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Householder Notation

AER
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Concept
oeo

Householder Notation

—AEE——

X1
X2
x= [X3] € R"

Xn
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Householder Notation

L \Vatrix ~

di1 ai12 ai13 ... ain
dp1 a2 a3 ... ap
A= |4931 4a32 a33 ... asp| ¢ R"X"
|dn1 dn2 dn3 ... dnn]
7
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Dense Matrix Format

Store n vectors (Fortran):

a11 a12 a13 dln
ari ano ars azn
a3l da32 as33 | ... |493n

L _anl_ _an2_ _an3_ _ann_ ]

@ n? entries in the storage

o Ax costs O(n?) flops

o AB costs O(n%) flops, § > 2.376 usually § = 3
o A~1 costs O(n?) flops
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Dense Matrix Format

e Landau Symbol

J

o Ax costs O(n?) flops
o AB costs O(n%) flops, § > 2.376 usually § = 3
o A~1 costs O(n?) flops
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Concept
®00

Dense Matrix Format

Store n vectors (Fortran):

a11 a12 a13 dln
ari a2 a3 azn
asi asp as3| ... |3a3n
L _anl_ _an2_ _an3_ _ann_ ]
°: n entr|es in the storage expensive!

° Ax costs: (’)( 2):flops
o AB costsflops, 0 > 2.376 usually 6 =3

o Al costsflops
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Sparse Matrix Format

'L

~

|

_

o

|

—_

o
o O o
o O O o

O O O O o

Max Planck Institute Magdeburg Thomas Mach, Hierarchical Matrices ~ 6/28



Concept
{1 Yo}
G
i
5.

Sparse Matrix Format

o O O o

O O O O o

non-zero entries per row/column = ¢ <5
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Sparse Matrix Format

T4 -1 -1 -1

-1 4 -1 -1
-1 -1 4 -1

-1 -1 -1 4
1 -1 4
-1 4 -1
4 -1 -1

non-zero entries per row/column = ¢ <5
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Sparse Matrix Format (Matlab)

Store vector of tripel:

@ O(n) entries in the storage (if #non-zeros/column < ¢ < n)
o Ax costs O(n) flops
o AB may be much denser = better use A(Bx)

o A~! not possible, only solve Ax = b
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Is there something in between?

Yes, e.g.
@ Low rank matrices and Tucker tensor format
o Toeplitz/Hankel matrices
@ Semiseparable matrices [GANTMACHER, KREIN 1937]
@ Cauchy matrices
o Fast Multipole Method (FMM) [GrREENGARD, ROKHLIN '87]
o Mosaic-skeleton matrices [TYRTYSHNIKOV ’96]
o .
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Is there something in between?

Yes, e.g.

Low rank matrices

Semiseparable matrices [GANTMACHER, KREIN 1937]

Fast Multipole Method (FMM) [GREENGARD, ROKHLIN '87]

Mosaic-skeleton matrices [TYRTYSHNIKOV "96]
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Concept
®000

Is there something in between?

Yes, e.g.

Low rank matrices

Semiseparable matrices [GANTMACHER, KREIN 1937]

Fast Multipole Method (FMM) [GREENGARD, ROKHLIN '87]

Mosaic-skeleton matrices [TYRTYSHNIKOV "96]

Hierarchical (#-) Matrices [HackBusch "98]
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Integral Equation

Fredholm equation of first kind:

Jagx,y)u(y)dy = f(x)
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Concept
0®00

Integral Equation

unknown
Fredholm equation of first kind:

Jagx,y)uly)dy = f(x)
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Concept
0®00

Integral Equation

Fredholm equation of first kind:
Jag(x,y)uly)dy = f(x)

o electrostatic problem:

_ 1
° g(x%¥) = eyt
o u(y) charge density
o f(x) electrostatic potential

o inverse of elliptic differential operators

@ population dynamics [KocH, HACKBUSCH, SUNDMACHER]
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H-Matrices [Hacksuscn 98]

