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Linear Descriptor Systems

o Linear time invariant descriptor/DAE system

Ex(t)=Ax(t)+ Bu(t)

e R™" is singular
y(£) = Cx(t) + Du(t) &
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o Linear time invariant descriptor/DAE system

Ex(t)=Ax(t)+ Bu(t)

€ R"™" is singular
y(t) = Cx(t) + Du(t) &

@ The transfer matrix is
G(s) = C(sE — A)"'B+D.
E_i. {Iimw_>oo |G(jw)| < oo  (Proper)

" limw—eo G(jw) =0 (Strictly Proper)

lim |G(jw)| = o0 (Improper)
w—r 00
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€ R™" is singular
y(t) = Cx(t) + Du(t) g

@ The transfer matrix is

G(s) = C(sE — A)"'B +D.

limw—oo |G(jw)| < oo (Proper)
E singular : < limy o0 G(jw) =0 (Strictly Proper)
limy—oo |G(jw)| =00  (Improper)
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Linear Descriptor Systems

Linear Descriptor Systems
Strictly Proper and Polynomial Parts

@ The WeierstraB cannonical form is

Slf—J 0

1 _
PRGE-AR=| "0 " ooy |

P and Q are nonsingular,

J - Jordan block (\j(J) are finite eigenvalues of AE — A),
N - nilpotent (N*™! #£0, NV =0 — v is index of AE — A).
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Linear Descriptor Systems
Strictly Proper and Polynomial Parts

@ The WeierstraB cannonical form is

(sle — 7! 0

-1 “1p _
Q (sE—-A) P= 0 (sN — 1)~

P and Q are nonsingular,

J - Jordan block (\j(J) are finite eigenvalues of AE — A),
N - nilpotent (N*™! #£0, NV =0 — v is index of AE — A).
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Numerical Results

Linear Descriptor Systems
Strictly Proper and Polynomial Parts

@ The WeierstraB cannonical form is

—1 _ —1p (Slf — J)_l 0

Q M(sE - AP = 0 (N )
P and Q are nonsingular,
J - Jordan block (\j(J) are finite eigenvalues of AE — A),
N - nilpotent (NY™* #0, N =0 — v is index of AE — A).

@ Spectral projectors onto the deflating subspaces of A\E — A

I 0] 51 3 o 01,4
P/—P[O O}P Q/—I—P/—P{o IDO]P
[k 0] A 3 o o7
Pr—Q|:O O]Q Qr—I_Pr—Q|:0 IOO]Q
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Linear Descriptor Systems

Linear Descriptor Systems
Strictly Proper and Polynomial Parts

@ The spectral projectors decompose G(s) as,

G(s) = CP.(sE — A)'PiB + CQ.(sE — A) QB + D

Gspl(s) P(s)
B (sle—=D)71 07 1 0 0 .
G(s)_CQ{ 0 o| P BHCQ|, (sN— 1) P7'B+D
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Linear Descriptor Systems

Linear Descriptor Systems
Strictly Proper and Polynomial Parts

@ The spectral projectors decompose G(s) as,

G(s) = CP.(sE — A)'PiB + CQ.(sE — A) QB + D

Gspl(s) P(s)
B (sle—=D)71 07 1 0 0 .
G(s)_CQ{ 0 o| P BHCQ|, (sN— 1) P7'B+D

@ This partitioning is useful for model reduction but is computationaly
expensive.
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Linear Descriptor Systems

Index Concept and Examples

@ Index of a DAE system is the number of differentiations needed to
transform the DAE into an ODE.

@ Any solution of the DAE is also a solution of the underlying ODE.

@ For linear DAEs this is equal to nilpotency index v.
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Linear Descriptor Systems

Linear Descriptor Systems

Index Concept and Examples

@ Index of a DAE system is the number of differentiations needed to
transform the DAE into an ODE.

@ Any solution of the DAE is also a solution of the underlying ODE.

@ For linear DAEs this is equal to nilpotency index v.

Examples
@ Index 1 DAE (semi-explicit systems)

_[En En _ A A
E_[O 0}’ A_|:A21 Azz}

where Ej; — E12A2_21A21 and Ay, are both nonsingular
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Linear Descriptor Systems

Index Concept and Examples

@ Index 2 DAE (Stokes-like systems)

_E110 _A11 A12
=[5 o A=l 4]

where Ej; is nonsingular and A12,A2T1 have full column rank.

N'#£0, N =o0.
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Linear Descriptor Systems

Linear Descriptor Systems

Index Concept and Examples

@ Index 2 DAE (Stokes-like systems)

_E110 _A11 A12
=[5 o A=l 4]

where Ej; is nonsingular and A12,A2T1 have full column rank.
N'#£0, N =o0.

