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Motivation. Continuous Stirred Tank Reactor Model [Petkovska/Seidel-Morgenstern 2012]

VW = F(CAO - CA) - kVCX te [O,T]

1/ Cp(t)dt — max, or l/ Ca(t)dt — min,
7 Jo 7 Jo

o
Ca, is the inlet concentration of Cp is the product concentration
A
— O — const | Cp =Cp = const
. L[ cpyat > ©
= X — >
/ Cap ()t = Zo8 N ! o T /0 P :

M. Petkovska, A. Seidel-Morgenstern (2012). Evaluation of periodic processes. Chapter 14 in: P.L. Silveston, R.R. Hudgins (Eds.), Periodic Operation of Chemical Reactors, 387—413.

Peter Benner benner@mpi-magdeburg.mpg.de


mailto:benner@mpi-magdeburg.mpg.de

Motivation. Continuous Stirred Tank Reactor Model

An isoperimetric optimal control problem with periodic inputs was solved in?

V%ZF(CAO—CA)—]CVCX, tG[O,T]

1 T
—/ Ca(t)dt — min,
0

T

LA. Zuyev, A. Seidel-Morgenstern, P. Benner (2017), Chem. Eng. Sci., 161:206-214.
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Motivation. Continuous Stirred Tank Reactor Model

An isoperimetric optimal control problem with periodic inputs was solved in?

V%ZF(CAO—CA)—]CVCX, tG[O,T]

1 T
—/ Ca(t)dt — min,
0

T

1 (7 _
CA (0) - CA (T)7 - / CAO (t)dt = 07 CAO S [Cmina Cmax]
0

LA. Zuyev, A. Seidel-Morgenstern, P. Benner (2017), Chem. Eng. Sci., 161:206-214.
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Motivation. Continuous Stirred Tank Reactor Model

An isoperimetric optimal control problem with periodic inputs was solved in?

V%ZF(CAO—CA)—]CVCZ, tG[O,T]

1 T
—/ Ca(t)dt — min,

T Jo

1 (7 _
CA (0) = CA (T)v - / CAO (t)dt - C: CAO S [Cmina Cmax]
0

T

C t< T
Car(®) = {cm:dx’ t> :
mins °

LA. Zuyev, A. Seidel-Morgenstern, P. Benner (2017), Chem. Eng. Sci., 161:206-214.
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Motivation. Plug flow reactor model
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Motivation. Plug flow reactor model

“‘Plug” of the stream
progressing through the reactor

Reactants 4 Products B

Reaction 4 — B

eter Benner benn nagdeburg. mpg.de
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Motivation. Plug flow reactor model

PFR model?:

0Ca(z,t) OCa(z,t)
ot ' oa
Ca(0,t) = Ca,(t) — control

= —kCa(z,t)", z €[0,L)]

Cost: %/ Ca(L,t)vdt — min
0

2M. Petkovska, A. Seidel-Morgenstern (2013), Evaluation of periodic processes.
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Motivation. Plug flow reactor model

PFR model?:

0Ca(z,t) OCa(z,t)
ot ' oa
Ca(0,t) = Ca,(t) — control

= —kCa(z,t)", z €[0,L)]

Cost: %/ Ca(L,t)vdt — min
0

* Periodic control strategy improves the performance
[J.M. Douglas (1967); M. Felischak, L. Kaps, C. Hamel, D. Nikolic, M. Petkovska, A. Seidel-Morgenstern (2021), M.
Petkovska, A. Seidel-Morgenstern (2013)]

2M. Petkovska, A. Seidel-Morgenstern (2013), Evaluation of periodic processes.
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Motivation. Plug flow reactor model

PFR model?:

0Ca(z,t) OCa(z,t)
ot ' oa
Ca(0,t) = Ca,(t) — control

= —kCa(z,t)", z €[0,L)]

Cost: %/ Ca(L,t)vdt — min
0

* Periodic control strategy improves the performance
[J.M. Douglas (1967); M. Felischak, L. Kaps, C. Hamel, D. Nikolic, M. Petkovska, A. Seidel-Morgenstern (2021), M.
Petkovska, A. Seidel-Morgenstern (2013)]

* Analytical comparison of different control strategies
[H. Grabmiiller, U. Hoffmann, K. Schadlich (1985); K. Styczeri (1991)]

2M. Petkovska, A. Seidel-Morgenstern (2013), Evaluation of periodic processes.
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Motivation. Plug flow reactor model

PFR model?:

0Ca(z,t) OCa(z,t)
ot ' oa
Ca(0,t) = Ca,(t) — control

= —kCa(z,t)", z €[0,L)]

Cost: %/ Ca(L,t)vdt — min
0

* Periodic control strategy improves the performance
[J.M. Douglas (1967); M. Felischak, L. Kaps, C. Hamel, D. Nikolic, M. Petkovska, A. Seidel-Morgenstern (2021), M.

