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@ Paul's work [BosaNczyk/GoruB/VAN DOOREN 1992, SREEDHAR/VAN DOOREN 1993/1999] (also:
[HexcH/LAUB 1994]) on periodic/product QR and QZ algorithms inspired work on inverse-free spectral
projection methods for collapsing products of matrices and matrix pencils and solving periodic Riccati
equations ~» joint work with Ralph Byers [B./ByErs 2001].
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@ Early Encounters

o 1995: The boom box talk at ICIAM 1995 in J
Hamburg. 2w 1] B
(~ the CD player model reduction benchmark example, e B
used till today!) N ] .

° ... [memory loss] Fig. 24.7. Frequency response (C-DISC) Fig. 24.8. Eigenvalues of A (C-DISC)

[CHAHLAOUI/ VAN DOOREN 2002/2005]

@ Paul's work [BosaNczyk/GoruB/VAN DOOREN 1992, SREEDHAR/VAN DOOREN 1993/1999] (also:
[HexcH/LAUB 1994]) on periodic/product QR and QZ algorithms inspired work on inverse-free spectral
projection methods for collapsing products of matrices and matrix pencils and solving periodic Riccati
equations ~» joint work with Ralph Byers [B./ByErs 2001].

o This work became part of my habilitation thesis, defended 2001 in Bremen.

o Paul was on the committee and attended the Habilitation Colloquium on May 4, 2001 in Bremen!
(Photo documentary exists, but has gone missing. . . )

Peter Benner
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Early Encounters — NICONET (EU project 1998-2002)

Developing SLICOT — the Subroutine Library in Systems and Control — to Industry Standard

=

The NICONET team at the Annual Meeting 2002 in Oxford, organized by Sven Hammarling.
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@ Overview

1. Pencil Arithmetic
Basic Definitions and Properties
Matrix pencil products
Matrix pencil sums

2. Some Theoretical Considerations

3. Some Applications
Linear differential-algebraic equations
Periodic 2D Decriptor Systems
Commuting Pencils

4. References
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@ Pencil Arithmetic

c Question(s)
Given two matrix pencils A —AB,C' — AD € C"*™()\), can we define meaningful arithmetic operations for them?
E.g., for addition and multiplication, assuming n = m and B, D nonsingular,
B'A+D7'C and B 'A.-D7'C
are well-defined via standard matrix addition and multiplication. How about singular cases?

~» pencil arithmetic [B./BYERS 1997 — 2006].

Later question: What does it mean for a pair of matrix pencils to commute? And what are conditions for that?
~- joint work with PVD [B./VAN DOOREN 2023/2025].

Also: relations to 2-point boundary value problems for linear descriptor systems.
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@ Pencil Arithmetic

Basic Question(s)
Given two matrix pencils A —AB,C' — AD € C"*™(\), can we define meaningful arithmetic operations for them?
E.g., for addition and multiplication, assuming n = m and B, D nonsingular,

B'A+D7'C and B'A.-D7'C

are well-defined via standard matrix addition and multiplication. How about singular cases?

~» pencil arithmetic [B./BYERS 1997 — 2006].

Later question: What does it mean for a pair of matrix pencils to commute? And what are conditions for that?
~ joint work with PVD [B./VAN DOOREN 2023/2025].

Also: relations to 2-point boundary value problems for linear descriptor systems.
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:@ Remembering Ralph Byers (1955-2007)

Ralph working on pencil arithmetic in Chemnitz, April 2004.

Peter Benner rithmetic with Applications



Pencil Arithmetic
Basic Definitions and Properties

(Left-handed) matrix relation on C"
For matrix pencil A — \E € C"™*™:

(E\A) ={(z,y) €eC" xC" | BEy= Az} CcC" x C".

Also called pullback of E and A (in category theory).
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<X Pencil Arithmetic
w @ Basic Definitions and Properties

(Left-handed) matrix relation on C"
For matrix pencil A — \E € C"™*™:

(E\A) ={(z,y) €eC" xC" | BEy= Az} CcC" x C".

