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Motivation
— Optimal Control —

Optimal Control

is used for the optimization of dynamical processes,

described by ordinary or partial differential equations.

This is achieved by minimizing a cost functional

(penalizing, e.g. energy consumption, deviation from reference trajectory),

such that a prescribed target
is reached in given or minimal time

whilst complying with given control and state constraints.

©P. Benner benner@mpi-magdeburg.mpg.de Numerical Methods for Feedback Stabilization of Unsteady PDE Problems 2/37

benner@mpi-magdeburg.mpg.de


Motivation
— Feedback Control —

Let (x∗, u∗) solve optimal control problem minu∈Uad J(x , u) s.t. ẋ(t) = f (x(t), u(t)).

Fundamental observation

Optimized trajectory x∗(t; u∗) and precomputed optimal control u∗(t) will not be attainable in practice
due to

modeling errors and/or unmodeled dynamics,

model uncertainties,

external perturbations,

measurement errors.

Consequence: need feedback control

u(t) = u∗(t) + U(t, x(t)− x∗(t))

in order to attenuate perturbations/errors!
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Motivation
— Feedback Control —

Example: Optimal control of a simple transport model

Burgers’ equation:
∂tx(t, ξ) = ν ∂ξξx(t, ξ)− x(t, ξ) ∂ξx(t, ξ) + B(ξ)u(t),

x(t, 0) = x(t, 1) = 0, x(0, ξ) = x0(ξ), ξ ∈ (0, 1),

y(t, ξ) = C x(t, ξ).
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Motivation
— Feedback Control —

Example: Optimal control of a simple transport model

Burgers’ equation:
∂tx(t, ξ) = ν ∂ξξx(t, ξ)− x(t, ξ) ∂ξx(t, ξ) + B(ξ)u(t) + F (ξ)v(t),

x(t, 0) = x(t, 1) = 0, x(0, ξ) = x0(ξ) + η(ξ), ξ ∈ (0, 1),

y(t, ξ) = C x(t, ξ) + w(t, ξ).

Nonlinear control (here: MPC-LQG):
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Reduction of tracking error
∫ T

0
‖x(t)− x∗(t)‖2

2 dt by factor > 10.

[Benner/Görner, PAMM 2006]; [Benner/Görner/Saak, Springer LNCSE 2006].
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Motivation
— Stabilization —

If T =∞, that is, the goal is to reach the target asymptotically,
then the optimal/feedback control is called stabilization.

Illustration

ẋ(t) =

[
1 0
0 −1

]
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Outline

1. Linear-Quadratic Optimal Feedback Control

2. Stabilization of Nonlinear Unsteady PDEs

3. Conclusions
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Linear-Quadratic Optimal Feedback Control
Finite-dimensional Theory

The Linear-Quadratic Regulator (LQR) Problem

Minimize J (u) = 1
2

∞∫
0

(
yTQy + uTRu

)
dt for u ∈ L2(0,∞;Rm),

subject to
ẋ(t) = Ax(t) + Bu(t), x(0) = x0,

y(t) = Cx(t),

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n.

Solution of finite-dimensional LQR problem: feedback control

u∗(t) = −BTX∗x(t) =: −K∗x(t),

where X∗ = XT
∗ ≥ 0 is unique stabilizing solution of

0 = R(X ) := CTQC + ATX + XA− XBR−1BTX .
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Solution of finite-dimensional LQR problem: feedback control

u∗(t) = −BTX∗x(t) =: −K∗x(t),

where X∗ = XT
∗ ≥ 0 is unique stabilizing1 solution of algebraic Riccati equation (ARE)

0 = R(X ) := CTQC + ATX + XA− XBR−1BTX .

1X is stabilizing ⇔ Λ (A− BBTX ) ⊂ C−.
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LQR in Hilbert Space

Given Hilbert spaces

X – state space,
U – control space,
Y – output space,

and operators

A : dom(A) ⊂ X→ X, B : U→ X, C : X→ Y.

