Structure-Preserving Model Reduction for Nonlinear
Port-Hamiltonian Systems

Saifon Chaturantabut’, Christopher Beattie?, and Serkan Gugercin®

"Department of Mathematics and Statistics, Thammasat University
2Department of Mathematics, Virginia Tech

Funding by NSF and DOE

MODRED 2013, Max Planck Institute Magdeburg

December 11-13, 2013, Magdeburg, Germany



@ |Introduction
@ Model Reduction for Nonlinear Port-Hamiltonian

e Structure-preserving POD and error bounds
e Structure-preserving POD-DEIM and error bounds

e Enriching the POD subspace

@ Numerical examples

© Conclusions



Nonlinear Port-Hamiltonian (NPH) systems

Full-order system (dim n):

X (J — R)VxH(X) + Bu(t)

y B VxH(x),

x € R™: State variable; u € R"n: Input; y € R"ut: Qutput
H: Hamiltonian - total energy in the system. H:R" — [0, o)

J: Structure matrix (interconnection of energy storage components)

R: Dissipation matrix (describing internal energy losses)

Structure: J = —J7,R=R7 > 0. H: R" — [0, c0)

Passive system:  H(x(t1)) — H(x(tp)) < [; y(1)Tu(t)at.
@ Generalizes classical Hamiltonian systems: x = JVxH(x).
@ [van der Schaft, 2006], [Zwart/Jacob, 2009]

@ Applications: Circuit, Network/interconnect structure, Mechanics
(Euler-Lagrange egn), e.g. Toda Lattice, Ladder Network



Model Reduction

Full-order system (dim n):

X

(J — R)VxH(x) + Bu(?)

y B VxH(x),
GOAL: Reduced system (dim r < n):

Xr

(Jr — Rr)Vx, Hr(xr) + Bru(t)

B,Tvx, Hr(xr)7

<
3
Il

@ J=—J",R=R" >0. Hamiltonian: H: R” — [0, c0), H(x) > 0, H(0) =0

“ Preserve Structure, Stability & Passivity”

@ J, = —J], R, =R/ >0. Hamiltonian: H, : R" — [0, 00), Hr(Xr) > 0, H,(0) =0
°

Hr(xr(t1)) — Hr(Xr (1)) < /f y,(t)Tu(t)dt.



Model Reduction for NPH

Model Reduction via Petrov-Galerkin Projection

Choose basis matrices V, € R™" and W, € R"" so that
@ x~ V,x, (x(t)approximately lives in an r-dimensional subspace)
@ Span{W;,} is orthogonal to the residual:

W [Vix(t) — (J — R) WH(Vrx,) — Bu(t)] = 0
yr(t) = BTWH(VrX;).

@ and with W]V, = I (change of basis)

xr =W/ (J — R) VkH(V,x/) + W] Bu(t)
yr = BTVXH(VrXr),

Two Main Issues:

@ Port-Hamiltonian structure is not preserved = Stability and passivity of the
reduced model are not guaranteed.

@ The complexity is not truly reduced — complexity of nonlinear term ~ O(n)



Model Reduction for NPH

Model Reduction for Nonlinear Port-Hamiltonian [seatc & G. (2011)] '

@ [Fujimoto, H. Kajiura (2007], [Scherpen, van der Schaft (2008)]
@ Find V; such that x(t) ~ V,x,(f)
@ Find W, suchthat VxH(x(t)) ~ W,c(t) for some c(t) eR"

VxH(Vrx (1)) =~ VxH(X(t) ~ Wrc(t)
o VIwW, =1,
= c(t) = V] VxH(V:x/ (1)) = Vx, Hr(X(1))

Reduced-order Hamiltonian: J

Hr(xr (1)) :== H(Vrx(1))

C.A. Beattie and S. Gugercin. Structure-preserving model reduction for nonlinear port-Hamiltonian systems.
Proceedings of the 50th IEEE Conference on Decision and Control, 2011



Model Reduction for NPH

Model Reduction for Nonlinear Port-Hamiltonian [seatc & G. (2011)] '

@ [Fujimoto, H. Kajiura (2007], [Scherpen, van der Schaft (2008)]
@ Find V; such that x(t) ~ V,x,(f)
@ Find W, suchthat VxH(x(t)) ~ W,c(t) for some c(t) eR"

VxH(Vrx (1)) =~ VxH(X(t) ~ Wrc(t)
o VIwW, =1,
= c(t) = VI VxH(Vrx (1) = Vx, Hr(X:(1))

Reduced-order Hamiltonian: J

Hr(xr (1)) :== H(Vrx(1))

@ Substitute x — Vix,, and VxH(Vrx,(t)) — W,Vx, Hr(X/(t)) with
w, T [v,x, — (= RYW, V]V H(V,x,) + Bu(t) = o] . WIV, =1,

Reduced system:

xr = (Jr — Ry)Vyx Hr(x/) + Bru(t), yr = BIVx, Hr(xr),

where J; = WIJW,, R, =WJRW,, B, =W/B, Vi H(x;) = V] VxH(V,X/).