Also called pullback of E and A (in category theory).

Definition (Action of (E\A) on z € C")
For x € C", the x-section of (E\A) is the set (E\A)z = {y € C" | (z,y) € (E\A) }.
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Pencil Arithmetic

Basic Definitions and Properties

(Left-handed) matrix relation on C™
For matrix pencil A — \E € C"™*™:

(E\A) = {(z,y) €C" x C" | By = Az} C C" x C".

Also called pullback of E and A (in category theory).

Definition (Action of (E\A) on z € C")
For x € C", the x-section of (E\A) is the set (E\A)z = {y € C" | (z,y) € (E\A) }.

Applications [3
Linear descriptor difference equation:

Ek$k+1 = Arzr <— (xk,a:k+1) & (Ek\Ak)
Linear differential algebraic equation (DAE):
E@)#(t) = A)z(t) < (z,%) € (E@)\A(?)).

Peter Benner



Pencil Arithmetic
Matrix pencil products

Definition
For E1, A1 € C™*" and E,, A; € CP*™, the composite or product matrix relation of (E2\A2) with (E1\41) is

. There exists y € C™ such that
(Ba\A2)(Ex\A1) = {(@,2) € €™ x €™ | RETRR s S o ey, )

There exists y € R™ such that
x
(z,2) eC™ x C" |:A1 —E 0]|:y:|=0.

0 Ay —Es b
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Pencil Arithmetic
Matrix pencil products

Definition
For E1, A1 € C™*" and E,, A; € CP*™, the composite or product matrix relation of (E2\A2) with (E1\41) is

. There exists y € C™ such that
(Ba\A2)(Ex\A1) = {(@,2) € €™ x €™ | RETRR s S o ey, )

There exists y € R™ such that
x
(z,2) eC™ x C" |:A1 —E; 0]|:y:|=0.

0 Ao —E> pe

Remarks
@ Product matrix relation is associative with multiplicative identity (I\I).
@ (BE\A)~! = (A\E), but (E\A)~Y(E\A) = (I\I) iff E+ A nonsingular.

® Product relation may or may not have matrix representation with the same number of rows as the factors

( (MNODON[]) = {(0,0)} ).

Peter Benner Pencil Arithmetic with Applicati



Pencil Arithmetic
Computing pencil products
Recall product-of-fractions formula for scalars a1, as, e1, ea:

(ar/e1)(az/e2) = (ara2)/(e1ez)
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: Pencil Arithmetic
: Computing pencil products
Recall product-of-fractions formula for scalars a1, as, e1, ea:

(ar/e1)(az/e2) = (ara2)/(e1ez)

Theorem [2 .
Consider relations (E1\A1) and (E2\Az2) where Eq, Ay € C™*™ and Ez, A2 € CP*". If Ay € C?*™ and
Ey € CI*P satisfy

- -E
null[Ay, F1] = range [ A; ] ,

then
(B2\A2)(E1\A1) = ((E1E2)\(A241))

{(a:, 2) eC" xC" | E\Eyz = AgAlx} .

Peter Benner rithmetic with Applications



: Pencil Arithmetic
: Computing pencil products
Recall product-of-fractions formula for scalars a1, as, e1, ea:

(ar/e1)(az/e2) = (ara2)/(e1ez)

Theorem [2 .
Consider relations (E1\A1) and (E2\Az2) where Eq, Ay € C™*™ and Ez, A2 € CP*". If Ay € C?*™ and
Ey € CI*P satisfy

- -E
null[Ay, F1] = range [ A; ] ,

then
(B2\A2)(E1\A1) = ((E1E2)\(A241))

{(a:, 2) eC" xC" | E\Eyz = AgAlx} .