@ Index 3 DAE (Mechanical systems)

_[Enx O _ A Ap
=[5 o] A=l %)

where Ej; is nonsingular and A12,A2T1 are rank deficient.

N?2#£0, N:=o.
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Linear Descriptor Systems

Linear Descriptor Systems
Second order DAE’s

@ Second order system can also be written as,

Mé(t) = Da(t)+Ka(t)+Bu() [é &]X(t) :[g Hx(t)+[g] u(t)
y(t) = Ca(t) y()=[C 0]x(t)

where x(t) =[q(t)" @(t)T]T
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Linear Descriptor Systems
Second order DAE’s

@ Second order system can also be written as,

Mé(t) = Da(t)+Ka(t)+Bu() [é A(i,]k(t) :{g H x(t)+[g] u(t)
y(t) = Ca(t) y()=[C 0]x(t)

where x(t) =[q(t)T a(t)7]"
@ Special second order structure,

My 0 - Dy 0O K G ] | B T _ G
w=1" o.o=|% ol k=& §] 5= 5] =] G
in which My is invertable and G, G2T have full rank then,

I 0 0] 0 I 07 0
0 My O|x(t)=|Ki Di Gi| x(t)+ |B:i| u(t),
0 0 o0 G 0 0] 0
y(t) = [Cl 0 0] x(t),
where x(t) = [q1(t)" q1(t)" q2(t)"]"
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MOR for DAE’s

Model Reduction Via Projection

@ Given a descriptor system,

) Ex(t)=Ax(t)+Bu(t) dim(X)=n
Vy(t) = Cx(t) + Du(t)

G(s) = C(sE—A)'B+D

find a reduced system,

~'{E>'?(t):/~4)"((t)+3iu(t) dim(E) = r < n
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MOR for DAE’s

Model Reduction Via Projection

o G(s) tangentially interpolates G(s) at s = o € C along right and
left directions b,c € C" if

G(o)b=G(o)b, c'G(0)=c"G(o)
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MOR for DAE’s

Model Reduction Via Projection

o G(s) tangentially interpolates G(s) at s = o € C along right and
left directions b,c € C" if

G(o)b=G(o)b, c'G(0)=c"G(o)

Standard Projection
@ Compute basis matrices V, W € R"*"
o Approximate x(t) by VX(t)
@ Ensure Petrov-Galerkin condition:

WT(EVX(t) — AV&X(t) — Bu(t)) =0,
y(t) = CVk(t) + Du(t)

@ Reduced system matrices

E=WTEV, A=WTAV, B=wW'B, C=cVv, D=D
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MOR for DAE’s

Standard Subspaces

@ Interpolatory subspaces

Ran(V)=span{(c1E—A) 'Bb,...,(c,E — A) " 'Bb,}
Ran(W)=span{(0:E—A")"'CTcy,..., (0, E-ANY'C'c}

ok €C, by €CP, ckeClfork=1,...,r
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MOR for DAE's

MOR for DAE’s

Standard Subspaces

@ Interpolatory subspaces

Ran(V)=span{(c1E—A) 'Bb,...,(c,E — A) " 'Bb,}
Ran(W)=span{(0:E—A")"'CTcy,..., (0, E-ANY'C'c}

ok €C, by €CP, ckeClfork=1,...,r
@ Interpolating approximation
G(s)=CV(sSWTEV —WTAV) '"WTB+D

G(ox)bk = G(ax)bk, ¢ G(ox) = ¢/ G(o),
C,Z-Gl(dk)bk = C,Z-GI(O'k)bk.

G'(o) is derivative of G(s) w.r.t. s, evaluated at s =0
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MOR for DAE’s

Modified Subspaces

@ The interpolation conditions hold as long as the inverses
(okE— A" k=1,...,r exist

@ The conditions are independent of the singularity of E

@ In E singular case, G(s) might be improper while E=WTEVis, in
general, nonsingular and G(s) proper.

@ This may produce an unbounded error
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MOR for DAE’s

Modified Subspaces

The interpolation conditions hold as long as the inverses
(okE— A" k=1,...,r exist

The conditions are independent of the singularity of E

In E singular case, G(s) might be improper while E=WTEVis, in
general, nonsingular and G(s) proper.