LQR Problem in Hilbert Space

Minimize

J (x0, u) =
1

2

∞∫
0

(
‖y‖2

Y + ‖u‖2
U
)
dt, for u ∈ L2(0,∞;U)

subject to
ẋ = Ax + Bu, x(0) = x0 ∈ X,
y = Cx .
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LQR in Hilbert Space
The Riccati Feedback Solution

Theorem (Gibson ’79)

Assumptions:

A infinitesimal generator of a strongly continuous (C0)-semigroup; B, C linear, bounded.

(A,B) stabilizable, i.e., ∃K : X→ U linear, bounded, such that C0-semigroup generated by
A+ BK is exponentially stable.

(C,A) detectable, i.e., (A∗, C∗) stabilizable.

∀x0 ∈ X there exists admissible control u. (u ∈ L2(0,∞;U) admissible ⇐⇒ J (x0, u) <∞.)

Then: algebraic operator Riccati equation

0 = R(P) := C∗C +A∗P + PA− PBB∗P
has unique, selfadjoint solution P∞ : dom(A)→ dom(A∗) that is linear, bounded, and positive
semidefinite (P ≥ 0).

The optimal control solving the LQR problem is given by the feedback control

u∞(t) = −B∗P∞x(t) = K∞x(t).

P∞ is stabilizing, that is, the C0-semigroup generated by A− BB∗P∞ is exponentially stable.
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LQR in Hilbert Space
Example

Parabolic PDE in domain Ω ⊂ Rd (heat equation, convection-diffusion equation)

∂x

∂t
−∇ξ (A(ξ)∇ξx) + d(ξ)∇ξx + r(ξ)x = Bu(t), ξ ∈ Ω, t > 0,

y = Cx , t ≥ 0,

with initial and boundary conditions (∂Ω = ΓD ∪ ΓN)

x(ξ, t) = BDu1(t), ξ ∈ ΓD ,

αx(ξ, t) + β
∂

∂η
x(ξ, t) = BNu2(t), ξ ∈ ΓN ,

x(ξ, 0) = x0(ξ), ξ ∈ Ω.

B = 0 =⇒ boundary control problem

BD = BN = 0 =⇒ point control problem

Weak formulation, use test functions v ∈ V = H1
0(Ω) =⇒ LQR Problem.
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LQR in Hilbert Space
(Semi-)Discretization

Consider sequence of subspaces Xn ⊂ X, dim(Xn) <∞, such that ∀ϕ ∈ X there exists ϕn ∈ Xn with

lim
n→∞
‖ϕn − ϕ‖X = 0.

Define Galerkin projection Πn : X→ Xn and

< Anϕn, ψn >Xn := − < Aϕn, ψn >X ∀ϕn, ψn ∈ Xn,

Bn := ΠnB, Cn := C |Xn .

=⇒ finite dimensional LQR problem/LQR(n)

Minimize Jn(Pnx0, un) = 1
2

∞∫
0

(
‖Cnxn‖2

Y + ‖un‖2
U
)
dt for un ∈ L2(0,∞;U)

subject to ẋn = Anxn + Bnun, x(0) = Πnx0.

Corresponding ARE(n): 0 = Rn(Pn) := C∗n Cn + A∗nPn + PnAn − PnBnB
∗
nPn.
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LQR in Hilbert Space
Convergence

Theorem (Gibson ’79, Banks/Kunisch ’84)

Under given assumptions, the optimizing solution of LQR(n) is given by feedback control

un,∗(t) = −B∗nPn,∗xn(t) = Kn,∗xn(t),

where Pn,∗ is the stabilizing solution of ARE(n).

Furthermore,
lim
n→∞
‖Pn,∗Πnϕn − P∞ϕ‖X = 0 ∀ϕ ∈ X,

i.e., strong convergence Pn,∗Πn → P∞ in X.
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Large-Scale Algebraic Riccati Equations

Algebraic Riccati equation (ARE)

For A,G = GT ,W = W T ∈ Rn×n given and X ∈ Rn×n unknown:

0 = R(X ) := ATX + XA− XGX + W .

Many applications:

model reduction of (unstable) linear time-invariant (LTI) systems,

LQR control problems,

H∞-control, . . .

Typical situation in LQR control:

G ,W low-rank with G ,W ∈ {BBT ,CTC}, where B ∈ Rn×m and C ∈ Rp×n, m, p � n.