Petkovska, A. Seidel-Morgenstern (2013)]

* Analytical comparison of different control strategies
[H. Grabmiiller, U. Hoffmann, K. Schadlich (1985); K. Styczeri (1991)]

What is the best (optimal) strategy?

2M. Petkovska, A. Seidel-Morgenstern (2013), Evaluation of periodic processes.
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Optimal control problem for PFR model

OC 4(x,t) 0C 4(x,t)
ot o Ox
Ca(0,t) = Ca,(t) — control

= —kCy(x,t)", z €0, L]
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Optimal control problem for PFR model

OC 4 (x,t) 0C 4(x,t)
ot o Ox
Ca(0,t) = Ca,(t) — control

Class of admissible controls I/ -

Let 7 > 0, Copax > Chin > 0, and C € [Cinin, Cimax) be given. The class of admissible controls U/
consists of all locally measurable functions C4, : R — [Cinin, Cimax] such that C'a,(¢) is 7-periodic and

= —kCy(x,t)", z €0, L]

l/ Ca,(t)dt = C.
T Jo
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Optimal control problem for PFR model

OC 4 (x,t) 0C 4(x,t)
ot o Ox
Ca(0,t) = Ca,(t) — control

Class of admissible controls I/ -

Let 7 > 0, Copax > Chin > 0, and C € [Cinin, Cimax) be given. The class of admissible controls U/
consists of all locally measurable functions C4, : R — [Cinin, Cimax] such that C'a,(¢) is 7-periodic and

= —kCy(x,t)", z €0, L]

l/ Ca,(t)dt = C.
T Jo

1 T
Cost: ;/ Ca(L,t)vdt — min
0
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Solution and cost functional representation

The boundary value problem is solved by method of characteristics®:

Cala,t) = (cAO (S I ’“”—‘%)"‘1 C n#L

v

3H. Grabmiiller, U. Hoffmann, K. Schadlich (1985)
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Solution and cost functional representation

The boundary value problem is solved by method of characteristics®:

Cala,t) = (cAO (S I ’“”—‘%)"‘1 C n#L

v

The explicit expression of the cost functional:

J=" /OT (oAO (1)~ 4 wy”ll dt =2 /OT B(Ca, (1))dt.

T v

3H. Grabmiiller, U. Hoffmann, K. Schadlich (1985)
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Solution and cost functional representation

The boundary value problem is solved by method of characteristics®:

Cala,t) = (cAO (S I ’“”—‘%)"‘1 C n#L

v

The explicit expression of the cost functional:

J=" /OT (oAO (1)~ 4 wy”ll dt =2 /OT B(Ca, (1))dt.

T v

The function ® is concave if n > 1 and convex if n < 1.

3H. Grabmiiller, U. Hoffmann, K. Schadlich (1985)
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Solution of Optimal Control Problem

1) If n =1, then J[Ca,] = J[C] VCa, €U-.

2) If n <1 and Cpp > (m) m' then C is optimal.
3) If n > 1, then the bang-bang strategy is optimal:

Chnin, if tGA_,
Cay (1) = 1
400 {cmax, if te At =1[0,7)\ A, 1)

Cmax _6

max —Cmin

and A~ C [0,7) is any Lebesgue-measurable set such that pu(A~) =

4Ye.Ye., A. Zuyev, P. Benner, A. Seidel-Morgenstern (2024), JOTA
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Sketch of the Proof

Step 1. New class A5 (Ag C U;)

The function ¢ : R — [Crnin, Cmax] belongs to the class A 5, C € [Comin, Cmax), if ¢(-) € U, and
JA* C0,7), A~ C [0,7) such that: -

B essinf, 4 c(t) > C, esssup,c - c(t) < C; -
m u(ATNAT) =0, p(ATUAT) =7, (A7) = Smax=C

Cmax —Crmin
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%t Sketch of the Proof

Step 1. New class A5 (Ag C U;)

The function ¢ : R = [Cruin, Cimax] belongs to the class A 5, C € [Comin, Cmax), if ¢(-) € U, and
JA*T C[0,7), A~ C [0,7) such that:

B essinf, 4 c(t) > C, esssup,c - c(t) < C;
B u(ATNAT) =0, u(ATUA ) =7, (A7) =

Cmax—C. -

cmax_cmin ’
Step 2. Bang-bang strategy is better than any control from A ~:

VC’.A() S Aé Elvaaxngfba/n,g(') S u‘r . J[Cbangfbang] < J[CAL
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%t Sketch of the Proof

Step 1. New class A5 (Ag C U;)

The function ¢ : R = [Cruin, Cimax] belongs to the class A 5, C € [Comin, Cmax), if ¢(-) € U, and
JA*T C[0,7), A~ C [0,7) such that:

B essinf, 4 c(t) > C, esssup,c - c(t) < C;
B u(ATNAT) =0, u(ATUA ) =7, (A7) =

Cmax—C. -

cmax_cmin ’
Step 2. Bang-bang strategy is better than any control from A ~:

VC’.A() S Aé Elvaaxngfba/n,g(') S u‘r . J[Cbangfbang] < J[CAL

Step 3. U, C Ag:
Vu() e, dCe (Ominycmax) : u() €Az

Peter Benner benner@mpi-magdeburg.mpg.de

Periodic Optimal Control


mailto:benner@mpi-magdeburg.mpg.de

® Motivation

® Plug flow reactor model

© Plug flow reactor model with two controls
® Numerical simulations

@ Conclusion and future research

Peter Benner benn magdeburg. mpg.de c Optimal Control


mailto:benner@mpi-magdeburg.mpg.de

Plug flow reactor model with two controls

OC (1)
o

v(t)acg—f’t) FECa(z, )" =0, x €]0,L],

Ca(0,t) =Ca,(1).

Peter Benner benner@mpi-magdeburg.mpg.de Periodic Optimal Control


mailto:benner@mpi-magdeburg.mpg.de

Plug flow reactor model with two controls

8C 4 (z,1) dC (1)
ar U5,
CA(0,1) = Ca, ().

Class of admissible controls V;

The class V.. consists of all locally measurable vector-functions (¢, v) : R = [Criny Cinax] X [Vmins Vmax)
such that (c(t),v(t)) is 7-periodic and the isoperimetric condition holds:

+RCa(z, )" =0,  x €[0,L),

1 [ _
;/0 Ca,(t)v(t)dt =Co
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Plug flow reactor model with two controls

8C 4 (z,1) dC (1)
ar U5,
CA(0,1) = Ca, ().

Class of admissible controls V;

The class V.. consists of all locally measurable vector-functions (¢, v) : R = [Criny Cinax] X [Vmins Vmax)
such that (c(t),v(t)) is 7-periodic and the isoperimetric condition holds:

+RCa(z, )" =0,  x €[0,L),

1 [ _
;/0 Ca,(t)v(t)dt =Co

Cost: J = l/ Ca(L,t)v(t)dt — min
T Jo
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Solution and cost functional representation

The solution is obtained by the method of characteristics (n # 1):

1

Cala,t) = [Cag (VHV®) =) ™"V b k(n =) (t - VIV — )] T

where V (t) := fot v(€)d¢ and V1 denotes the inverse to V.
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Solution and cost functional representation

The solution is obtained by the method of characteristics (n # 1):
__1
Ca(@,t) = [Cag (VI(V®) =2) "V k(=) (- VIV —2)] T,
where V (t) := fot v(€)d¢ and V1 denotes the inverse to V.

Consider the additional assumption, that the residence time of the reaction is equal to 7, i.e.

/T w(t)dt = L (A1)
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Solution and cost functional representation

The solution is obtained by the method of characteristics (n # 1):

1

Cala,t) = [Cag (VHV®) =) ™"V b k(n =) (t - VIV — )] T
where V() := fot v(€)d¢ and V1 denotes the inverse to V.

Consider the additional assumption, that the residence time of the reaction is equal to 7, i.e.
T
/ w(t)dt = L (A1)
0

The cost functional can be rewritten as follows:
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% Solution of Optimal control problem

*If n =1, then J[Ca,,v] = Cve™*  V(Ca,,v) € V;.
*If n > 1, then bang-bang is the optimal strategy:

R +
c(t)—{cm’“ if t € AT,

Unimg iftEBf,
| Cuin, ifte A,

Umax, ifté€ BT,
with the sets

AT A= C0,7), u(ATNA™)=0, u(ATUA™) =T,

BY, B~ c[0,7), u(BTNB™)=0, u(BtUB™)=r.

