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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY P roblem Setti ng

with B, A € R"*™ B € R" ™ and M € R"*", where E is
singular and M = MT

m Aim: find surrogate model that
m approximates the input-to-output behavior,
m has the same structure,

m is of smaller dimension.

m Method: apply balanced truncation.
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1. WeierstralB3 canonical form
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@ wssiti, WeierstraB canonical form

DAE with quadratic output

m There exist W, T nonsingular® such that

]T, A:W[‘(]) ISW]T’ Tx(t):[il(t)]

0
N

p=w |l
with
m 7y number of finite eigenvalues of (E, A),
B 7o, number of infinite eigenvalues of (E, A),

m J nonsingular, N nilpotent with nilpotency index v.

1P. Kunkel; V. Mehrmann, Differential-Algebraic Equations: Analysis and Numerical Solution, EMS Publishing House, 2006.
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@ wssiti, WeierstraB canonical form

DAE with quadratic output
Ei(t) = Ax(t) + Bu(t),
y(t) = x(t)T Max(t).

m There exist W, T ponsingular® such that

E=W [Igf ](H T, A=W [‘é Iio] T, Ta(t) = [28] .

Transformed system

v MEOT=T ] B s

y(H) = [21()7 =TT MT [igg]
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@ wssiti, WeierstraB canonical form

Transformed state equation

Ei(t) = Az(t) + Bu(t) = [Igf ]?[] [ggg] - B ! ] [ﬁ;gg] + W1 Bu(t)

Moo

m Decompose state z(t) = z,(t) + x;(t) =T* [i;g;] :

m Proper state
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@ svsrews o conro o \M@ierstra@ canonical form

Transformed state equation

[znf 0] [abl(t)] _ {J 0 ] [m(t)] Wl Bu()

Ei(t) = Az(t) + Bu(t) = 0 N||ia2(t) 0 In.| |za2(t)

xl(t)] _

m Decompose state z(t) = z,(t) + x;(t) =T* L’Q(t)

m Proper state

m Improper state

zi(t) =T"" LE %t] B ZTil 8 ?\f"} " Bu (k) ZFN Bu(k)
) 0 -
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@ wssiti, WeierstraB canonical form

DAE with quadratic output

m Consider proper and improper state x(t) = z,(t) + x;(t).

——,(t)—— P, P, Controllability

a0

DAE
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@ Sreve o conmocreo \WelerstraB canonical form

DAE with quadratic output
Ei(t) = Az(t) + Bu(t),
y(t) = z(t)" Maz(t).

m Consider proper and improper state x(t) = z,(t) + x;(t).

m Output y(t) = 2, (1) T Mz, (t) + 2, () " Ma;(t) + 2;() T Ma, (t) + 2: ()" M (t).

——zp(t) By P, Controllability
DAE

\wi(t) 77 27 Observability
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@ serems o covroLeory— 1able of contents

2. Controllability
Ty () P P

\.’L’i (t)

DAE
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COMPUTATIONAL METHODS IN ape
@ SYSTEMS AND CONTROL THEORY Contro"a blllty

Proper state

m Consider the proper state

zp(t) = /0 Fy(t — 7)Bu(r)dr.

Improper state

m Consider the improper state

zi(t) = i Fn(k)Bu™(t).
k=0
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COMPUTATIONAL METHODS IN age
@ SYSTEMS AND CONTROL THEORY Contro"a blllty

Proper state

m Consider the proper state

t
zp(t) = / Fy(t — 7)Bu(r)dr.
0
m Define proper controllability mapping

C,(t) = Fy(t)B.

Jennifer Przybilla przybilla@mpi-magdeburg.mpg.de

Improper state

m Consider the improper state
v—1
zi(t) =Y Fx(k)Bu®(t).
k=0
m Define improper controllability mapping

Ci(k) = Fy(k)B.
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COMPUTATIONAL METHODS IN ape
@ SYSTEMS AND CONTROL THEORY Contro"a blllty

Proper state

m Consider the proper state

xp(t) = /Ot F;(t — 7)Bu(r)dr.

m Define proper controllability mapping
Cp(t) = Fy(t)B.
m Define corresponding Gramian
P, = /Ooo Cp(H)Cp(t) " dt

- / F;(t)BB T F(t)"dt.

Jennifer Przybilla przybilla@mpi-magdeburg.mpg.de

Improper state

m Consider the improper state
v—1
zi(t) =Y Fx(k)Bu®(t).
k=0
m Define improper controllability mapping

Ci(k) = Fy(k)B.

m Define corresponding Gramian
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<3 @ iy Controllability

Controllability Gramians:

o) v—1
P, = / F;(t)BB " Fy(t)"dt, Pi=Y Fn(k)BB"Fy(k)"
0 k=0

Theorem 2

The controllability Gramians P, and P; solve the projected Lyapunov equations

EP,AT + AP,ET = —P,BB"P], P, = Br,P",
AP, AT — EP,E™ = (I1- P)BB"(I - P)7, 0= P-P,PF

In, 0

0 0

where P, =W [ 0

] Wl P=T" {Inf 8] T are projections.

