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PROBLEM STATEMENT

Ho o approximation problem

Given a continuous LTI dynamical system H of order n, the problem consists in finding a
stable r-th order (r < n) model H that minimizes the frequency-limited H2-norm of the
approximation error Jy, ,, i.e.

. . 2
H =arg min Ty, q(Gr) =arg min |H —Grlla, (1)

e able

Why considering the approximation over a bounded frequency interval ?

> sensors/actuators limited bandwith — some frequencies might not be useful for
control purpose.

> in aeronautics, a common specification for controller is that they act on a specific
frequency interval only so that they do not impact other control laws.

P. VUILLEMIN O - ¢ D. ALAZARD 7/24
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FREQUENCY-LIMITED MODEL APPROXIMATION

Ho,0-NORM

Given a frequency interval Q = [0, w], the Hz 0-norm of a model H, denoted || H |4, , is
defined as the restriction of the H2-norm over [—w,w], i.e.

e o= e [ e (HGH 0T o @

—w

> Suggested for frequency analysis of unstable systems?
» Strongly connected to the frequency-limited gramians?

» Robustness analysis 3

1. € MR Anderson, A. Emami-Naeni and J.H. Vincent, "Measures of merit for multivariable flight
control”, Technical report, 1991.

2. & W. Gawronski and J. Juang, "Model reduction in limited time and frequency intervals”, International
Journal of Systems Science, 1990.

3. £ A Masi, R. Wallin, A. Garulli and A. Hansson, "Robust finite-frequency Ho analysis”, CDC, 2010.
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Ho,0-NORM

[[H ||#, o can be computed :

> with the frequency-limited gramians P, and Q,, as
|He, g = tr (CP.CT) = tr (BT QuB) 3)

— This formulation has been used (in parallel of this work) to perform optimal H2.o
model approximation *

4. & D, Petersson, "A Nonlinear Optimization Approach to H2-Optimal Modeling and Control”, PhD
thesis, Linkdping University, 2013.

5. £ p Vuillemin, C. Poussot-Vassal and D. Alazard, "A Spectral Expression for the Frequency-Limited
Ho-norm”, Available as http ://arxiv.org/abs/1211.1858, 2012.
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FREQUENCY-LIMITED MODEL APPROXIMATION

Ho,0-NORM

[[H ||#, o can be computed :

> with the frequency-limited gramians P, and Q,, as
|He, g = tr (CP.CT) = tr (BT QuB) 3)

— This formulation has been used (in parallel of this work) to perform optimal H2.o
model approximation *

» if H has semi-simple poles only, then®
- 2 w
IH e 0 = Y ~tr (6:H(-X)") “atan (Y) (4)
i=1 ‘

where \;, ¢; (i =1,...,n) are the poles and associated residues of H(s) and
atan(z) is the principal value of the complex arctangent of z # +j.

4. & D, Petersson, "A Nonlinear Optimization Approach to H2-Optimal Modeling and Control”, PhD
thesis, Linkdping University, 2013.

5. £ p Vuillemin, C. Poussot-Vassal and D. Alazard, "A Spectral Expression for the Frequency-Limited
Ho-norm”, Available as http ://arxiv.org/abs/1211.1858, 2012.
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FREQUENCY-LIMITED MODEL APPROXIMATION

Ho,0-NORM

Some remarks :
» Given Q = [0,w], if H is stable, then

T [|Hlly 0 = [ (5)
> If Q= Q1 NQ2 where Q1 = [0, w1] and Q2 = [0, we] with w1 < w2 then
||H||’2’{219 = ||H||'2Hz,g2 - ”H”g'tzygl (6)

> Similar expressions exist for models with a direct feedthrough D.

>, POUSsOT-VASSAL & D. ALAZARD 11 /24 H o () MODEL APPROXIMATION
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FREQUENCY-LIMITED MODEL APPROXIMATION

Ho,0-NORM

Two upper bounds on the H..-norm

113,
T lHape | ;
[H [0 < max | m——= = max || H (jo)| @)

Grounded on the poles/residues formulation of the H2 o-norm®,

1 1
n 2 n 2
H < i < i
1H 30 < glgg;g W | < Z;glggg (w) (8)
I(H) T(H)
where g;(w) (i = 1,...,n) are rational functions of w.

» computing T'(H) requires to find the maximum of a sum of rational functions

» T'(H) can be found analytically

6. % P. Vuillemin, C. Poussot-Vassal and D. Alazard, "Two upper bounds on the H..-norm of LTI
dynamical systems”, Submitted, 2013.
P. VUILLE C. P & D. ALAZARD 12 /24
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HQAZ ERROR AND FIRST-ORDER OPTIMALITY CONDI'I‘IONS8

H2, approximation error
Assuming that H and H are stables and have semi-simple poles only, i.e.

and  H(s z i 9)

15_

Then the approximation error J3, , is given by

. n o tr(gidr
.7%2,9 = ||HH’2Hz,Q + ||H||31219 - ZZ ( ) (atan (;) + atan (;J ))
i k

Tl k=1 Ai +)‘k

(10)
(Very similar to the Ho case”)

7. € s Gugercin, A.C. Antoulas and C. Beattie, "> Model Reduction for Large-Scale Linear Dynamical
Systems”, SIAM Journal on Matrix Analysis and Applications, 2008.