"C.A. Beattie and S. Gugercin. Structure-preserving model reduction for nonlinear port-Hamiltonian systems.
Proceedings of the 50th IEEE Conference on Decision and Control, 2011



Model Reduction for NPH

Model Reduction for Nonlinear Port-Hamiltonian [seatic & . (2011)] 2

Full-order system (dim n):
X = (J—R)VxH(x)+ Bu(t) y = BTVxH(x),
Reduced system (dim r < n):

Xr = (Jr = Rr)Vx Hr(xr) + Bru(t) yr = B/ Vx Hr(x),

] Jr = W,TJW{, Rr = W;[-RWr, Br = WZ—B, erHr(Xr) = VZ—VxH(VrX().

@ Preserve Structure & Passivity :

Jr=—J,R, =R} >0. H;:R —[0,00), Hr := H(V/x)

Hr(xe (1)) = Hr(%: (1)) < Ji yr(1)Tu(t)at.
Choices of Basis matrices V, and W, :
@ Proper Orthogonal Decomposition (POD)
@ Quasi-optimal H, basis.

2C.A. Beattie and S. Gugercin. Structure-preserving model reduction for nonlinear port-Hamiltonian systems.
Proceedings of the 50th IEEE Conference on Decision and Control, 2011



Model Reduction for NPH

Proper Orthogonal Decomposition (POD):
@ Extracts (orthonormal) basis containing dominant characteristics of the system

@ Optimal with respect to Snapshot: X := {x(t)|t € [0, T]}
@ POD basis V, = [vi,...,V/];, e \ Span{V;} ~ Span{x(t)|t € [0, T]} \

POD =Optimal Solution:

-
: T 2
i /0 IX(t) — VTX(OIR dt, st (vi,v;) = 5




Model Reduction for NPH

Proper Orthogonal Decomposition (POD):
@ Extracts (orthonormal) basis containing dominant characteristics of the system

@ Optimal with respect to Snapshot: X := {x(t)|t € [0, T]}
@ POD basis V, = [vi,...,V/];, e \ Span{V;} ~ Span{x(t)|t € [0, T]} \

POD =Optimal Solution:

-
: T 2
i /0 IX(t) — VTX(OIR dt, st (vi,v;) = 5

@ Nonlinear Snapshot: F := {F(¢)|t € [0, T]}, F(t) = VxH(x(t)).
@ POD Basis: W, € R™*", «s ] Span{W, } ~ Span{VxH(x(1))|t € [0,T]} \

Jo Ix() =V VIxjl3dt = S7C Ao, fy IIF() —WWIF(D)[Zat = S0 o

@ Eigen-Decomp: [} x(t)x(t)Tdt = VAV, V, =V(;,1:r),
J F(OF(t)Tdt = WDWT, W, = W(:,1:r).

@ In practice, use SVD of discrete snapshots e.g. X := {Xy,...,Xn}, X; := X({;).



Model Reduction for NPH

POD for port-Hamiltonian systems (POD-PH)

Algorithm (POD-based MOR for port-Hamiltonian systems [Beattie, G. (2011)])

@ Generate trajectory x(t), and collect snapshots:
X = [x(t), x(t1), X(&2), - - -, X(tn)] -

@ Truncate SVD of snapshot matrix, X, to get POD basis, V,, for the state space
variables. Then _
X(t) =~ V X(t)

@ Collect associated force snapshots:
F = [WH(x(to)), VxH(x(t1)), . - ., VxH(X(tn))] -
@ Truncate SVD of F to get a second POD basis, w,, spanning approximate range

of .
VxH(x(1)) = W(t).

@ Change bases W, — W, andV, — V, such that W]V, = I.

M

The POD-PH reduced system is
Xr = (Jr = RV, Hr(Xr) + Bru(t),  yr(t) = B V. Hr(x)
with Jr = W,TJW,‘, Rr = WZ—RW,‘, Br = WZ—B, and Hr(Xr) = H(VrXr).



