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| Asymmetric flow-field-flow fractionation (AFY)

Separation of particles of different size
in microfluidic flows

® injection
® focusing
® elution [Giddings’66]
inflow/outflow
¥

sample injection

¥

inflow

channel flow

membrane

crossflow

Wyatt Technology Europe GmbH

T Stvkel. Model reduction for optimal control problems in field-flow fractionation — p.2



| Stokes-Brinkman equations
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| Advection-diffusion equations
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| Optimal control problem: focusing phase

- - . 1
minimize J(v,p,c,u) = §HC(',T) — c°IIE 1)

s.t. v and p satisfy the Stokes-Brinkman equations,

c=[ci, ..., cx|! satisfies the advection-diffusion equations

Control:
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| First-order optimality conditions

® Adjoint Stokes-Brinkman equations

_Ow
P o

—vAw +vxa,rk Tw+Ve=F in (QUQ) x(0,T)
V-w=0 in (QUQ) x(0,T)
w(,T)=0 In QUQ
w=0 on (TMur®ury) x(0,7)
vVw-nr,, —qnp,, =0 on Dpe x (0,7)

® Adjoint advection-diffusion equations
ddy,

——, =V DpVdy —v -V = 0 in Q% (0,7)
dp(,T) = ¢ — ¢ (-, T) in
D.Vd;. - nr, = 0 on 0€2; x (O,T)

[Hoppe/Jahny/Peter'12] |
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| Semidiscretized optimal control problem

L 1
minimize 7, (vn, py, cp, u) = §Hch(T) — ¢°||?

subject to

® the semidiscretized Stokes-Brinkman equations
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® the semidiscretized advection-diffusion equations

(E1 + Ea(vp))en = A(vp)en,

Ei1c,(0) = ¢ |
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| Projected gradient method

u®)

Eox = Apx + B’U,(V), y=Cx

Yy=vp

Y
—(BE1+Ex(vy))" dy= AT (vy,)dy,
E1 dh (T) = C%OC = Ch(T)

‘ WD) = ) g e U | |
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| Outline

® Model order reduction

» |IRKA for Stokes-type systems with many inputs/outputs

o POD-DEIM approximation of nonlinear systems

. |
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| Model reduction problem

Given a dynamical system

E(u)x(t) = A(u) x(t) + Bu(t)
y(t) = Cx(t)

with E, A € R**", B € R™™, (C e R>*",
Find a reduced-order model

~

(w) 2(t) + Bu(t)
(?)

with E, A e R"™*", Be R™*™  C e R>", r < n.

= A
Cx

® preserve system properties
® small approximation error ( ||y — y||)

® numerically stable and efficient methods |
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| MOR of the Stokes-Brinkman equations

Eip Of |vp| | A Az | | v By B
. — + u, Yy — vy
0 0] |py Azp 0 23 By
® differential-algebraic equation (DAE)
— approximate the DAE system [Heinkenschloss et al. 08]

E v, = Avy, + Bu, y = Cuoy

with F = II; Eq411,, A= HZAHHT, C = IL,,
B =11;(B; — A1 B! A12(Aa1 B  A12) 1 By),
I = I — B Ag(An B Arg) M Az, L = By ILE
® large number of outputs (C = II, € R™)
— Interpolatory H, optimal approximation [Gugercin et al.’08]

® sFE— A issingularforall s € C
— take a reflexive inverse (sE — A)~ with respectto II, and II;
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| IRKA for the Stokes-Brinkman equation

Input: E, A, B,C, {o;}7_;, {b;j}"_;, {¢;}/—;. Output: E, A B,C

1. V= [(O‘lE—A)_Bbl, Ceey (O'TE—A)_B[)T],
W = [(JlET—AT)_CTcl, Ceey (UTET—AT)_CTCT],

2. while (not converged)
a) F=WTEv, A=wTAv, B=WTB, C=CV

b) Az;=\jExj, y;A=Ny'E, yFExi=04 i,j=1....r

C) O'j:—)\j, bf: ;B, cj:éa:‘j, 7=1,...,r

d V=[(1E—A)"Bby, ..., (0,E— A)"Bb,],
W = [(UlET—AT)_OTcl, Ce e (UTET—AT)_CTCr]
end while

3. E=WTEV, A=wTAv, B=wTB, C=CV
[Gugercin/St./Wyatt'13]
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| MOR of the advection-diffusion equations

Goal: approximate the dynamical system

E(vp) e = A(vy) e

Method: proper orthogonal decomposition (POD)

® Compute the snapshot matrix C = [¢(t1),...,c(tx) ].