Want: solution with X = XT ≥ 0 (and Λ (A− GX ) ⊂ C−).

n = 103 – 106 =⇒ X has 106 – 1012 unknowns
=⇒ as X is dense in general, we face a storage problem!
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Large-Scale Algebraic Riccati Equations
Low-Rank Approximation

Example:

Linear 1D heat equation with point control,

Ω = [ 0, 1 ],

FEM discretization using linear B-splines,

h = 1/100 =⇒ n = 101.

Idea: X = XT ≥ 0 =⇒

X = ZZT =
n∑

k=1

λkzkz
T
k ≈

r∑
k=1

λkzkz
T
k =

r∑
k=1

(√
λkzk

)(√
λkzk

)T
=: Z (r)(Z (r))T .

=⇒ Goal: compute Z (r) ∈ Rn×r directly w/o ever forming X !
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Solving Large-Scale Algebraic Riccati Equations
Newton’s Method for AREs

Consider 0 = R(X ) = CTC + ATX + XA− XBBTX .

Frechét derivative of R(X ) at X :

R′X : Z → (A− BBTX )TZ + Z (A− BBTX ).

Newton-Kantorovich method:

Xj+1 = Xj −
(
R′Xj

)−1
R(Xj), j = 0, 1, 2, . . .

Newton’s method (with line search) for AREs

FOR j = 0, 1, . . .

1 Aj ← A− BBTXj =: A− BKj .

2 Solve the Lyapunov equation AT
j Nj + NjAj = −R(Xj).

3 Xj+1 ← Xj + tjNj .

END FOR j
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Newton’s Method for AREs
Properties and Implementation

Convergence for K0 stabilizing:
Aj = A− BKj = A− BBTXj is stable ∀ j ≥ 0.
limj→∞‖R(Xj)‖F = 0 (monotonically).
limj→∞ Xj = X∗ ≥ 0 (locally quadratic).

Need large-scale Lyapunov solver; here, ADI iteration:
linear systems with dense, but “sparse+low rank” coefficient matrix Aj :
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Low-Rank Newton-ADI for AREs

Re-write Newton’s method for AREs

AT
j Nj + NjAj = −R(Xj)

⇐⇒

AT
j (Xj + Nj)︸ ︷︷ ︸

=Xj+1

+ (Xj + Nj)︸ ︷︷ ︸
=Xj+1

Aj = −CTC − XjBB
TXj︸ ︷︷ ︸

=:−WjW
T
j

Set Xj = ZjZ
T
j for rank (Zj)� n =⇒

AT
j

(
Zj+1Z

T
j+1

)
+
(
Zj+1Z

T
j+1

)
Aj = −WjW

T
j

Factored Newton Iteration [B./Li/Penzl 1999/2008]

Solve Lyapunov equations for Zj+1 directly by factored ADI iteration and use ‘sparse +
low-rank’ structure of Aj .
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Low-Rank Newton-ADI for AREs
Feedback Iteration

Optimal feedback
K∗ = BTX∗ = BTZ∗Z

T
∗

can be computed by direct feedback iteration:

jth Newton iteration:

Kj = BTZjZ
T
j =

kmax∑
k=1

(BTVj ,k)V T
j ,k

j→∞
−−−−→ K∗ = BTZ∗Z

T
∗

Kj can be updated in ADI iteration, no need to even form Zj , need only fixed workspace
for Kj ∈ Rm×n!

Related to earlier work by [Banks/Ito 1991].
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Numerical Example: Optimal Cooling

Mathematical model: boundary control for non-linear 2D heat
equation,

c(Θ)ρ(Θ)∂tΘ = ∇.(λ(Θ)∇Θ) in [0, tf ]× Ω,

λ(Θ)∂νΘ = α(Θ−Θext) + β(Θ4 −Θ4
ext)

on Γk , k = 1, . . . , 7,

∂nΘ = 0 on Γ8.

λ, c , ρ: linear-affine functions, valid for austenite phase;
linearization about their mean.

FE discretization with linear elements  
Model hierarchy: n = 1357, 5177, 20209, 79841.

Goal: fast cooling (improved production rate), avoiding the
formation of perlite requires bounded gradients.