Model Reduction for NPH

A-Priori Error for NPH from structure preserving MOR

Error bounds for State variable & Output [Chaturantaut, Beattie & Gugercin (2013)]:

Basis matrices V,, W, with W/ V, = VJW =land V]V, =1,

T nt nt
[ s -Vl < G > n+Gi Y o
0

£=r+1 £=r+1

and

/ VO-yOlPdt < G S M+C S e

L=r+1 £=r+1

— Error bounds are proportional to the least-squares errors (Lo-norm) of
snapshots x(t) and F(t) = VxH(x(t)).

@ Cy=28Cx .Cr=2IBT0—-W,V))|2+25¢ ., B=|BTWV]|22
@ Gy =2(Jl - VW] |2 +2Tca(T)B2), Gt = 4Tca(T)H?

ca(r):{zﬁr[emr”] ;a0

, a=0

Q@ o=MAF] =W -RWVILII— VW), =W (- R - WV



Model Reduction for NPH

DEIM with Structure Preserving Model Reduction

Recall reduced-order NPH:
Xr = (Jr —Rr)Vx Hr(xr) + Bru(t) yr = BIVy, Hr(x,),
where Vy, Hr(xr) = V] VxH(Vrx;).
@ Let F(x) = VxH(x) and Fr(x;) := Vx, Hr(x;) = VI F(V/x/)
@ = Complexity of nonlinear term ~ O(n)

@ Goals: (i) Low complexity with accuracy maintained (i) Structure preserved

SA. Hochman, B. N. Bond, and J. K. White. A Stabilized Discrete Empirical Interpolation Method for Mode!
Reduction of Electrical, Thermal, and Microelectromechanical Systems. the 48th Design Automation Conference
(DAC), 2011



Model Reduction for NPH

DEIM with Structure Preserving Model Reduction
Recall reduced-order NPH:

Xr = (Jr —Rr)Vx Hr(xr) + Bru(t) yr = BIVy, Hr(x,),
where Vy, Hr(xr) = V] VxH(Vrx;).
@ Let F(x) = VxH(x) and Fr(x;) := Vx, Hr(x;) = VI F(V/x/)
@ = Complexity of nonlinear term ~ O(n)

@ Goals: (i) Low complexity with accuracy maintained (i) Structure preserved

(i) > For accuracy, re-write :  F(x) = Qx + f(x), f(x) := F(x) — Qx

> Complexity reduction: ~ Fr(x;) := VIQV, x,+ f(x)
N — N~
Precomp.: rxr Use “DEIM”

f-(x;) = VIf(V,x,) =Complexity~ O(n) D’ Discrete Empirical Interpolation (DEIM)

SA. Hochman, B. N. Bond, and J. K. White. A Stabilized Discrete Empirical Interpolation Method for Mode!
Reduction of Electrical, Thermal, and Microelectromechanical Systems. the 48th Design Automation Conference
(DAC), 2011



Model Reduction for NPH

Discrete Empirical Interpolation Method (DEIM) *

@ (1) := f(x(t))
@ POD basis U € R™ ™M of f(t), m< n
@ f(f) ~ Uc(t)

DEIM: () ~ f(t) := U(PTU)~"PTH(¢), ) Yo
@ PT “extracts m rows”
1505 Om-
fr(xr) = V] f(Vexe(t
r(xr) \’/(_r,r(_))« @ o:=[p1,...,0m
rxn nx1 A @ eg. PTU = U(p, )
~ VIUPTU)"'PTH(V,x,) == T, (x,) @ P=le,.. . ..eon]
———— ——
precomp :r X m mx1 ey, = gi-th column of I,

= Reduced Complexity: from nto m

#S. Chaturantabut and D. C. Sorensen. Discrete empirical interpolation for nonlinear model reduction. SIAM J.
Sci. Comput., 32(5): pp. 2737-2764, 2010. 12



Model Reduction for NPH

Discrete Empirical Interpolation Method (DEIM) *

@ (1) := f(x(t))
@ POD basis U € R™ ™M of f(t), m< n
@ f(f) ~ Uc(t)

DEIM: () ~ f(t) := U(PTU)~"PTH(¢), ) Yo
@ PT “extracts m rows”
1505 Om-
fr(xr) = V] f(Vexe(t
r(xr) \’/(_r,r(_))« @ o:=[p1,...,0m
rxn nx1 A @ eg. PTU = U(p, )
~ VIUPTU)"'PTH(V,x,) == T, (x,) @ P=le,.. . ..eon]
———— ——
precomp :r X m mx1 ey, = gi-th column of I,