This may produce an unbounded error

To ensure bounded error, WeierstraB3 canonical form is used to
decompose G(s) = Gsp(s) + P(s) and the subspaces V and W are
modified such that

G(s) = Gyp(s) + P(s)

in which Gs,(s) interpolates Gg,(s) and P(s) = P(s).
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MOR for DAE’s

Modified Subspaces

Theorem (Gugercin et al 2013)
Let V=[Vr V] and W =[W; W ]. Also
Ran( V) = span{(c1E — A)~'P,Bbx, ..., (c,E — A)~'P,Bb,)}
@ Ran(Wf) = span{(c:E — AT) P/ CTcr,...,(c,E—AT) P/ CT¢)}
Ran(V) = Ran(Q:)
@ Ran(Wa) = Ran(Q)
Then,

P(s) = CViao (WL (SE — A)Vao) "W B + D = P(s),
@(ok)bk = G(O’k)bk, CZ@(U;() = CkG(O’k)
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MOR for DAE’s

Transformation based MOR

@ Index-1 DAE transformation:
Eiixa(t) = Auxa(t) + Axe(t) + Bru(t)
0 = Anxi(t) + Anxa(t) + Bou(t)
y(t) = Gxa(t) + Gx(t) + Du(t)

Enixa(t) = Auxa(t) + Buu(t)
y(t) = Cix(t) + Dru(t)

A = A — A12A2_21A21, Bi =B — A12A2_2132, C1 =
G — GAL Ay and D1 = D — GAL'B,
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Linear Descriptor Systems MOR for DAE's

MOR for DAE’s

Transformation based MOR

@ Index-1 DAE transformation:
Eq1x =A A B
11X (t) 1x1(t) + Awxa(t) + Bru(t) Eusa(t) = Arxa(t) + Bru(t)
0= A21X1(t) + A22X2(t) + B2u(t) —
y(t) = Crxa(t) + Dru(t)
y(t) = Gxa(t) + Gx(t) + Du(t)

A = A — A12A2_21A21, Bi =B — A12A2_21327 C =
G — GAL Ay and D1 = D — GAL'B,

@ Index-2 DAE transformation:[Heinkenschloss et al 2008]

Ei1x1(t) = Anxa(t) + Axa(t) + Bru(t
w0 = Awalt) + Awalt) + Bl AEn Ak (t)=AAu A xi(t) + AsBru(t)
0:A21X1(t) -
y(t)=C1Ax(t) + Dru(t)
y(t)=GCxa(t) + Goxo(t) + Du(t)

Ay =1 — An(AnE; An) T AnELt, Ci=C— Ayl Ay and D =

D — GAL AnBi. Also A, = | — Bt A(AnEj M Az) M Az and

Aer(t) = Xl(t).
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S. Projection
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M. Projection
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S. Projection

M. Projection

Max Planck Institute Magdeburg

Assumption

Transformation

S. Projection
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MOR of Index-3 DAE

Equivalent ODE System

@ Second order descriptor system is equivalent to,
/I 0 O o I 0 0
0 My O|x(t)=|Ki Di Gi| x(t)+ |B:i| u(t),
0 0 O G 0 O 0
y(t) = [Cl 0 0] x(t),

o Defining M = | — Gy GM;* where G = (GoM;*G;) G, and
replacing xs,

LI) "31][28] - [I'I,OKl n,lolﬂzgﬂJr[n?BJ u(t),
o-ic a[2]

@ The structure implies Goxi(t)=0 and Gyx2(t) =0, since x(t)=xi(t).
Then
Gv(t) =0 iff Tv(t) = v(t)

where M, =/—M;1G;G. [Heinkenschloss et al 2008]
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Equivalent ODE System

@ These results give,
{I‘(I), M?I'IJ {2%3] = {n,fgn, n,g{n,][ﬁlgﬂ+[nf’5j u(t),

y(t)= [GN, 0] {Xl(t)].

Xz(t)
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MOR of Index-3 DAE

Equivalent ODE System

@ These results give,
mnn, 0 )'(1(1.“) . 0 mn, Xl(t) n 0 (t)
0 MM, ||(t)] ~ [MKkin, DN, || ()| |8

y(t)= [GN, 0] {Xl(t)].

Xz(t)
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MOR of Index-3 DAE

Equivalent ODE System

@ These results give,

L VAR v R PR ot L A IO

—_——— —_—— ——
£ A B
o xi(t
y(t)= [G 0]Mg |:X2(t):|
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MOR for DAE's

Linear Descriptor Systems

MOR of Index-3 DAE

Equivalent ODE System

@ These results give,

b Jn]n 8 ] g

0 M
—_——— —_—— ——
£ A B
_ xa(t)
w0 (6o |30]
C

[nmoo [n o
where, I'IL—{ 0 I'I,]’HR_{ 0 nr}
@ Decomposing I, and Mg into full rank matrices such that