Approach: adaptive LQR.
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Numerical Example: Optimal Cooling

uncontrolled controlled
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Outline

1. Linear-Quadratic Optimal Feedback Control

2. Stabilization of Nonlinear Unsteady PDEs
Multi-Field Flow Stabilization by Riccati Feedback
Feedback Stabilization for Index-2 DAE Systems
Accelerated Solution of Riccati Equations

3. Conclusions
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Stabilization of Nonlinear Unsteady PDEs
— Transport Problems as Dynamical Systems —

Physical transport is one of the most fundamental dynamical processes in nature.

Prediction and manipulation of transport processes are important research topics, e.g.,
to

avoid stall — for stable and safe flight;
save energy (or increase attainable speed) by minimizing drag coefficient;
use fluid flow for optimal transport (e.g., in blood veins).

Open-loop controllers are widely used in various engineering fields.
→ Not robust regarding perturbation

Dynamical systems are often influenced via so called distributed control.
→ Unfeasible in many real-world areas

⇒ Boundary feedback stabilization (closed-loop)
should be used to increase robustness and feasibility.
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Stabilization of Nonlinear Unsteady PDEs
— Multi-Field Flow Stabilization by Riccati Feedback —

Consider 2D flow problems described by incompressible Navier–Stokes equations.

Riccati feedback approach requires the solution of an algebraic Riccati equation.

Conservation of mass introduces a divergence-freeness condition  problems with
mathematical basis of control design schemes.

Coupling flow problems with a scalar reaction-advection-diffusion equation.

Kármán vortex street
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Consider 2D flow problems described by incompressible Navier–Stokes equations.

Riccati feedback approach requires the solution of an algebraic Riccati equation.

Conservation of mass introduces a divergence-freeness condition  problems with
mathematical basis of control design schemes.

Coupling flow problems with a scalar reaction-advection-diffusion equation.

simplified reactor model
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Feedback Stabilization for Index-2 DAE Systems
— Mathematical and Numerical Model of Multi-Field Flow —

defined for time t ∈ (0,∞) and space ~x ∈ Ω ⊂ R2 bounded with Γ = ∂Ω

+ boundary and initial conditions

initial boundary value problem with additional algebraic constraints

∂~v

∂t
− 1

Re
∆~v + (~v · ∇)~v +∇p = ~f

div ~v = 0

Navier–Stokes Equations
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Feedback Stabilization for Index-2 DAE Systems
— Mathematical and Numerical Model of Multi-Field Flow —

∂~v

∂t
− 1

Re
∆~v + (~v · ∇)~v +∇p = ~f

div ~v = 0

Navier–Stokes Equations

M
d

dt
v(t) = Av(t) + Ĝp(t) + Bu(t)

0 = ĜT v(t)

y(t) = Cv(t)

M = MT � 0

v(t) ∈ Rn, p(t) ∈ Rnp

n = nv, N = n + np

A, M ∈ Rn×n, Ĝ ∈ Rn×np

B ∈ Rn×nr , C ∈ Rna×n

u(t) ∈ Rnr , y(t) ∈ Rna

rank
(
Ĝ
)

= np

Linearize + Discretize → Index-2 DAE

©P. Benner benner@mpi-magdeburg.mpg.de Numerical Methods for Feedback Stabilization of Unsteady PDE Problems 23/37

benner@mpi-magdeburg.mpg.de


Feedback Stabilization for Index-2 DAE Systems
— Mathematical and Numerical Model of Multi-Field Flow —
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u(t) ∈ Rnr , y(t) ∈ Rna

rank
(
Ĝ
)

= np

Linearize + Discretize → Index-2 DAE

Show that projection in [Hei/Sor/Sun ’08] is dis-
cretized version of Leray projector in [Ray ’06].

MΠT = ΠM ∧ ΠT v = vdiv,0

[Bänsch/B./Saak/Stoll/Weichelt ’13,’15]
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Feedback Stabilization for Index-2 DAE Systems
— Mathematical and Numerical Model of Multi-Field Flow —
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Feedback Stabilization for Index-2 DAE Systems
— Mathematical and Numerical Model of Multi-Field Flow —

∂~v

∂t
− 1

Re
∆~v + (~v · ∇)~v +∇p = ~f

div ~v = 0

Navier–Stokes Equations

∂c(~v)
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(
Ĝ
)
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Linearize + Discretize → Index-2 DAE

Show that projection in [Hei/Sor/Sun ’08] is dis-
cretized version of Leray projector in [Ray ’06].