Computable, e.g., via QR decomposition

B | | Qu {15’ R
Ay | 7| Qu EY 0 |-
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: Pencil Arithmetic
: Matrix pencil sums

Definition

Jy1, y2 € C”, such that
(El\Al) + (E2\A2) = (-T,Z) €C™" xC™ | y1 € (B1\A1)z, y2 € (B2\A2)z,
and z = y1 + y2.
Equivalently,
Jyi1, y2 € C™, such that
A A1 —-E 0 o0 -
(BN\AD + (B\A2) =3 @) | | 40 75 0 o] w ] .
0 I I I L oB J

Peter Benner il Arithmetic with Applications



Pencil Arithmetic
Matrix pencil sums

Definition

y1 € (BE1\A1)z, y2 € (E2\A2)z,

(B1\A1) + (E2\A2) = {(z,z) eC” xC"
and z = y1 + y2.

Jy1, y2 € C™, such that }

Equivalently,
Jy1, y2 € C™, such that

A, —-E 0o 0 *
(B\A1) + (B2\A>) = { (2,2) [A; . 0] w | _,
0 I I —-I

Peter Benner



Pencil Arithmetic
Matrix pencil sums

Definition

Jy1, y2 € C™, such that
(B1\A1) + (E2\A2) = ¢ (z,2) € C" X C™ | y1 € (B1\A1)z, y2 € (B2\A2)z,
and z = y1 + y2.
Equivalently,
Jy1, y2 € C™, such that
A, -E 0 0 &
(El\Al) + (EQ\A2) = (ma Z) A; (1) —E, 0 Y1 -0
0 I I —I Y2
z
Remarks

@ The matrix relation sum is associative with additive identity (7\0).

& A matrix relation has an additive inverse if and only if it is a linear transformation on C".

Peter Benner il ithmetic with Applications



Pencil Arithmetic

Computing pencil sums

Recall sum-of-fractions formula for scalars a1, az, e1, ea:

ai/er + az/ea = (e2a1 + e1a2)/(e1e2)
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: Pencil Arithmetic
: Computing pencil sums

Recall sum-of-fractions formula for scalars a1, as, e1, ea:

ai/er + az/ea = (e2a1 + e1a2)/(e1e2)

Theorem (3 _
Consider matrix relations (E1\A1) and (E2\A2) with E1, Ay € C™*"™ and Ez, A2 € CP*". If E; € C?*™ and

Ey € CI*P satisfy

- _E
null[E>, E1] = range [ E: ] \

then
(E2\A2) + (E1\A1) = ((EIEQ)\(EQAl + E1A2))

{(x, z) ‘ E1Fyz = (EgAl S ElAg)x} .
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: Pencil Arithmetic
: Computing pencil sums

Recall sum-of-fractions formula for scalars a1, as, e1, ea:

ai/er + az/ea = (e2a1 + e1a2)/(e1e2)

Theorem [3

Consider matrix relations (E1\A1) and (E2\Az) with E1, Ay € C™*™ and Ej, Ay € CP*". If By € C7*™ and
Ey € CI*P satisfy

- _E
null[E>, Ei] = range [ E: ] ,

then
(E2\A2) + (E1\A1) = ((EIEQ)\(EQAl + E1A2))

{(x, z) ‘ E1Fyz = (EgAl S ElAg)x} .

Computable, e.g., via QR decomposition

—FE1 | | Qu E:éq R
Es | 7| Qu EF 0|
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Pencil Arithmetic
Computing pencil sums

Recall sum-of-fractions formula for scalars a1, as, e1, ea:

ai/er + az/ea = (e2a1 + e1a2)/(e1e2)

Theorem (3 .
Consider matrix relations (E1\A1) and (E2\A2) with E1, Ay € C™*"™ and Ez, A2 € CP*". If E; € C?*™ and
Ey € C7*P satisfy

null[E2, E1] = range [ _g; ] \
then
(B2\A2) + (E1\A1) = ((E1E2)\(E241 + E14,))
{(:E, Z) ‘ E1E22 = (EQAl 4+ ElAz)LE} .

Remark

If By = Ey = I, then By = Eo = I is a possibility. ~» Matrix addition
(I\A1) + (I\A2) = (I\(A1 + A2)).