= Reduced Complexity: from nto m
>DEIM :  f(x,) := VI PH(V,x,) = Structure is not preserved!
where P = U(PTU)~'P7

(i) DEIM with structure preserved- Want:  f,(x,) «+— Zf(Zx) Z:nxr
Existing approach: see e.g. [Carlberg et al. , 2012]

“S. Chaturantabut and D. C. Sorensen. Discrete empirical interpolation for nonlinear model reduction. SIAM J.
Sci. Comput., 32(5): pp. 2737-2764, 2010. 12



DEIM with Structure Preserving Model Reduction
DEIM : ,(x,) := VIPf(V,x;) = VJU(PTU)~PT(V,x,).
To preserve structure, use 2 approximations:

(1) PTH(V,x,) ~ PTHPPTV,x,)
@) PTH(PPTV,x,) ~ PTV,¢

«— Exact for component-wise f

= € = argmingepm |PTH(PPTV x,) — PTV,c||2

= PT#(Vrx,) = PTQF(Vpx,), or PTH(V,x,) = MV §(Vpx;) J

Projector Q := V, [(PTV,)T(PTV,)] ™' (PTV,)TPT,
M =PV, [(PTV,)T(PTV,)] ™", V,=PPTV,.

@ W, «+— W, VTUPTU)"'M

“Standard DEIM” —>  “Structure-Preserving DEIM”

W/ (J - R)W, V/Pf(V,x,) = W] —R)W, V] {(Vpx,)
N——— N—_———

— ——

v X v v




Model Reduction for NPH

DEIM with Structure Preserving Reduced System

Xy = ({r—R)Vx Hr(x)+Bru(t) yr = B]Vx Hr(xr). J

o jr = WZ’JW{, ﬁr = W;”RW,, Er = WZ—B, V)(, Flr(Xr) = QrXr + V’Z;f(VpXr)

Reduced-order Hamiltonian:

Fr(x,) == H(Vpx;) + %er v/ [o - PPTQPPT] Vo,

N

. . t
Fr(xe (1)) — Fr(x: (1)) < [ ye (O u(t)at.

Jr=-JI R, =R] >0,3H, = Preserve Structure and Passivity )




Model Reduction for NPH

A-Priori Error for NPH from DEIM-structure preserving MOR

Error bounds for State variable & Output

Using the notations defined earlier:

/ IX(1) = Vexe(£)|[2dt < Cx Z e+ Cr Z o+ Gy Z s+ Co

£=r+1 £=r+1 £=m+1
and

/ O -y Ot < &3 M+C S atG S s+

O=r+1 L=r+1 L=m+1

— Error bounds are proportional to the least-squares errors (Lo-norm) of
snapshots: x(t), F(t) = VxH(x(t)), f(t) = VxH(x(t)) — Qx(t).



A-Priori Error for NPH from DEIM-structure preserving MOR

Error bounds for State variable & Output:

Using the notations defined earlier:

/ IX(1) = Vexe(£)|[2dt < Cx Z e+ Cr Z o+ Gy Z s+ Co

£=r+1 £=r+1 £=m+1
and

/ O -y Ot < &3 M+C S atG S s+

O=r+1 L=r+1 L=m+1

— Error bounds are proportional to the least-squares errors (Lo-norm) of
snapshots: x(t), F(t) = VxH(x(t)), f(t) = VxH(x(t)) — Qx(t).
1 2aT -
° cam:{ G 0T e =M~ RF

or = 8Tca(T), v = |1 = VWT||, 8 = Lgy, a= ||[J — R|, dr = [|B||?(c7[2a® + 1)

@ Cx =222 +¢rB%, Cp=cryPd, G =cra®, Cy=crk?

@ Cy=drp% Cr=dr? Ci=dr, Cy=crK?2+8K2T, K,K—0asm—n

K,K —>0asm—n 15



Model Reduction for NPH
An Alternate Approach
@ POD provides one set of choices for V, and W,. Others may be
considered:

@ Find a choice of subspaces that is asymptotically optimal for small u
(hence for small x).

@ VxH(x) ~ Qx for a symmetric positive semidefinite @ € R"*".