MΠT = ΠM ∧ ΠT v = vdiv,0

[Bänsch/B./Saak/Stoll/Weichelt ’13,’15]

Extension to coupled flow case, i.e.,

Π̂ :=

[
Π 0
0 I

]
∧

[
ΠT 0

0 I

] [
v
c

]
=

[
vdiv,0

c

]
.

[Bänsch/B./Saak/Weichelt ’14]
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Feedback Stabilization for Index-2 DAE Systems
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Feedback Stabilization for Index-2 DAE Systems
— Leray Projection —

Helmholtz Decomposition [Girault/Raviart ’86]

Splitting:
(L2(Ω))2 = H(div, 0) ⊥ H(div, 0)⊥

Divergence-free: H(div, 0) : = {~v ∈ (L2(Ω))2 | div ~v = 0, ~v · ~n|Γ = 0}
Curl-free: H(div, 0)⊥ = {∇p | p ∈ H1(Ω)}

Leray Projector P

This splitting is equivalent to ~v = ~vdiv,0 +∇p, where ~vdiv,0 and p fulfill

~vdiv,0 +∇p = ~v in Ω,

div ~vdiv,0 = 0 in Ω,

~vdiv,0 · ~n = 0 on Γ.

P : (L2(Ω))2 → H(div, 0) with P : ~v 7→ ~vdiv,0.
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Feedback Stabilization for Index-2 DAE Systems
— Discrete Leray Projection —

Projection Method [Heinkenschloss/Sorensen/Sun ’08]

Index reduction for Lyapunov solver.

Projector:
ΠT := Inv −M−1

v G (GTM−1
v G )−1GT .

Recall P : ~v 7→ ~w :
~w +∇p = ~v ,

div ~w = 0
⇒

[
Mv G
GT 0

] [
w
p

]
=

[
Mvv

0

]

p = (GTM−1
v G )−1GT v

w = (Inv −M−1
v G (GTM−1

v G )−1GT )v

©P. Benner benner@mpi-magdeburg.mpg.de Numerical Methods for Feedback Stabilization of Unsteady PDE Problems 25/37

benner@mpi-magdeburg.mpg.de


Feedback Stabilization for Index-2 DAE Systems
— Discrete Leray Projection —

Projection Method [Heinkenschloss/Sorensen/Sun ’08]

Index reduction for Lyapunov solver.

Projector:
ΠT := Inv −M−1

v G (GTM−1
v G )−1GT .

Recall P : ~v 7→ ~w :
~w +∇p = ~v ,

div ~w = 0
⇒

[
Mv G
GT 0

] [
w
p

]
=

[
Mvv

0

]
p = (GTM−1

v G )−1GT v

w = (Inv −M−1
v G (GTM−1

v G )−1GT )v

©P. Benner benner@mpi-magdeburg.mpg.de Numerical Methods for Feedback Stabilization of Unsteady PDE Problems 25/37

benner@mpi-magdeburg.mpg.de


Feedback Stabilization for Index-2 DAE Systems
— Discrete Leray Projection —

Projection Method [Heinkenschloss/Sorensen/Sun ’08]

Index reduction for Lyapunov solver.

Projector:
ΠT := Inv −M−1

v G (GTM−1
v G )−1GT .

