; and H*** u; from Kapi2(H, u1) are added as w41 and
Vk+1

Sokt1 =Yk +++ Y1 UL -+ Ukgr | Tk o T VL e Uk

= [Yk Uk+1 | X Vk+1} S R2n><4k+2.
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

The next two vectors H**u; and H*** u; from Kapi2(H, u1) are added as w41 and
Vk+1
Sokt1 =Yk +++ Y1 UL -+ Ukgr | Tk o T VL e Uk

= [Yk Uk+1 | X Vk+1} S R2n><4k+2.

Then by construction
T
Sok1InS2k+1 = Jok41

and
span{52k+1} = K:2k+2(H, ul) + sz(H_l, H_lul).
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

The next two vectors H**u; and H*** u; from Kapi2(H, u1) are added as w41 and
Vk+1
Sokt1 =Yk +++ Y1 UL -+ Ukgr | Tk o T VL e Uk

= [Yk Uk+1 | X Vk+1} € R2n><4k+2.

Then by construction
T
Sok1InS2k+1 = Jok41

and
span{Sax11} = Konya(H,u1) + Ko (H ™, H "un).

It remains to prove the special form of Hap41 = J§C+IS§,¢+1 JnHSok41.
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Hamiltonian Extended Krylov Subspace (HEKS) Method

T T
Hap1r = Jopy1Saky1n HS2p 41 =

0 0 ~XF In Hug Ap Bpr ~XF InHvp
. 0 . 0 —¥EJnHuk+1 TBkkT - T, —\’I/“I;TJT,Huk_'_l
—of 1 InBYy | =l InHU, ol InHupgy || ol In X | —vE  In BV, ol JnHug
Ap 0 Y Jn Hupyy 0 0 Y Jn Hog g
. 0 . S ?{JnHuk+1 . 0 - 0 ?{JnHvk+l
wl I HY iy InHU,  uf InHug ull ) I HX, uiy InHV) wb InHvggy
- e A
0
0 0 Ay B :
0
0
T
0 0 Bk Ty
o 0
= Brt1
0 0 Hp 0~ 0| O 0Br+1 Q41
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Yields algorithm with short recurrences, about 1 page long.

h.fassbender@tu-braunschweig.de, benner@mpi-magdeburg.mpg.de


mailto:h.fassbender@tu-braunschweig.de
mailto:benner@mpi-magdeburg.mpg.de

@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Yields algorithm with short recurrences, about 1 page long.

Efficient implementation requires
m 4 matrix-vector-multiplications with H,
= 3 linear solves with H,

m 14 scalar products.
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

Yields algorithm with short recurrences, about 1 page long.

Efficient implementation requires
m 4 matrix-vector-multiplications with H,
= 3 linear solves with H,

m 14 scalar products.

Theorem
Let H € R®"*?" be a Hamiltonian matrix. Let r + s = n and eitherr = s+ 1 orr = s.
Then in case the procedure sketched does not break down for u; € R*™ with |Jui|s = 1,
there exists a symplectic matrix S € R*"*" such that Se.41 = w1,

span{S} = Ko (H, u1) + ICzs(Hfl, Hﬁlul),

and
ST'HS = H,,.
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

m HEKS-recursion for r = s = k
HSsy, = SorHop + uk+1(uk+16§k+1 + 5k+1esz)-
In case pig+1 = Br+1 = 0 or ugp41 = 0, we have a lucky breakdown as
span{Sax } = Kox(H,u1) + Kox(H ™', H uy)

is H-invariant.
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

m HEKS-recursion for r = s = k
HSsy, = SorHop + uk+1(uk+16§k+1 + 5k+164’fk)-
In case pig+1 = Br+1 = 0 or ugp41 = 0, we have a lucky breakdown as
span{Sax } = Kox(H,u1) + Kox(H ™', H uy)

is H-invariant.