@ Leads to consideration of Linear Port-Hamiltonian Systems

x = (J — R)Qx + Bu(1) Xr = (Jr — R)QrX, + Bru(t)
—
y(t) = BT Qx yr(t) = B]Q/x,
(Original system) (Reduced system)

® G(s)=B'Q(sl - (4 -R)Q)"'B — G(s) = B]Qr(sl - (Jr — Rr)Qr)"'B,

@ Find V, and W, that are optimal reduction spaces for ||§ — G|,
use them to reduce the original nonlinear system

@ We use Quasi-H, optimal subspaces using PH-IRKA method of
[G./Polyuga/Beatie/van der Schaft/09]

@ One can also use optimal bilinear spaces from [Benner, Breiten (2011)]



Numerical Tests Toda Lattice Ladder Network

Numerical Test I: Toda Lattice

@ 1-D motion of N-particle chain with nearest neighbor exponential interactions.

@ E.g. crystal model in solid state physics.
x = (J—-R)VxH(x)+ Bu(t), y = BTVxH(x).

— 0 I — 0 0 nxn — 0 nxn
L A L e B

gl t)

@ State variable: x = [ g };qj =displacement; p; =momentum.
@ Hamiltonian:
1 N—1
H= 2&m+2}mw—%ﬂHwM%)m-
= k=1
@ Q:= V2H(0), N = 1000; Full dim n = 2N = 2000.

y=01,j=1,...,N



Numerical Tests

Input: u(f) = 0.1sin(t)
@ POD basis dimension r

@ DEIMdim.: m=r,my, mo,

State solution q: Full N=1000, u() = 0.1sin(t)

my = r+ ceil(r/3),

Toda Lattice Ladc

State solution p: Full N=1000, uf) = 0.4sint)

my = r+ceil(2r/3).

Output: Full N=1000(n=2000), u(t)= 0.1sin(t)

—— Full system
—+—POD r=100
- - POD-DEIM-strm=r=100|

00

Relative Eror Yr: u(t) = 0.1sinfl

20 a0 50 a0 1
t

Online CPU time (scaled): u(t)=0.1sin(t)

s Relative Error Xr: u() = 0-1sin() N
10 10 "
—Fo0
—e—POD-DEIM-str:m=r POD —Ful
0] —a- POD-DEIM_strim=m, 10 ——POD
o -POD-DEM-strm=m, = POD-DEM-strm=r —o—POD-DEIM-strmar
_DEINI_stm
10° —o- POD-DEIM-str:m=m, ~- POD-DEIM-strm-m,
- _ o _POD-DEM-strmem,
10 - 2
0t _ o _POD-DEM-sitmem,
107 107
107
10°] .
107
107} 10°
1071 10l 1071
70 I O S S B TR
v Y




Input: u(f) = 0.1

@ PO

@ DEIMdim.: m=r,my, mo,

Full system 10 =
0.09) —+—POD =100 —Fu
—o— POD-DEIM:r= ——POD

D basis dimension r

Output: Full N=1000 (full dim: n=2000), u(t) = 0.1

my = r+ ceil(r/3),

Netwo

my = r+ceil(2r/3).

Online GPU time (scaled): ut) = 0.1

—e—POD-DEIM-str:

—e— POD-DEIM-str
_p POD-DEIM-str:

- o - POD-DEIM-str:m=m,

20 40 60 80 100

Relative Error Yr: u(t) = 0.1

80 90 100 110 120

Relative Error Xr: u(t) = 0.1

——POD
—6—POD-DEIM-str:m=r
_» POD-DEIM-str:m=m,

_ o -POD-DEIM-str:m=m,

60 70 80 90 100 110 120

80 90 100 110 120




Numerical Tests Toda Lattice Ladder Network

Numerical Test lI: N-stage Nonlinear Ladder Network

X = (—R)VxH(XX)+Bu(t), y = BTVxH(x)

0 S Gl O
J:[_ST O}R:[ (;J RO|}§B=[3N+1,GN]-
@ S = upper bidiagonal matrix with 1 on diagonal; —1 on superdiagonal.

@ Magnetic fluxes: {¢x(f)}_,; Charges: {Qu}}_,. Ck(V) = \%Or?/

@ Total energy in stage k: H (¢, Q) = Co V2 [exp (%) - 1} - Qo + 515 -

@ State variable: x = [Qy, ..., Qn, ¢1, .-, N] -

@ Hamiltonian:
N

H(x) = > H¥ (¢, Qi)

k=1

@ Gaussian pulse-generated POD basis.
@ Testing: Sinusoid input; Ry = 1Q Gy = 10p0, Ly = 2uH, Cy = 100pF Vo = 1V.