Peter Benner Pencil Arithmetic with Applications 12/22



Some Theoretical Considerations

Mutual deflating subspaces

Theorem [6] — products respect mutual deflating subspace

Let (E\A) = (E»\A2)(F1\A1). Suppose that X € C"** and Si, T}, Sa, Tb € C**? satisfy
E1 XS = A1 XTh, FEr XSy = A XTo.

If Sy, Tb satisfy

null[S1, T3] = range { —1a ] ,
S1

then ~ ~
EX(S251) = AX(ThT5).

Moreover, if p = k and rank([_g?]) = k, then \(S251) — (T1T2) is regular and range(X) is a right deflating
subspace of AE — A if and only if [S1, T3] has full row rank and

Ty 0
—51 Ts has full column rank.
0 —Ss

Peter Benner rithmetic with Applications



Mutual deflating subspaces

@ Some Theoretical Considerations

Theorem [6] — sums respect mutual deflating subspace
Let

(E\A) = (E1\A1) + (E2\A2).
Suppose that X € C"** and Sy, T}, Sa, Th € CF*P satisfy

E1XS1 = A1 XT, FEo XSy = A XTs.
If Ty and T satisfy null[—77y, 7] = range [%], then
EX(S1Ta + SoTh) = AX(ThT3).
Moreover, if )\(Tlf’z) — (Slf’z + Sg’f’l) is regular, then range(X) is a right deflating subspace of AE — A.

Peter Benner il ithmetic with Applications



‘ Some Applications
: Linear differential-algebraic equations [B./ByYErs

Consider linear, time invariant, DAE
Ei = Az, where E, A ¢ C"*" (1)
and z = z(t) : R — C" is a classical, smooth solution.

Well-known: if range(A) C range(F) and E has full column rank n, then Vi, t1 € R™:
:C(tl) = eXp(E+A(t1 — to))x(to).

Peter Benner Pencil Arithmetic with Applications



‘ Some Applications
: Linear differential-algebraic equations [B./ByYErs

Consider linear, time invariant, DAE
Ei = Az, where E, A ¢ C"*" (1)
and z = z(t) : R — C" is a classical, smooth solution.

Well-known: if range(A) C range(F) and E has full column rank n, then Vi, t1 € R™:
z(t1) = exp(ETA(ty — to))z(to).
This can be extended easily to the cases
o range(A) ¢ range(FE),
o [ rank-deficient

using pencil arithmetic!

Peter Benner Pencil Arithmetic with Applications



Some Applications
Linear differential-algebraic equations [B./ByErs 19

Consider linear, time invariant, DAE

Ei = Aw, where B, A€ C™*" (1)

and z = z(t) : R — C" is a classical, smooth solution.

Definition [3
The exponential relation is defined by

2 _ k
exp(B\(Alh ~ 1)) = 3 L0 ().

k=0

Peter Benner



Some Applications
Linear differential-algebraic equations [B./Byers 1998/99]

Consider linear, time invariant, DAE

Ei = Az, where E, A ¢ C"*" (1)

and z = z(t) : R — C" is a classical, smooth solution.

Theorem [3
® If \E — A is regular, then z(t) is a classical solution of (1) iff Vo, t1 € R,

z(t1) € exp(E\(A(t1 — t0)))z(to)-

3 classical solution z(t) of (1) with z(tg) = zo and z(t1) = x1 iff
z(t1) € exp(E\(A(t1 —to)))z(

:(to)
xz(to) € exp(E\(A(to —t1)))z(t1

).
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‘ Some Applications
: Linear differential-algebraic equations [B./ByErs 19

Consider linear, time invariant, DAE
Ei = Az, where E, A ¢ C"*" (1)
and z = z(t) : R — C" is a classical, smooth solution.