m HEKS-recursion forr =s+1=Fk+1
HSoi41 = Sopt1Hop+1 + (Ye+1Ykt1 + ﬁk+2uk+2)e{k+2-
In case Yi+1 = Br+2 = 0, we have a lucky breakdown as
span{Sant1} = Karyo(H,u1) + Kop(H ™', H "ur)

is H-invariant.
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

m HEKS-recursion for r = s = k
HSsy, = SorHop + uk+1(uk+16§k+1 + 5k+164’fk)-
In case pig+1 = Br+1 = 0 or ugp41 = 0, we have a lucky breakdown as
span{Sax } = Kox(H,u1) + Kox(H ™', H uy)

is H-invariant.

m HEKS-recursion forr =s+1=Fk+1
HSoi41 = Sopt1Hop+1 + (Ye+1Ykt1 + ﬁk+2uk+2)e{k+2-
In case Yi+1 = Br+2 = 0, we have a lucky breakdown as
span{Sant1} = Karyo(H,u1) + Kop(H ™', H "ur)

is H-invariant.

Note that yr4+1 # 0 as it is a column of Sopyq!
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@ Hamiltonian Extended Krylov Subspace (HEKS) Method

m HEKS-recursion for r = s = k
HSsy, = SorHop + uk+1(uk+16§k+1 + 5k+164’fk)-
In case pig+1 = Br+1 = 0 or ugp41 = 0, we have a lucky breakdown as
span{Sax } = Kox(H,u1) + Kox(H ™', H uy)

is H-invariant.

m HEKS-recursion forr =s+1=Fk+1
HSoi41 = Sopt1Hop+1 + (Ye+1Ykt1 + ﬁk+2uk+2)e{k+2-
In case Yi+1 = Br+2 = 0, we have a lucky breakdown as
span{Sant1} = Karyo(H,u1) + Kop(H ™', H "ur)
is H-invariant.

Note that yr4+1 # 0 as it is a column of Sopyq!

m Serious breakdown is possible.
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@ Numerical Experiment 1

A 0
0 —AT|’

for A = diag(logspace(-1,0,500));

(500 logarithmically equally spaced points between 10™" and 10°).
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@ Numerical Experiment 1

A 0
0 —AT|’

for A = diag(logspace(-1,0,500));

(500 logarithmically equally spaced points between 10™" and 10°).

Consider
m exp(H)v
m cos(H)v
m sign(H)v

for random vector v = x or all-ones-vector v = e.
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exp(H)x cos(H)x exp(H)e cos(H)e
10° 10° 10° 10°
\".
10 10° 10°%° 10°
10710 1070 10710 1070
é jo1o Jo7ia oo 10719
—_
$0102030 0 10 20 30 0 10 20 30 0 10 20 30
-_; sign(H)x sign(H)e
©
o Arnoldi
0
= 10 HamL
4 HEKS
40 EKSM
10?
10
10
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@ Numerical Experiment 2 (CAREX15, [B./Laub/Mehrmann 1995])

A -G 1998 x 1998
eR
_Q _AT:| )

with N = 500 and
G = diag(1,0,1,0,...1,0,1) € R*N-1x¥2N=1
Q = diag(0,10,0,10,...0,10,0) € R*N1x2N-1,

A Az 0 . ) 0
0 Ao Aos 0 0
A= : . .. - : € R2N-1x2N-1
0 0 Ax-aon—2 An_2nN-1 0
0 - 0 0 Avoavaa [ 9]
0 - 0 0 [0 0] -1
with
-1 0 0 O
Apr = [ 1 ():| 5 Ak7k+1 = |:_1 O:| .
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cos(H)x exp(H)e

10°°

10710

jo1o

relative error

10

0 10 20 30

© h.fassbender@tu-braunschwe

10 20 30

subspace dimension

e, benner@mpi-magdeburg.mpg.de

10° 10° 10°
\

10° 10°%° 10°

1070 10710 1070

Jo7ia oo 10719
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30

sign(H)x sign(H)e

Arnoldi
HamL
HEKS
EKSM



mailto:h.fassbender@tu-braunschweig.de
mailto:benner@mpi-magdeburg.mpg.de

	Introduction
	HEKS
	Numerical Experiments