Recall P : ~v 7→ ~w :
~w +∇p = ~v ,

div ~w = 0
⇒

[
Mv G
GT 0

] [
w
p

]
=

[
Mvv

0

]
p = (GTM−1

v G )−1GT v

w = (Inv −M−1
v G (GTM−1

v G )−1GT )v

~w = P(~v),

0 = div ~w
⇒

w = ΠT v,

0 = GTw

Leray vs. ΠT

©P. Benner benner@mpi-magdeburg.mpg.de Numerical Methods for Feedback Stabilization of Unsteady PDE Problems 25/37

benner@mpi-magdeburg.mpg.de


Feedback Stabilization for Index-2 DAE Systems
— LQR for Projected Systems —

Minimize
J (y, u) =

1

2

∫ ∞
0

λ2||y||2 + ||u||2 dt

subject to
Θ̂T

r MΘ̂r
d

dt
x̃(t) = Θ̂T

r AΘ̂r x̃(t) + Θ̂T
r Bu(t)

y(t) = C Θ̂r x̃(t)

with Π̂ = Θ̂lΘ̂
T
r such that Θ̂T

r Θ̂l = I ∈ R(n−np)×(n−np) and x̃ = Θ̂T
l x.

Riccati Based Feedback Approach

Optimal control: u(t) = −Kx̃(t), with feedback: K = BTXM,

where X is the solution of the generalized continuous-time algebraic Riccati equation
(GCARE)

R(X ) = λ2CTC +ATXM+MXA−MXBBTXM = 0.
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Feedback Stabilization for Index-2 DAE Systems
— LQR for Projected Systems —
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2

∫ ∞
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Feedback Stabilization for Index-2 DAE Systems
— Nested Iteration without Projection —

Determine X = XT � 0 such that R(X ) = CTC +ATXM+MXA−MXBBTXM = 0.

Step m + 1: Solve the Lyapunov equation

(A− BK(m))TX (m+1)M+MX (m+1)(A− BK(m)) = −(W(m))TW(m) (1)

Step `: Solve the projected and shifted linear system

(A− BK(m) + q`M)TV` = Y (2)

Avoid explicit projection using Θ̂rV` = V`, Y = Θ̂T
r Y , and [Hei/Sor/Sun ’08]:

Replace (2) and solve instead the saddle point system (SPS)

[
AT + q`M Ĝ

ĜT 0

][
V`
∗

]
=

[
Y
0

]
for different ADI shifts q` ∈ C− for a couple of rhs Y .
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Feedback Stabilization for Index-2 DAE Systems
— Convergence Result for Kleinman–Newton Method —

Theorem [B./Heinkenschloss/Saak/Weichelt ’16]

assume (A,B; M) stabilizable, (C,A; M) detectable

⇒ ∃ unique, symmetric solution X (∗) = Θ̂rX (∗)Θ̂T
r with R(X (∗)) = 0 that stabilizes([

A− BBTX (∗)M Ĝ

ĜT 0

]
,

[
M 0
0 0

])

for
{
X (k)

}∞
k=0

defined by X (k) := Θ̂rX (k)Θ̂T
r , (1), and X (0) symmetric with

(
A− B

(
K(0)

)T
,M
)

stable, it holds that, for k ≥ 1,

X (1) � X (2) � · · · � X (k) � 0 and lim
k→∞

X (k) = X (∗)

∃ 0 < κ̃ <∞ such that, for k ≥ 1,

||X (k+1) − X (∗)||F ≤ κ̃||X (k) − X (∗)||2F
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Feedback Stabilization for Index-2 DAE Systems
NSE scenario: Re = 500, n = 5 468, λ = 102, tolNewton = 10−8
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Stabilization of Nonlinear Unsteady PDEs
Accelerated Solution of Riccati Equations

Coefficients of GCARE are large-scale matrices (resulting from FE discretization).

Quadratic system matrices A, M = MT ∈ Rn×n are sparse.

In-/output matrices are rectangular and dense: B ∈ Rn×nr , C ∈ Rna×n with nr + na � n.

Unique stabilizing solution X ∈ Rn×n is symmetric, positive-semidefinite, but dense
[Lancaster/Rodman ’95], [B./Heinkenschloss/Saak/Weichelt ’16].

Singular values of X decay rapidly [Grasedyck ’04], [B./Bujanović ’16]

⇒ X = ZZT exists, with Z ∈ Rn×m, nr + na < m� n.

Residual is of low rank; R(ZZT ) = WW T , W ∈ Rn×k , k ≤ 2nr + na � n
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Stabilization of Nonlinear Unsteady PDEs
Accelerated Solution of Riccati Equations

Coefficients of GCARE are large-scale matrices (resulting from FE discretization).