Theorem [3
® If \E — A is regular, then z(t) is a classical solution of (1) iff Vo, t1 € R,

z(t1) € exp(E\(A(t1 — t0)))z(to)-

® 3 classical solution z(¢) of (1) with z(tg) = zo and z(t1) = z iff

z(t1) € exp(E\(A(t1 — to)))z(to)
z(to) € exp(E\(A(to — t1)))z(t1)-
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Some Applications
Linear differential-algebraic equations [B./Byers 1998/99]

Consider linear, time invariant, DAE

Ei = Az, where E, A ¢ C"*" (1)
and z = z(t) : R — C" is a classical, smooth solution.

Theorem [3
® If \E — A is regular, then z(t) is a classical solution of (1) iff Vo, t1 € R,

z(t1) € exp(E\(A(t1 — t0)))z(to)-

® 3 classical solution z(¢) of (1) with z(tg) = zo and z(t1) = z iff

z(t1) € exp(E\(A(t1 — to)))z(to)
z(to) € exp(E\(A(to — t1)))z(t1)-

Extension to singular pencils possible.
(exp(E\(A(t1 — to))) does not capture this case completely.)

Peter Benner il ithmetic with Applications



Some Applications
: Periodic 2D Decriptor Systems [B./VAN DOOREN 2023]

2D Systems
Consider the following system of linear relations
Bzgi1,6 = Azgp, Dopii,e41 = CTpta,e, @)
Dz e+1 = Czp,  Bxpt1,041 = Az o4,

on an infinite two-dimensional grid with “basic cell”

C
Thill O Thile4l
D
ATl B ATl B
C
Tk,e : Tk 041
D
Question:
i.e., iff (B\A) and (D\C) commute!

ith Applications




Some Applications
Periodic 2D Decriptor Systems [B./VAN DOOREN 2023]

2D Systems

Consider the following system of linear relations
Bzpi1,0 = Azg e, Dxpi1041 = CTpi1e, @)
Dz p11 = Czge, BTpii1e+1 = ATk o141,

on an infinite two-dimensional grid with “basic cell”

C

Thtl,e o Thyledl
D

ATl B ATl B
C

The L Thetl
D

Question: are the two paths xj y — 21 ¢41 compatible?

i.e., iff (B\A) and (D\C') commute!




Some Applications
Periodic 2D Decriptor Systems [B./VAN DOOREN 2023]

2D Systems
Consider the following system of linear relations
Bzgi1,6 = Azgp, Dopii,e41 = CTpta,e, @)
Dz e+1 = Czp,  Bxpt1,041 = Az o4,

on an infinite two-dimensional grid with “basic cell”

C
Thill O Thile4l
D
ATl B ATl B
C
—
Tk, 0 P Tk, 04+1
D
Question: are the two paths xj y — 21 ¢41 compatible?
Trivial answer if B, D invertible:
i.e., iff (B\A) and (D\C) commute!

Thi1,041 = D_ICB_IAxk,g = B_IAD_lcxk,g, Ve,

ith Applications




Some Applications
Periodic 2D Decriptor Systems [B./VAN DOOREN 2023]

2D Systems
Consider the following system of linear relations
Bzgi1,6 = Azgp, Dopii,e41 = CTpta,e, @)
Dz e+1 = Czp,  Bxpt1,041 = Az o4,

on an infinite two-dimensional grid with “basic cell”

C
Thill O Thile4l
D
ATl B ATl B
C
—
Tk, 0 P Tk, 04+1
D
Question: are the two paths xj y — 21 ¢41 compatible?
Trivial answer if B, D invertible:
i.e., iff (B\A) and (D\C) commute!

Thi1,041 = D_ICB_IAxk,g = B_IAD_lcxk,g, Ve,

Here: consider descriptor systems, i.e., B, D singular.

ith Applications




The Main Result

@ Periodic 2D Decriptor Systems

Consider the following two point boundary value problems

—A B 0 Th,0 0
0 -C D Th41,0 = 0 N (3)
Wie 0 Weyiem Th41,6+1 w
and
—c D 0 The 0
0 —A B Thoo41 = 0 s (4)
Wie 0 Wigit 41 Thi1,041 w

where w is an arbitrary n-vector and Wy, o and Wy, 1 ¢4+ are n X n matrices that make the systems (3) and (4) have a
unique solution.