>

® Compute the SVD C = [U, U] v, Vol* .

0

® Compute the reduced-order model

UTE(v,)U¢ =UTA(v,)U€

— Evaluation of E(v;,) and A(wvy) for different v, is required! |
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| Discrete empirical interpolation method (DEIM)

~

Goal: approximate f(t)€R™ by projection f(t) ~ W f(t), W eR"™™*

® Compute the snapshot matrix F = | f(t1),..., f(tq)].

)

® Compute the SVD F = [V, W] v, Vo]t

0
® Select k rows of W € R™* — PIW with P =[e,,,..., e, ]

® Determine f(t) from PTf(t) = PTW f(¢).

— DEIM approximation f(t)~W (PY W)=t PLf(t) with the error bound

|£() = W(PTW)TPLF@)] < (I(PTW) 7 H2ll(F = WWH) £(2

)|
[Chaturantabut/Sorensen’10] |
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| Matrix DEIM

Goal: approximate F(v) s.t. F(v )%Z W;fi(v), W; eR™", fieR
J=

~ approximate f(v) = vec(F(v)) € R* by projection
f(v) = WF(v) with W = [vec(W1),...,vec(Wy)] € R
)=[fi(w), ..., fy(v)]" € R*
® Compute the snapshots F; = F(vy),...,F, = F(v,) € R**"
— F=/[vec(F),...,vec(F,)] €R™ >4 is the snapshot matrix for f(v)

('v

® Compute the eigenvalue decomposmon
(FL PR o (PLEF
F'F = ; 5 = [V, Vo
_<anF1>F o (Fy ) p

A
v, Vol"
0

— W=FVA1/2= [z vec(F)vs,

. Zvec( Dvik |
q
— Wj:ZFivijaj:17°"7k |
1=1

T Stvkel. Model reduction for ontimal control problems in field-flow fractionation — p.15



| Matrix DEIM

® Select k rowsof W — PTW with P=le,,,... e, | € R"**

W)ivg o (Wh)ing re=mnji+ i
— PI'W = ; : with :
Wi Wi, Tk = Nk + ik

® Determine f(t) from PTvec(F(v)) = PTW f(t)

~ (F@Dig | | filo)
= f)=(Fw)~ 5 =|

(F'(V) )iy, - fr(v)

k -
— MDEIM approximation F(v)~ ) W;f;(v)
j=1

k ~
— POD-MDEIM approximation U F(v)U ~ " U'W,U f;(v) |
j=1
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| Numerical experiments
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| Numerical experiments

Model reduction of the Stokes-Brinkman equations

® dimensions of the original and reduced systems:

n = 20053, m=2, n,=17708 <<

® simulation time:

state equation

107

r = 40

State and adjoint Stokes—Brinkman equations

2107
torig = 60.68 sec £10
trea = 0.12 S€C IS . et o e
- . S10°)
adjoint equation 5 v
@ '
torig = 62.97 sec 2 o
@ i
tred = 3.22seC « —state "
--adjoint :
-10 ‘ ‘ ‘ ‘
107 2 4 6 8 10

Time
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| Numerical experiments

Model reduction of the state and adjoint advection-diffusion equations
® dimensions of the original and reduced systems:

ne=5305 < 1y =7, req =8, k(A) =7, k(E) =3

Singular values of state/adjoint AD equations Singular values of A(v) and EZ(V)

10° ‘ ‘ ‘ ‘ | 10 ‘ ‘ ‘
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| Numerical experiments

Model reduction of the state and adjoint advection-diffusion equations
® state equation: ¢,.;, = 11.15 sec, t,.q = 0.03 sec
® adjoint equation: t,.;, = 11.29 sec, t,.q = 0.03 sec

-7 Advection—diffusion equation -7 Adjoint advection—diffusion equation
5 x 10 5 x 10
——POD: N=5305,1=7 ——POD: N=5305,1=8
----- POD-DEIM: N =5305,1=7,k=7 == POD-DEIM: N =5305,1=8,k=3
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Time Time
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Numerical experiments

nz = 59497

nz = 59497
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| Conclusion

® Optimization problem in flow-field-flow fractionation

® |RKA for the semidiscretized Stokes-Brinkman equations

® POD-MDEIM for the semidiscretized advection-diffusion
equations

Current work
® Optimal choice of the snapshots in POD-MDEIM

® Error estimates for the (sub)optimal control [Kammann et al.’12]

» coupled system
» semidiscretized Stokes-Brinkman equations — DAE

|
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