Quadratic system matrices A, M = MT ∈ Rn×n are sparse.

In-/output matrices are rectangular and dense: B ∈ Rn×nr , C ∈ Rna×n with nr + na � n.
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Kármán vortex street
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Accelerated Solution of Riccati Equations
— Problems with Nested Iteration —

Nested iteration depends on accuracy of different nesting levels that influence each other.

⇒ inexact Kleinman–Newton method [Feitzinger/Hylla/Sachs ’09]

Kleinman–Newton method converges globally, but often

||R(X (1))||F � ||R(X (0))||F .

⇒ Kleinman–Newton with exact line search [B./Byers ’98]

• Convergence theory in [Feitzinger/Hylla/Sachs ’09] is not applicable in the low-rank case.

• Step size computation in [B./Byers ’98] involves dense residuals, therefore, it is not
applicable in large-scale case.

⇒ inexact low-rank Kleinman–Newton-ADI with line search
[B./Heinkenschloss/Saak/Weichelt ’16/’18]

• combination yields convergence proof

• efficient implementation exploits low-rank structure

• drastically reduced amount of ADI steps + step size computation “for free”

• extension to index-2 DAE case “straight forward”
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Accelerated Solution of Riccati Equations
— Convergence Result for inexact Kleinman–Newton Method —

Theorem [B./Heinkenschloss/Saak/Weichelt ’16]

Set τk ∈ (0, 1) and assume: (A,B;M) stabilizable, (C,A;M) detectable, and ∃ X̃ (k+1) � 0 ∀k that solves

(A− BK(k))T X̃ (k+1)M+MX̃ (k+1)(A− BK(k)) = −CTC − (K(k))TK(k) + L(k+1)

such that

||L(k+1)||F ≤ τk ||R(X (k))||F .

Find ξk ∈ (0, 1] such that ||R(X (k) + ξkS(k))||F ≤ (1− ξkα)||R(X (k))||F and set

X (k+1) = (1− ξk)X (k) + ξk X̃ (k+1).

1 IF ξk ≥ ξmin > 0 ∀k ⇒ ‖R(X (k))‖F → 0.

2 IF X (k) � 0, and (A− BBTX (k),M) stable for k ≥ K > 0 ⇒ X (k) → X (∗)

(X (∗) � 0 the unique stabilizing solution).
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Accelerated Solution of Riccati Equations
Numerical Example: NSE scenario: Re = 500, Level 1, λ = 104, tolNewton = 10−14
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Accelerated Solution of Riccati Equations
Numerical Example: NSE scenario: Re = 500, Level 1, λ = 104, tolNewton = 10−14

exact KN exact KN+LS inexact KN inexact KN+LS
#Newt 27 11 27 10

#ADI 3185 1351 852 549

tNewt-ADI 1304.769 540.984 331.871 222.295

tshift 29.998 12.568 7.370 5.507

tLS –

0.029

–

0.023

ttotal 1334.767 553.581 339.241 227.824

Table: Numbers of steps and timings in seconds.
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Accelerated Solution of Riccati Equations
NSE scenario: Re = 500, tolADI = 10−7, tolNewton = 10−8
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Accelerated Solution of Riccati Equations
NSE scenario: Re = 500, tolNewton = 10−8, N = 334 489
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Outline

1. Linear-Quadratic Optimal Feedback Control

2. Stabilization of Nonlinear Unsteady PDEs

3. Conclusions
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Conclusions

LQR control for PDEs benefits from advances in large-scale Lyapunov and Riccati solvers.

Several recent Riccati solvers not mentioned here could be applied as well.

Available in MATLAB toolbox M-M.E.S.S., https://zenodo.org/record/5938237.

Contributions to Feedback Control of Flow Problems

Analyzed Riccati-based feedback for scalar and vector-valued transport problems.

Wide-spread usability tailored for standard inf-sup stable finite element discretizations.

Established specially tailored Kleinman–Newton-ADI that avoids explicit projections.

Suitable preconditioners for multi-field flow problems have been developed (not discussed here,
see [Benner et al, SISC 2013]).

Major run time improvements due to combination of inexact Newton and line search.

Established new convergence proofs that were verified by extensive numerical tests.
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