Peter Benner ncil Arithmeti



The Main Result

@ Periodic 2D Decriptor Systems

Consider the following two point boundary value problems

—A B 0 Th,0 0
0 -C D Th41,0 = 0 N (3)
Wie 0 Weyiem Th41,6+1 w
and
—c D 0 The 0
0 —A B Thoo41 = 0 s (4)
Wee 0 Wigr e Tht1,041 w

where w is an arbitrary n-vector and Wy, o and Wy, 1 ¢4+ are n X n matrices that make the systems (3) and (4) have a
unique solution.

Definition
The 2D periodic descriptor system (3) is conditionable if

D
—-A B
—-C D
m block rows

has full column rank for all m.

Peter Benner



” Periodic 2D Decriptor Systems
w @ The Main Result 4 y

Theorem
Let the 2D periodic system given in (2) be conditionable. Then any two trajectories

Tkt — Tk+1,6 —> Tk+1,04+1
and
Tkt = Thkt4+1 —7 Th41,04+1

corresponding to the two-point BVPs (3) and (4) have the same end-points x ¢ and Ty1,¢41 for all
conditionable end-point conditions Wy, ¢, Wi+1,e41 and w, if and only if the orthogonal complements
[ -C+ By |eC™ and [ —Ay Dy ] € C***" defined from

B — Ok
[ _C+ B+ ] [ —C :| = [ _C+ B+ ] [ BiJr :| :I'ru
[ -4 D —A; Dy | el
+ + + + D% n
satisfy
C+A ByD
rank{ A.C D.B ] (3)

Peter Benner Pencil Arithmetic with Applications




Commuting Pencils
Commuting Matrices

Definition
Two matrices A, B € C"*"™ commute if
AB = BA,
i.e., if their commuatator or Lie bracket is zero:
[A,B] .= AB—-BA=0.
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Definition
Two matrices A, B € C"*"™ commute if
AB = BA,
i.e., if their commuatator or Lie bracket is zero:
[A,B] .= AB—-BA=0.

(Trivial) example
If A, B € C™*"™ are both diagonal, then they commute.

Theorem (Horn/Johnson, “Matrix Analysis”, CUP)
If two matrices A, B € C"*" are simultaneously diagonalizable, i.e., AP € C™*™ nonsingular such that both

P~YAP and P~'BP are diagonal, then they commute.
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Commuting Pencils
Commuting Matrices

Definition
Two matrices A, B € C"*"™ commute if
AB = BA,
i.e., if their commuatator or Lie bracket is zero:
[A,B] .= AB—-BA=0.

(Trivial) example
If A, B € C™*"™ are both diagonal, then they commute.

Theorem (Horn/Johnson, “Matrix Analysis”, CUP)
If two matrices A, B € C"*" are simultaneously diagonalizable, i.e., AP € C™*™ nonsingular such that both

P~'AP and P~'BP are diagonal, then they commute.

(Not so trivial) example
Mass and stiffness matrices of a finite element discretization are simultaneously diagonalizable and thus

commute, which is the basis of Modal Analysis.
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@ Sets of Commuting Matrices

Definition

A set of matrices M := {A;,j =1,...,m} is said to be commuting if every pair from M commutes, i.e.
AA; = AjA, Vi je {1,...,m}.
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@ Sets of Commuting Matrices

Definition
A set of matrices M :={A;,j =1,...,m} is said to be commuting if every pair from M commutes, i.e.
AA; = AjA, Vi je {1,...,m}.

Theorem (e.g., Gantmacher 1959)
If a matrix M € M from a commuting set has a block-diagonal decomposition

Mis 0

-1 .
T MT_[ 0 Mo

:| , Ml,l e (Cnl ><'n,1’ M2,2 6 Cng Xng,
where the spectra of M1 and Mo > are disjoint, then every other matrix in that set has a similar block-diagonal
decomposition, using the same similarity transformation T'.