2T. Stykel, Gramian-based model reduction for descriptor systems, Math. Control Signals Systems, 16(4):297-319, 2004.
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@ serems o covroLeory— 1able of contents

—Lp (t) Py 17

S 77 77

DAE
3. Observability
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L] L)
: COMPUTATIONAL METHODS IN
: SYSTEMS AND CONTROL THEORY u p rp ' I n

Original system Decomposed system
U Ypp
7 pr
Ui
—u) E —y) LN Epi ple y
U >2ip ip
0oL Yii
? 211 =

m Original and decomposed system result in the same output:

y(t) =z, () "M, (t) + 2, ()T My (t) 4 2;(t) T M, (t) + 2 () " My (1) .

=:ypp () =:ypi(t) =:yip(t) =i (t)

m We consider the observability of the right states under consideration of the left state.
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@ srews o conro o Proper-proper Observability

DAE system with proper-proper output
t
2a(t) = [ FAOBu)r,  upplt) = () My (1)
0
m Investigate the output

Ypp(t) = 2, (1) Mz, (t) = /J/O w(r) " BYFy(t — 1)  MF;(t — 72) Bu(r2)drdma

t t
= / / vec (BTFJ(t — Tl)TMFJ(t — Tz)B) (u(Tz) ® u(r1))dridre
JO JO
m We recognize C,(t — m2) = F;(t — 1) B.

m The remaining observability mapping is defined as

Opp(ti,ta) = BTy (t)) " MFj(ts).
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@ srews o conro o Proper-proper Observability

m The observability mapping is defined as
Opp(t1,t2) = BTFJ(tl)TMFJ(t2).

m Define the corresponding observability Gramian3

Qpp : = / / Opp(tht2)TOpp(tlat2)dt1dt2
o Jo

:/ / Fy(t2)"MF;(t1) BB Fy(t1)" MF;(ts)dt,dta
0 0

Qpp = / FJ(tQ)TMPpMFJ(tQ)dtQ.
0

3P4 Benner, P. Goyal, and I. Pontes Duff, Gramians, energy functionals and balanced truncation for linear dynamical systems with quadratic outputs, IEEE
Trans. Autom. Control, 67(2):886-893, 2021.
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY Summary = Gramians

Observability Gramians:

Qpp = / Fy()T M P,MF;(t)dt, Qip = / Ey)"MP,MFE;#)dt = Qp = Qup + Qip,
0 0

v—1 v—1
Qpi =Y Fn(k)"MP,MFy(k), Q=Y Fn(k)TMP,MFyn(k) = Qi=Qu+Qu
k=0 k=0

The observability Gramians Qpp, Qpi, Qip and (Q);; solve the projected Lyapunov equations

E'QuA+ ATQuE = —PTMP,MP,, Py, = P QuP,
ATQpiA~ ETQpE = (I - P)TMP,M(I — P,), 0= P'QuP,
ETQip A+ ATQiE = —PYMP,MP,, P, = PFQi, P,

ATQuA— ETQuE = (I — P.)"MP,M(I — P,), 0= PrQuP,.
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4. Balanced truncation AR
Energy functionals G550, T s
Reduction
Error estimator :
A numerical example Y=o
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@ serems o covroL oy Balanced truncation

m ldea: Truncate states that are hard to reach and to observe.

m Evaluate energy norms to detect most dominant subspaces.

Input energy:
m Energy norm of the proper input-to-state mapping C,(t) and C;(?):

ICp Il = /0"" tr (Cp(t)Cp(t)) At = tr (P,) = 01 + -+ + 0,
el = S 6 (CURIC ) = () = 3+ -+,
0

where o1, ..., 0y, are the nonzero singular values of P, and 64,...,0,_ those from F;.

f
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@ seremsancontroc oy Balanced truncation

m ldea: Truncate states that are hard to reach and to observe.

m Evaluate energy norms to detect most dominant subspaces.

Input energy:
m Energy norm of the proper input-to-state mapping C,(t) and C;(?):

1Cull = /0°° tr (Cp(t)Cp(t)) At = tr (P,) = 01 + -+ + 0,

el = S 6 (CURIC ) = () = 3+ -+,
0

where o1, ..., 0y, are the nonzero singular values of P, and 64,...,0,_ those from F;.

f

= Small singular values and respective states have little effect on system dynamics.

= Truncate the respective subspaces.
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A COMPUTATIONAL METHODS IN .
Q"! @ SYSTEMS AND CONTROL THEORY Balanced tru ncatlon

Output energy:

m Evaluate the energy norms of the proper and improper state-to-output mappings O, (t1,t2), Oip,
Oypi, and O;;, which yields:

1Oppll = tr (Qpp) s 0ipll = tr (Qip),  [Opill = tr (Qpi),  [|Ouill = tr (Qus) -

Proper output energy corresponding to a differ- Improper output energy corresponding to an al-
ential right state: gebraic right state:
E,, = 10ppl + |Oip|l = tr (Qpp + Qip) By, = [|Opill + [|0:i]| = tr (Qpi + Qis)
= tr(Qy) — tr(Q.)

