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Introduction  
Motivation  

Analog sem iconductor  devices 

ÂFaster and  more  powerful  

ÂTrend from micro - to nano -electronics  

ÂGrowth of the relative parameter variations 
during circuit production  

Â Increasing size of analog circuits  

Ass is t the design of robust circuits  to increase 
the y ield of produced circuits  

ÂGenerate a reduced (nonlinear) behavioral model 
taking parameter variations into account to  

Â reduce the simulation time  

Â increase the insights in the system behavior  
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Introduction  
Motivation  

ÂGoal 

ÂReduced behavioral  models to  
support  the  design of  robust 
analog circuits under  process 
variations  

ÂProblem  

ÂGrowing  size of  modern analog 
circuits  

ÂMOR needs more  and  more  time  

Â Idea 

ÂUse hierarchy  of  analog circuits 
for  fast MOR 
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Introduction  
Hierarchical  Reduction  

Â Idea :  Exploitation  of  hierarchy  

ÂReduce subsystems separately  

ÂReplace subsystems by reduced  
models 

ÂAdvantages  

Â Faster and  parallel processing of  
smaller  problems  

ÂCoupling  of  different techniques  

ÂRecursive approach  possible 
 Ą Level concept  

Â Larger nonlinear  circuits 
processable 

1 1( ) 0f x =
2 2( ) 0f x =

4 4( ) 0f x =3 3( ) 0f x =

1 2 3 4( , , , ) 0f x x x x =

subsystem 1 subsystem 2 

subsystem 3 subsystem 4 

entire system  

PDE netlist based DAE 
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3 Steps 

ÂChoose reduction  methods  for  
separated  subsystem s 

ÂCompute  several reduced  models for  
each subsystem 

 

ÂRate the  reduced  subsystems 

 

ÂRecom bine  the  reduced  subsystems to  a 
reduced  overall  system 

ÂGuarantee  the  accuracy by checking  the  
accumulated  error  after each 
replacement  

Hierarchical Model Order Reduction  
Algorithm Overview  
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ÂSimulate  subsystem in test  
bench  (a), record  voltage  
potentials  at  subsystem 
terminals  

ÂConnect subsystem 
terminals  to  voltage  
sources (b) 

ÂSetup of  describing  
system of  equations  and  
reduction  (c) 

ÂRemoval of  sources yields 
reduced  subsystem (d) 

a 

b c 

d 

test 

bench 

sub-

system 

t  

sub-

system 

sub-

system 

sub-

system 

sub-

system 

Hierarchical Model Order Reduction  
Subsystem Reduction (step 1)  

V1 

V1 

V1 

V1 
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Â How much can we reduce 
the subsystem such that the 
overall systemſs 
approximation error limit is 
fulfilled?  

Â For each subsystem, produce 
several reduced versions and 
rate them in a next step  

  T3 

T3,1 T3,m 
. . . 

entire system  

T1 T2 

T3 T4 

entire  system 

T1 T2 

T3,k T4 

Hierarchical Model Order Reduction  
Subsystem Reduction (step 1)  
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entire  system 

T1 T2 

T3 T4 

entire system  

T1 T2 

T3,k T4 

T3,k = r 3k(T3) 

Definition  Subsystem  rating  

Â electrical  circuit  

 

Â reduction  information      , e.g.  
        or 
  

Â error  function  

Â rating  of      : 

Hierarchical Model Order Reduction  
Subsystem Rating (step 2) 
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Â In each step of the iteration  

Â Take the best rated reduced 
subsystem Ti,j  

ÂReplace the respective 
subsystem Ti by the 
corresponding model Ti,j  

ÂCheck the accumulated 
error of the overall system  

Â Keep the subsystem Ti,j  if 
and only if the error limit is 
not exceeded  

ÂDelete the checked 
subsystem Ti,j  from the list 
of reduced subsystems  

Take best rated 
reduced subsystem Ti,j

 