When partitioned as
T'= [ T T ] ;

the column spaces of Th and T> span the spaces T1 and T2, respectively. These spaces are also invariant for
every matrix in the set M.
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Commuting Pencils
The Main Result

Theorem (B./Van Dooren 2023)

—Al ZBl

Given two n X n pencils zB1 — Ay and zBs — As so that
ZB2 —A2

] is regular. Under this condition, the

pencils zB1 — Ay and zBs — As commute if and only if

rank[ —A241 BB, ] =n, (4)

—A+1A2 B+2B1

where Ay, Ato, By1 and B4o are defined via

B B
ker[ Ais Bip ] =range[ _22 }, ker[ A41 Byo ] =range{ _jl ]

Moreover, the pencils zB1 — A1 and zBs — As will then also be regular.
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N @ The Main Result

Theorem (B./Van Dooren 2023)

Given two n X n pencils zB1 — Ay and zBs — As so that ;gl Zil ] is regular. Under this condition, the
n  =Ay

pencils zB1 — Ay and zBs — As commute if and only if

(4)

rank[ _A+2A1 B+1B2 :| =n,

—A+1A2 B+2B1

where Ay, Ato, By1 and B4o are defined via
B B
ker[ Ais Bip ] = range[ _22 }, ker[ A41 Byo ] = range { _jl ]

Moreover, the pencils zB1 — A1 and zBs — As will then also be regular.

Note: if B; and B are invertible, then the rank condition (4) is equivalent to the commutativity B;lAl and B;lAg,

meaning
By 'AsBy A1 = By A1 By M As.
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”' Commuting Pencils
N @ The Main Result

Theorem (B./Van Dooren 2023)

Given two n X n pencils zB1 — Ay and zBs — As so that ;gl Zil ] is regular. Under this condition, the
n  =Ay

pencils zB1 — Ay and zBs — As commute if and only if

s Bum ], o

rank[ —A1As BisB

where Ay, Ato, By1 and B4o are defined via
B B
ker[ Ais Bip ] = range[ _22 }, ker[ A41 Byo ] = range { _jl ]

Moreover, the pencils zB1 — A1 and zBs — As will then also be regular.

Note: if B; and B are invertible, then the rank condition (4) is equivalent to the commutativity B;lAl and B;lAg,
meaning
By 'AsBy A1 = By A1 By M As.

The rank condition (4) can be computationally tested with O(n3) flops [B./ByEers 2006].
Not so for a set of m > 2 matrix pencils ~» m(m — 1)/2 such tests.
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@ Commuting Pencils
Main Result(s)

Definition
A set of pencils P :={zB; — A;,j = 1,...,m} with B; invertible is commuting if every pair of left quotients
(Bi_lAi,Bj_lAj) commutes.

(Generalizes to singular B; using commutativity of all (B;\A;) and (B;\4,).)
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:@ Commuting Pencils
: Main Result(s)

Definition
A set of pencils P :={zB; — A;,j = 1,...,m} with B; invertible is commuting if every pair of left quotients
(Bi_lAi,Bj_lAj) commutes.

(Generalizes to singular B; using commutativity of all (B;\A;) and (B;\4,).)

Theorem
If a pencil (zB — A) € P from a commuting set has a block-diagonal decomposition

S(zB — A)T = diag (zB1,1 — A11,...,2Bkx — Ark), Bii,Aii € CtX™

where the spectra of the diagonal pencils zB; ; — A;,; are disjoint, then every pencil in P has such a
decomposition, using equivalence transformations (S;,T) with the same right transformation T'.
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@ Commuting Pencils
Main Result(s)

Definition
A set of pencils P :={zB; — A;,j = 1,...,m} with B; invertible is commuting if every pair of left quotients
(Bi_lAi,Bj_lAj) commutes.

(Generalizes to singular B; using commutativity of all (B;\A;) and (B;\A4;).)