8. € p Vuillemin, C. Poussot-Vassal and D. Alazard, "Poles Residues Descent Algorithm for Optimal
Frequency-Limited Ho Model Approx:matlon Submitted, 2013.
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FREQUENCY-LIMITED MODEL APPROXIMATION

HQ’Q ERROR AND FIRST-ORDER OPTIMALITY CONDITIONS

Some remarks :

> to handle MIMO cases, the reduced-order model residues qgk (k=1,...,7) must be
written as an outer product, i.e.

br=0erbr, k=1,...,r (11)

where &, € C1X™ and by, € C1*",

> ||H||%, , is infinite when some poles of H cross the imaginary axis — the imaginary
axis acts as a natural barrier

14 / 24
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HQ’Q ERROR AND FIRST-ORDER OPTIMALITY CONDITIONS

Grounded on the previous formulation, the optimal Hs o approximation problem can be

formulated similarly to the H2 case®.

Ho o approximation problem

Given a n-th order stable MIMO LTI dynamical system H with only semi-simple poles,
the optimal H2 o approximation problem consists in finding the reduced-order poles and
associated residues Ay, ¢x and by (k= 1,...,7) that minimizes Ja,

9. § (. Beattie and S. Gugercin, "A Trust Region Method for Optimal Ho Model Reduction”, CDC,
2009.

10. % L. Sorber, M. Van Barel and L. De Lathauwer, "Unconstrained optimization of real functions in
complex variables”, SIAM J. Optim, 2012.
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HQA] ERROR AND FIRST-ORDER OPTIMALITY CONDITIONS

Grounded on the previous formulation, the optimal Hs o approximation problem can be

formulated similarly to the H2 case®.

Ho o approximation problem

Given a n-th order stable MIMO LTI dynamical system H with only semi-simple poles,
the optimal H2 o approximation problem consists in finding the reduced-order poles and
associated residues Ay, ¢x and by (k= 1,...,7) that minimizes Ja,

> Jn,.q is not convex

> Ju,.q is a real function of complex variables and their conjugate — the CR (or

Wirtinger) calculus is used to derive the first-order optimality conditions 10

> there are r (1 + ny + n.) variables — the problem is overparametrized

9. § (. Beattie and S. Gugercin, "A Trust Region Method for Optimal Ho Model Reduction”, CDC,
2009.

10. % L. Sorber, M. Van Barel and L. De Lathauwer, "Unconstrained optimization of real functions in
complex variables”, SIAM J. Optim, 2012.
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HQ’Q ERROR AND FIRST-ORDER OPTIMALITY CONDITIONS

Tan OTag Mo L, r (and %) have
axy, ' o¢ey, 7 ebr, T T Tt oD

been derived ! but they have not (yet) clearly been formulated as interpolation
conditions.

)
The conjugate cogradients

1. € p Vuillemin, C. Poussot-Vassal and D. Alazard, "Poles Residues Descent Algorithm for Optimal
Frequency-Limited Ho Model Approximation”, Submitted, 2013.
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HQA] ERROR AND FIRST-ORDER OPTIMALITY CONDITIONS

. . 5*77{2,9 5*77{2,9 5*77{2,9 o THs o
The conjugate cogradients oA. ' oe, ' ok, m=1,...,r (and T) have
been derived ! but they have not (yet) clearly been formulated as interpolatlon
conditions.

For instance, form=1,...,r
9 T ST A AT
@ = Z w (atan (i) +atan(Aw )
Obp, )\' + Am A Am
(12)
b clcm w w
—Z <atan< )—l—atan = ))

i 4+ A Ai Am

€ p Vuillemin, C. Poussot-Vassal and D. Alazard, "Poles Residues Descent Algorithm for Optimal
Frequency Limited Ho Model Approx:matlon Submitted, 2013.
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FREQUENCY-LIMITED MODEL APPROXIMATION

HQA] ERROR AND FIRST-ORDER OPTIMALITY CONDITIONS

The conjugate cogradients

OTny 0 Mz 9THagq THa,0
o oe o ah T 1,...,7 (and T) have
been derived ! but they have not (yet) clearly been formulated as interpolation
conditions.