Jennifer Przybilla przybilla@mpi-magdeburg.mpg.de 18/23
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'\‘“&!@ seremsancontroc oy Balanced truncation

Output energy:

m Evaluate the energy norms of the proper and improper state-to-output mappings O, (t1,t2), Oip,
Oypi, and O;;, which yields:

||Opp|| =tr (Qpp) ) ||in|| =tr (Qip) ) ||Opi|| =tr (Qpi) s O] = tr (Qii) -

Proper output energy corresponding to a differ- Improper output energy corresponding to an al-
ential right state: gebraic right state:
E,, = 10ppl + 1| Oip|l = tr (Qpp + Qip) Ey, = [|Opill + [|0:i]| = tr (Qpi + Qis)
=tr (Qp) = tr(Qi)

= Truncate states corresponding to small eigenvalues of 7, and (),,.
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@ serems o conoLreory  Balanced truncation

m Use low-rank factors P, = R,R}, P, = RiR}, Q, = 5,5}, Q; = 5:5;".

T
= Compute the SVDs:  STER, = U,SV,| = [U1 U] Fol 202] [gﬂ STAR; = U;0V;".
2

m Balancing and truncating projection matrices:
_1 1
w.=[stus? suet],  To=[rRviz;? Rvie-t
Reduced system
WYET.z(t) = W AT,Z() + W, Bu(t),

() =2(t)" T, MT,2(t)

Jennifer Przybilla przybilla@mpi-magdeburg.mpg.de 19/23


mailto:przybilla@mpi-magdeburg.mpg.de

@ serems o conoLreory  Balanced truncation

m Use low-rank factors P, = R,R", P, = R;R', Q, = 5,5T, Q; = S;ST.
P P-ip 7 p P~p 2

T
= Compute the SVDs:  STER, = U,XV, = [U1 U] ﬁl 202] [‘ET} STAR; = U;0V/ .

m Balancing and truncating projection matrices:

wo=[stustospei],  To=[RIvis;t Rvie-d]

Reduced system

5 S]EOT=[% ][9]+ (2|
wo=[0] [ | ]
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\' @ ity Error Estimation

Output error

ly(®) = 5Ol o

< wpp() = Upp (Dl Lo + [19pi () = Upi (D) Lo + [19ip () = Gip(Oll Lo + [193:(8) = Gia (D) 2

=0

m As example estimate

19i08) ~ T (Dlsoe < (12 (B™QupB) — 201 (B™01B) + tr (B™QuB) ) * v ol
with

[ @ip Gramian of the reduced system,

[ @ip mixed Gramian that solves a particular projected Sylvester equation.
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY A numerical example

Mechanical system described by an index 3 DAE system*
® Input u(t) = sin(2t)26_%. = Original dimensions: ny = 1200, ne = 1.

m Output matrix M = In;tn. .

4 . . . .
V. Mehrmann and T. Stykel, Balanced truncation model reduction for large-scale systems in descriptor form. In P. Benner, V. Mehrmann, and D. C. Sorensen,
Dimension Reduction of Large-Scale Systems, volume 45 of Lect. Notes Comput. Sci. Eng., pages 83-115.Springer-Verlag, Berlin/Heidelberg, Germany, 2005.
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COMPUTATIONAL METHODS IN .
@ SYSTEMS AND CONTROL THEORY A numerlcal example

Mechanical system described by an index 3 DAE system *
® Input u(t) = sin(2t)26_%. = Original dimensions: ny = 1200, ne = 1.

u Output matrix M = I 4n.. . m Reduced dimensions: 7y = 20, fe = 1.

Singular value decay in >:

\

10

10~ A

singular values

0

107t

number
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COMPUTATIONAL METHODS IN

SYSTEMS AND CONTROL THEORY A numerical example

Mechanical system described by an index 3 DAE system

. . . L . .
® Input u(t) = sin(2t)%e" 2. = Original dimensions: ny = 1200, ne = 1.
u Output matrix M = I 4n.. . m Reduced dimensions: 7y = 20, fe = 1.
Singular value decay in >: Output and output error:
10} 100 — 105
= [
g B \ 10-1 !---?er!igljgzd @:ﬁ: estimat
R b I\ A
= 51072
% 10~ ‘é 10-3 \ / \ /\ ~
Y 1 RV
10-1 10 u v
0 10 20 30 ~
number 1077 25 5 75 10
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COMPUTATIONAL METHODS IN
SYSTEMS AND CONTROL THEORY u m m ry

m We defined (new) Gramians:

Py = [ F;t)BBTF;(t)Tdt, Py =300 Fn(k)BBT Fx ()T,
Qpp = [P Fy()TMP,MFE;(t)dt,  Qpi = Y424 Fn (k)T M P, MFy (k),
Qip = [T Fy(M)TMP,MFy(t)dt, Qi =37, L Fn (k)T M Py M Fy (K,
Qp = Qpp + Qip, Qi = Qpi + Qii-

m We investigated the energy functionals of the systems

Eu(z}) = (z)Pla}, By, (z3) < (z3)TETQpEx,.

m We propose a balanced truncation method for DAE systems with quadratic output.

m We derived an error estimator.
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Thank you for your attention!
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