Theorem
If a pencil (zB — A) € P from a commuting set has a block-diagonal decomposition

S(ZB — A)T = diag (231,1 = A1’1, e ZBk,k — Ak,k) , B’i,i7Ai,’i c Cn;‘Xn,;’

where the spectra of the diagonal pencils zB; ; — A;,; are disjoint, then every pencil in P has such a
decomposition, using equivalence transformations (S;,T) with the same right transformation T'.

Corollary

A set of diagonalizable pencils P is a commuting set if and only if the pencils are simultaneously diagonalizable
using equivalence transformations (.S;,7") with the same right transformation 7.
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@ Commuting Pencils
Main Result(s)

Definition
A set of pencils P :={zB; — A;,j = 1,...,m} with B; invertible is commuting if every pair of left quotients
(Bi_lAi,Bj_lAj) commutes.

(Generalizes to singular B; using commutativity of all (B;\A;) and (B;\A4;).)

Corollary

A set of diagonalizable pencils P is a commuting set if and only if the pencils are simultaneously diagonalizable
using equivalence transformations (.S, 7) with the same right transformation 7.

Theorem

If P is a set of commuting pencils, then there exist unitary equivalence transformations (VjH, U) with a common
right transformation U, that triangularize each pencil in P via

Vi'(2B; — A;)U.
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@ Commuting Pencils
Main Result(s)

Definition
A set of pencils P :={zB; — A;,j = 1,...,m} with B; invertible is commuting if every pair of left quotients
(Bi_lAi,Bj_lAj) commutes.

(Generalizes to singular B; using commutativity of all (B;\A;) and (B;\A4;).)

Corollary

A set of diagonalizable pencils P is a commuting set if and only if the pencils are simultaneously diagonalizable
using equivalence transformations (.S, 7) with the same right transformation 7.

Theorem

If P is a set of commuting pencils, then there exist unitary equivalence transformations (VjH, U) with a common
right transformation U, that triangularize each pencil in P via

Vi'(2B; — A;)U.

@ This allows computational O(n3) algorithm to test commutativity based on Jacobi algorithm

® Case of singular B; can be treated via Moebius transformations.

Peter Benner



References

Papers by Benner/Byers on pencil arithmetic and applications:

o Disk Functions and their Relationship to the Matrix Sign Function.
Proceedings of the European Control Conference ECC 97 (CD-ROM), Paper 936, BELWARE Information Technology, Waterloo (Belgium), 1997.

@ An Arithmetic for Matrix Pencils.
In A. Beghi, L. Finesso und G. Picci (Eds..), Mathematical Theory of Networks and Systems. Proceedings of the MTNS-98 Symposium held in Padova, Italy, July, 1998, pp. 573-576. ||

Poligrafo, Padova, Italy, 1998.

© An Arithmetic for Rectangular Matrix Pencils.
In O. Gonzalez (Hrsg.), Proc. 1999 IEEE Intl. Symp. CACSD, Kohala Coast-Island of Hawai'i, Hawai'i, USA, August 22-27, 1999, pp. 75-80, 1999.

©

Evaluating Products of Matrix Pencils and Collapsing Matrix Products.
NUMERICAL LINEAR ALGEBRA WITH APPLICATIONS, vol. 8, no. 6-7, pp. 357-380, 2001.

(]

A Structure-Preserving Method for Generalized Algebraic Riccati Equations Based on Pencil Arithmetic.
In Proceedings of the European Control Conference ECC'03, September 1-4, 2003, Cambridge, UK (CD Rom).

An Arithmetic for Matrix Pencils: Theory and New Algorithms.
NUMERISCHE MATHEMATIK, vol. 103, no. 4, pp. 539-573, 2006.

Papers by Benner/Van Dooren on periodic and commuting pencils:

@ Periodic Two-Dimensional Descriptor Systems.
ELECTRONIC JOURNAL OF LINEAR ALGEBRA (ELA), vol. 39, pp. 472-490, 2023.

@ On Commuting Matrices and Pencils.
Submitted, January 2025.




@ All the best, Paul!

- S =
A o
R\ s

Photo taken by Frank Uhlig during ILAS conference, July 2016, in Leuven.
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