Mo=VW', Ng=VeWZ and W/ V.= W{Vr=1

W EVRR(t) = W] AVRX(t) + W/ Bu(t),
y(t) = CVgX(t)

where, X(t) = W{ [XIT X2T] T

Max Planck Institute Magdeburg
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MOR of Index-3 DAE

Efficient MOR of Equivalent System

Lemma I

v satisfies v = Mgv and v = Vr(c W, EVr — W, AVR) W, Bb iff

0 %1
G| |w
0 n
0 Y2

Max Planck Institute Magdeburg
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MOR of Index-3 DAE

Efficient MOR of Equivalent System

v satisfies v = Mgv and v = Vr(c W, EVr — W, AVR) W, Bb iff

ol —1 G O Vi 0
—-Ki oMi—D; 0 G v | | Bib
Go 0 0 0 yi| 0
0 Gy 0 0 yo 0

w satisfies w = N[ w and w = Wy (e W, EVRr — W] AVR)-TVICT c iff

ol —1 G 07w Gl c
K/ oM{-D] 0 G ||w| | O
G/ 0 0 0 z| | O
0 G/ 0 0 ||z 0
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Efficient MOR of Equivalent System

0 let v = Vr(cW/EVR — W AVR)™*W, Bb, then using
WE Vr =1, and VRWZ =Tlg,

W/ (€ — A)Ngv = W Bb
@ Also note that v = lNgrv,

My ((e€ — A)v — Bb) = 0.

. — Gl 0
@ Since, null(M.) = range( 0 G )’

ol -1 vi| [ 0 |_ | Gin
—Ki oMy — Dy %) Bib - Gl}/Q ’
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MOR of Index-3 DAE

IRKA for index-3 DAE

@ Make an initial selection of shifts S, = [o1,...,0,] and tangent
directions b;, ¢;, i=1,...,r

@ while (not converged)

. v < w:
o Solve the linear systems for x,, = [ L | and %, = [ ! ]

associated with each interpolation and corresponding tangents.

o V=[xp, X5, ] and W = [X,, - - X,,]

o Update the interpolation points and tangent directions

© Retun E=WTEV, A= WTAV, B= WTB and C = CV.

Max Planck Institute Magdeburg M.I. Ahmad and P. Benner, IRKA for index-3 DAE’s
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MOR of Index-3 DAE

Structure Preserving MOR

@ G(s) has a second order structure while G(s) loses this structure.

@ Let V and W be partitioned as,

[ [ w
=[] el

where V;, W; € Rm*" j =1,2. Defining V, W € R>"*?" a5,
Rz w0
V= { 0 W } » W= [ 0o W ] ’

and H(s) =cyWT(s€ — AV)"'W'B

Max Planck Institute Magdeburg M.I. Ahmad and P. Benner, IRKA for index-3 DAE’s
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MOR of Index-3 DAE

Structure Preserving MOR

@ H(s) has a second order structure like,
G(s) =CV, (W, (s°My — sD; — Ki)V,) "W, B,

provided that WV and W]V, are invertible.
[Vandendorpe/Van Dooren 2004]

@ H(s) also tangentially interpolates G(s) similar to G(s)

Im(V) C Im(V), Im(W) C Im(W)

@ H(s) however has degree 2r instead of r

Max Planck Institute Magdeburg M.l. Ahmad and P. Benner, IRKA for index-3 DAE's  22/25
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Numerical Results

Example: Constrained damped mass-spring system: [Mehrmann/Stykel, 2005]

n=10001, p=1,g=3, r=20and ¥ =40

DI'!'\ X

full model
—-—--ROM
—— —SROM

Figure : Hoo norm of G(s), G(s) and H(s)

Max Planck Institute Magdeburg
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Numerical Results

Numerical Results

Example: Constrained damped mass-spring system: [Mehrmann/Stykel, 2005]
n=10001, p=1,g=3, r=20and ¥ =40

—— (s
- H(5)
=10
b !“l
h“ L
nt
Y!Ja I \
-1 15 |
£ 1 U\ |
w %m,
JH\
ik
1D'25 1 L 1 L
10* 10? 10’ 10’ 1ot 10°

Figure : Absolute error in Ho, norm for G(s) and H(s)
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Summary

@ Special second order DAE's can be transformed to equivalent
ODE systems

o Efficient reduction of the equivalent ODE sysem is possible
with out computing or decomposing the oblique projectors.

o |IRKA iterations can be used to select the optimal choice of
interpolation points.

@ Structure preserving approximation of the second order system
can be computed.

Max Planck Institute Magdeburg M.l. Ahmad and P. Benner, IRKA for index-3 DAE's ~ 24/25



Thanks for your attention
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