Delete Ti,j
 from list 

of subsystems 

Replace subsystem Ti
  

by Ti,j   in S 

Reduced Subsystems 

Check the error  

Keep 
 replacement  

Undo  
 replacement  

ok  not ok  

Hierarchical Model Order Reduction  
Subsystem Recombination (step 3 ) 
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T4,n 

T2,m T1,h 

entire  system 

T1 T2 

T3 T4 

reduced  system 

T3,k 

ÂReduced overall  system containing  reduced  
subsystems 

ÂSymbolic circuit  equations  and  subcircuit  
structure  is preserved  

ÂPredefined  error  limit  is fulfilled  

 

Hierarchical Model Order Reduction  
Result 

Â Implementation of  the  described  
methods  as an add-on HierMOR  
for  the  software  tool   

                   Analog Insydes  
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ÂThe presented  algorithm  
generates  a high number  of  
reduced  subsystems that  
are not used 

ÂDecide on the  fly  how  much  
we can reduce the  single 
subsystems 

ÂWe need  to  know  how  the  
reduction  of  a subsystem 
influences  the  overall  
systemſs output  

entire system  

T1 T2 

T3 T4 

reduced  system 

T1 T2 

T3,k T4 

  T3 

T3,1 T3,k 
. . . T3,2 

Sequential Hierarchical Model Order Reduction  
Motivation  
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ÂReduce subsystem 4 using        such that   

ÂCheck if  error  bound  is exceeded 

ÂUpdate     or reduce next  subsystem 

Sequential Hierarchical Model Order Reduction  
Idea 

4 4

4( ( ), )red origerror ref S y y ref e+ Ö - <
4S

e

( , )error out ref e<

1 1 4

1( , ) 0f x y =
2 2 4

2( , ) 0f x y =

4

1y

3 3 4

3( , ) 0f x y =

1 2 3 4( , , , ) 0f x x x y =

subsystem 1 subsystem 2 

subsystem 3 
subsystem 4 

entire system  

4 4 4( , ) 0f x y =

4

3y

4

2y

out

4

1y

subsystem 4 

entire system  

4 4 4( , ) 0f x y =

4

3y

4

2y

out

4 4

4 ( )red origout ref S y yº + Ö -



ModRed  2013 
Magdeburg Ɖ 11.-13.12.2013 
 
17  

Agenda  

Â Introduction  

ÂMotivation  

ÂHierarchical  Systems 

ÂHierarchical  Model Order Reduction  of  Systems under  Parameter 
Variations  

ÂSequential  Hierarchical  Model Order Reduction  of  Systems under  
Parameter Variations  

ÂExample 



ModRed  2013 
Magdeburg Ɖ 11.-13.12.2013 
 
18  

Example  
Operational Amplifier 741  

Â26 BJTs, 13 resistors and one capacitor  

ÂDivided into 7 sub blocks  

Â1KHz sine as input in the interval [0s, 1.2 ms] 

ÂNormal distributed transistor areas, resistor and capacitor values 
with standard deviations of 1 -5% 
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Â26 BJTs, 13 resistors and one capacitor  

ÂDivided into 7 sub blocks  

Â1KHz sine as input in the interval [0s, 1.2 ms] 

ÂNormal distributed transistor areas, resistor and capacitor values 
with standard deviations of 1 -5% 

ÂReduction of the transient nonlinear model  

ÂRelative error  function  

ÂError bound  0.3 

 

Example  
Hierarchical  Approach  

Monte 
Carlo 

Simulation  
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ÂFinal results  

Example  
Hierarchical  Approach  

 2 times  
faster  

More  
reduced  
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ÂApproximation of  the  static  behavior  

Â4 operating points ( �i5V�����i1V, 1V, 5V) 

ÂStatistical error  function  with  0.3 as error  bound  

Example  
Sequential  Hierarchical  Approach  

Monte Carlo 
Simulation  