Gausslan Pulse Input Sinusoid Input

PR DO < S DO

R
ck% %m

20



@ Gaussian pulse-generated POD basis.
@ Testing: Sinusoid input; Ry = 1Q Gy = 10uU, Ly = 2uH, Cy = 100pF Vy = 1V.

Volts

Output response to Gaussian pulse input (POD from Gaussian pulse)

Ladder Network

Output response to sinusoid input (POD from Gaussian pulse)

—— True response

~ - - Linearized full order

- - POD-PHr =6

- - - POD-DEIM-PH:r=6, m=24

Volts

—— True response

- = - Linearized full order
POD-PH:
- - - POD-DEIM-PH:r=6,m=24]

Output: Full, POD, POD-DEIM-structure:r =6 with m=6,12,24,48

4 6
Time (p-seconds)

—— Full(n=100)

-5 -POD:r=6

—— POD-DEIM-str.

= = = POD-DEIM-s
POD-DEIM-str:

- = POD-DEIM-str:

21



Preliminary results: combining POD and Quasi-optimal H, bases.
@ POD is very accurate for the choice of specific inputs
@ Enrich this POD basis by including components that are optimal for
(small) variations from an equilibrium point, i.e. optimal subspaces from
linear approximations

o Effect of combining different ratio of POD and quasi-optimal #, basis vectors:

Average Relative Error of outputs

r=4
—o—r=6
r=10

—o—r=12

Avg Rel Error (inf-norm)

6 10 12 14 16
number of F§OD bases: Tood

= Much more accurate than only POD or only quasi-optimal #, bases -



Numerical Tests Toda Lattice Ladder Network

Compare reduced systems constructed from 3 types of bases: (with/without DEIM)
(i) Quasi-optimal Hy (in blue)
(il) POD (in green)

(i) Combined POD & Quasi-optimal # (in red) with ratio m% =

@ Full n=100; Reducedr =4,6,...,14 (DEIM: m = 50).
@ The combined basis (iii) is the most accurate.
r=12 [ Q-Ho [ POD [ POD & Q-H,
Rel. Output Error [ ©(10~T) [ 0(10=2) [ 0(10~%)

Average Relative Error of output(same input)

Yo~ _
2 +— Q-opt H2
—o- Q-opt H,+DEIMstr S

Average Relative Error

—+—POD S
~0- POD+DEIMstr =
POD & Q-opt H2

3 _o- POD & Q-opt H2+DEIMs1r

4 5 6 7 8 9 10 11 12 13
r 23



Conclusion

Conclusions

@ Proposed model reduction techniques for nonlinear port-Hamiltonian
systems:

= Preserve port-Hamiltonian structure,
— Guaranteed passivity and stability of reduced systems,
—> Reduce complexity while maintain accuracy.

@ Based on structure-preserving projection framework (with POD basis)& DEIM
B Use also quasi-optimal H, basis
(from linear port-Hamiltonian systems [Gugercin et al. (2011)]).

@ Proposed a-priori error bounds in £2-norm
— Convergence rate is proportional to least-squares errors.

@ Efficiency shown through numerical tests (Ladder Network, Toda Lattice).

On-going Work
@ A-posteriori error estimate (e.g. [Wirtz, Sorensen, and Haasdonk (2012)])
@ Extend to parametrized systems.

@ Improve the reduced-order projection subspaces by developing optimal POD and
quasi-optimal H, combinations.

@ Use optimal bilinear spaces from B-IRKA [Benner, Breiten (2012)] o



Conclusion

Discrete Empirical Interpolation Method (DEIM) °

_ o
o.08

INPUT: U{, . . ., Uy € C"(linearly independent) o.0e
OUTPUT: 01, ..., ©m oo

o.02

@ [p p1] = max|uq|
U=[u], &= [p1], P = [egp]

@ forj=2tom

Qu«uy

@ sove (P"U)c =PTuforc

Q@r=u-Uc

Q [p pi] = max{|r}}

QU«[U u, g« [ S }
P+ [P ey]

»I Discrete variation of the EIM
algorithm (Barrault, Maday, Nguyen,
Patera; 2004)

53. Chaturantabut and D. C. Sorensen. Discrete empirical interpolation for nonlinear model reduction. SIAM J.
Sci. Comput., 32(5): pp. 2737-2764, 2010.

25



	Introduction
	Model Reduction for Nonlinear Port-Hamiltonian systems
	Numerical Examples
	Toda Lattice
	Ladder Network

	Conclusions and Future Work