For instance, form =1,...,r
8Tta0 _, [ﬁ( Am) — H(=A )atan( ):|—c [H (=Am) — H(=A )atan<“’ ]
(12)
where
3 n ¢ i B r ng w
H,(s)= l_zl Py atan (&) and H,(s) 2 Akatan - (13)

€ p Vuillemin, C. Poussot-Vassal and D. Alazard, "Poles Residues Descent Algorithm for Optimal
Frequency Limited 7—[2 Model Approximation”, Submitted, 2013.
AL & D. ALAZARD 16 / 24
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OPTIMIZATION SCHEME

Require: A € R"*™, B € R"*", C' e R™*", Q= [0,w] with w > 0 and 7 € N*.
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OPTIMIZATION SCHEME

Require: A € R"*™, B € R"*", C' e R™*", Q= [0,w] with w > 0 and 7 € N*.
1: Compute the eigenvalues and associated eigenvectors of A to determine \;, ¢; and b;

i=1,...,n
2: Choose an initial point zp composed of )\Z(.O), égo), b§°>, i=1,...,r corresponding to
a stable model.
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FREQUENCY-LIMITED MODEL APPROXIMATION

OPTIMIZATION SCHEME

Require: A € R"*™, B € R"*", C' e R™*", Q= [0,w] with w > 0 and 7 € N*.
1: Compute the eigenvalues and associated eigenvectors of A to determine \;, ¢; and b;

i=1,...,n
2: Choose an initial point zp composed of )\Z(.O), égo), b§°>, i=1,...,r corresponding to
a stable model.
3 k 0.
4. while not converged do
. . eNg
5. Compute the error J3, , (21) and the associated gradient ;3,9 [

a7
Choose the descent direction p, = —2 ;f’ﬂ |.=z, (BFGS in practice).

Choose the step length ay. such that Ja, , (2k + axps) satisfies the strong Wolfe
conditions and such that the poles do not cross the imaginary axis.
: Set Zk+1 = 2k + Ok Pk
9 k<« k+1.

10: end while

P. VuiLLEMIN, C. PoussoT- L & D. ALAZARD 17 / 24 . ODEL £ IMATION
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FREQUENCY-LIMITED MODEL APPROXIMATION

OPTIMIZATION SCHEME

Require: A € R"*™, B € R"*", C' e R™*", Q= [0,w] with w > 0 and 7 € N*.
1: Compute the eigenvalues and associated eigenvectors of A to determine \;, ¢; and b;
i=1,...,n
2: Choose an initial point zp composed of
a stable model.
3k« 0.
4. while not converged do

5\1(.0), égo), IAJEO), i=1,...,r corresponding to

o=z -

. . BJ
5. Compute the error J3, , (21) and the associated gradient 20

T
Choose the descent direction p, = —2——2%* HZ 2|.=2, (BFGS in practlce)
Choose the step length ay such that j’}-{zyQ(Zk; + aypr) satisfies the strong Wolfe
conditions and such that the poles do not cross the imaginary axis.

8: Set Zk+1 = 2k + Ok Pk

9k k+1.

10: end while

11: Use 5\5’“), égk), 13§’“>, i=1,...,r to construct A, B et C.

12: [Optional] Compute I'(H — H) and T'(H — H)

P. VuiLLEMIN, C. PoussoT- L & D. ALAZARD 17 / 24 H o () MODEL APPROXIMATION
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SIMPLE BENCHMARK 7
LAH model, r = 8, Q = [0,10], 10022

H 2
1512,

goes from 5.5% to 0.47%.
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INDUSTRIAL USE-CASE

Joint work between Onera and Dassault Aviation '

From: excitzeh To: gzpilgc

|
~

=
o

Magnitude (abs)

10’ 10"
Frequency (Hz)

2. € C Poussot-Vassal, C. Roos, P. Vuillemin, O. Cantinaud and J.P. Lacoste, " Control-oriented aeroelastic
BizJet low-order LFT modeling”, To appear in Control-oriented modeling and identification : theory and practice,
M. Lovera (Ed).

21/ 24




Introduction Ho ¢ model approx Applications Conclusions

return on innovation

ONERA

CONCLUSIONS & PERSPECTIVES

Proposed approach :

» & Extension of a previous approach to the frequency-limited H2 case.

> & Ensure the decrease of the H2 o-error and the stability of the reduced-order
model.
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CONCLUSIONS & PERSPECTIVES

Conclusions

Proposed approach :
» & Extension of a previous approach to the frequency-limited H2 case.

> & Ensure the decrease of the 2 q-error and the stability of the reduced-order
model.

» & Requires the eigenvalues/eigenvectors of the initial model — dedicated to
medium-scale models.

» & Local optimization algorithm — the result strongly depends on the initialization.
v

D. ALAZARD 22 /24 9. MATION
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CONCLUSIONS & PERSPECTIVES

The approach is available in the MORE Toolbox (matlab toolbox) :

http://w3.onera.fr/more/

2 >
MC)V'Q.

model reduction toolbox

22 /24
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CONCLUSIONS & PERSPECTIVES

Concerning the algorithm :
» Implementation of a trust-region approach for (a real) constraints management

> New initialization strategy
> Sparse case?

Then,
» Using uncertainties to model the approximation error (LFR) for control purposes.
» Combining the approximation and interpolation steps for multiples LTI models
approximation (already addressed by D.Petersson with the gramian-based

formulation).
v

D. ALAZARD 23 /24 9. MATION
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Thank you for your attention !
Vielen Dank fur lhre Aufmerksamkeit !

P. VuiLLEMIN, C. PoussOoT-VASSAL & D. ALAZARD 24 /24
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