Their measures are defined by the isoperimetric constraint and (AI). Moreover,

(AT N B~) — max.
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%t Sketch of the Proof

Step 1. New class A5, (Az , CVr)
The vector-valued function
(Cv 'U) R— [Cmina Cmax] X [Uminyvmax]

belongs to the class A5, C € [Cumin, Cmaxl, v € [0,7], if (c,v) €V, and IAT C [0,7), A~ C [0,7)

such that:
m essinfeps c(t) = C,
B esssup,es- c(t) < o
mu(ATtNAT) =
mu(ATUAT) =1
mu(At) =v.
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“ Sketch of the Proof

Step 2. Class B, with given 7 > 0 is a class of control functions (¢,v) € V.. defining the bang-bang
strategy with respect to the constraints of the optimal control problem.

Two cases are possible:

N R — R Cmaz-=--==n==mmmmmmmmmnn

< ] ' <

3 : ! 3

£ | ; £

g i ' g Cp ey

g = | H 2

- e S 2

£ ' 1 £

£ H : g !

g ! ' g ! :

£ Chin GRSRCECTEEEES ! & Crpin e - !

< | ' Ci . '

© 0 t, time, s 3 T © 0 t, time, s T

A~ | At A A*
Oﬁ‘r OET
B* i B~ B* ! B~

% Umaz e enE TR @ Umax e

= i | = | H

g ' ' 3 H H

g TP besmmssoooonnoe oo g TP

£ ] ! £ H !

S : : g ' :

2 | ! g 1 :

2 Umin g . 2 Unint o —

= : i s : i
0 t, time, s T 0 t, time, s T
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Sketch of the Proof

Step 3. The bang-bang strategy BB, has better performance than any control from the class

A&, pear
J[B:] < J[Aé, M(A-%—)]a
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Sketch of the Proof

Step 3. The bang-bang strategy BB, has better performance than any control from the class

A&, pear
J[B:] < J[Aé, M(A-%—)]a

Step 4. V, C AG,M(A+):

V(u,0) €Vr 3C € (Cunin,Cimax) 1 (4,0) € Ag an)
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Dimensionless form of the problem

Dimensionless variables:
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Dimensionless form of the problem

Dimensionless variables:

Ql

_ CA(I,t) —

The PFR model with one control in a dimensionless form:

dy(a',t") n oy(a',t')

on S = —Da - (1+y(@,¢)" (@, ¢) €01 xR,

CAO (Lv_lt’) e

y(0,t") = yo(t') == G ,
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Dimensionless form of the problem

Dimensionless variables:

Ql

_ CA(I,t) —

The PFR model with one control in a dimensionless form:

dy(a',t") n oy(a',t')

on S = —Da - (1+y(@,¢)" (@, ¢) €01 xR,

CAO (Lv_lt’) e

y(0,t") = yo(t') == G ,

where Da = kT@ni1 is the Damkohler number:

reaction time
Da:= ———F—
flow time
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Damkdohler number impact

yo = 0 is a steady-state control, ypax = 0.5,  Ymin = —0.5.

Performance improvement= J[steady-state] — J[bang-bang]

0.100

0.075

0.050

0.025

Performance impovement

0.000

0.095, Da =0.29

0.069, Da=0.37

0.0385Da=0:53

= n=4

= n=3

= n=2

Da, Damkohler number
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Conclusion and future research

Completely solved problems

m The periodic optimal control problem for a single input isothermal PFR.
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Conclusion and future research

Completely solved problems

m The periodic optimal control problem for a single input isothermal PFR.

m The periodic bang-bang strategies in a PFR with controlled flow-rate.
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Conclusion and future research

Completely solved problems

m The periodic optimal control problem for a single input isothermal PFR.

m The periodic bang-bang strategies in a PFR with controlled flow-rate.

Open problems

m Non-isothermal PFR model:

T T —AH E 4
Co YL P - W
ot ox PpChp RT ppChrd
oC oC E
BitA = _vaA — koC 4 exp <_ﬁ) , T(0,t) = T;n(t), Ca(0,t) = Ca,in(t)
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Conclusion and future research

Completely solved problems

m The periodic optimal control problem for a single input isothermal PFR.

m The periodic bang-bang strategies in a PFR with controlled flow-rate.

Open problems

m Non-isothermal PFR model:

T T —AH E 4
ar _  or ﬂex (_7> h @ — ),
ot ox ppCp RT ppCpd
aC aC E
o5t = %2 —koCaep (=72 ) . T(0.0) = Tin(8), Ca(0,1) = Cain(®)
m Dispersed Flow Tubular Reactor model:
oC 4 820,4 9C 4
T8 = Dgp—2 —v—2 — kC7
ot 92y v oz kCZ,
Doy 8C’A 8CA
t) = Ca,(t “wa ROP) _
Cal0t) 40(8) + v Oz la=0’ Ox lz=L
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