Jaglx y)uly)dy = f(x)
Ritz-Galerkin method:
u(y) =, uivhi(y)
=3 [ [ eteypitndristde = | Fixux)ds

/

=M =f
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H-Matrices [Hacksuscn 98]

discretization error € ~ n% 0<r<l1|=L X)

u(y) =>_; uitbi(y)
= Z A /Q g(x, y)0i(y)dy;(x)dx uj= A f(xi@rgj(x)dx

/

=M;; =f;
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H-Matrices [Hacksuscn 98]

Jaglx y)uly)dy = f(x)
Ritz-Galerkin method:
u(y) =, uivhi(y)
=3 [ [ eteypitndistdeu [ Fues

~ /
-~

=M =f
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H-Matrices [Hacksuscn 98]

Jaglx y)uly)dy = f(x)
Ritz-Galerkin method:
u(y) =, uivhi(y)
=3 [ [ eteypitndristde = | Fixux)ds

/

=M =f

k X, )
x €y Qe glx,y)~ Y, 18 (x)er" ()
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H-Matrices [Hacksuscn 98]

Jaglx y)uly)dy = f(x)
Ritz-Galerkin method:
u(y) =, uivhi(y)
=3 [ [ eteypitndristde = | Fixux)ds

/

=M;; =f

k 9y b
x €,y € glx,y) ~ Y 518" (x)8 " (y)

My = [ [ gle)uCeunty)ves

k
T
=Y [ @ 0uaex | gl)iily)dy = 4,8
pi
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Concept

O00e

H-Matrices [Hacksuscn 98]

k
XEQ,y € glxy) ™ D> gy (el ()
=1

Mjf:/n/rzg(&y)w/‘(x)w/‘(}’)dydx

k
~ 3 [ 5w [ ety = 4,87

=1
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H-Matrices [Hacksuscn 98]

XEQ,y € glx,y) Zg”(X)gp’ )
=1

My = [ [ sy (0wt dyes
k
~3 [ esuaae [ g 0vitray = A8

p=1

Max Planck Institute Magdeburg Thomas Mach, Hierarchical Matrices  11/28



Concept
ocooe

H-Matrices [Hacksuscn 98]

rank (Msx:) = 19
store:
0 Ac R|s|x19, _
o B e RItIx19
with Mgy = ABT
= only 19(|s| + |t|) instead of |s||t| storage
= reduces the required storage to 15%
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H-Matrices [Hacksuscn '98]

if x = y then =T y” is large
small matrices on the diag-
onal have no low rank ap-
proximation

= use dense matrix format
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H-Matrices [Hacksuscn 98]

non-admissible block

admissible block
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H-Matrices [Hacksuscn 98]

rank-k-matrix: Mgy, = ABT, A€ R™k B € R™k (k < n,m)

hierarchical tree Ty block H-tree Ty 9

J={1,2,3,4,5,6,7,8}

12345678 112345678 112345678 112345678
/ \ > 2 2 2
{1,2,3,4} {5,6,7,8) 3 3 3 3
5 5 5 5
YN AN e : 2 :
(1,2} (3,4} {5.6} {7.8} I Z : §
{1H2H3H4HBHEHTHE) dense matrices, rank-k-matrices
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H-Matrices [Hacksuscn 98]

Hierarchical matrices

H(Tyxg, k) = { M € R?*| rank (Msx¢) < k Vs x t admissible }

o adaptive rank k(e)

o storage Ns; (T, k) = O(nlogn k(e))

@ complexity of approximate arithmetic
My v O(nlogn k()
+,—n O(nlogn k(¢)?)
*3, HLU(), ()3} O(n (log n)* k(<)?)
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Concept
oeo

H-Matrices [Hacksuscn 98]

Hierarchical matrices
H(Tyxg, k)={Me RJXJ| rank (Msx¢) < k Vs x t admissible}

o adaptive rank k(e)

o storage Ns; (T, k) = O(nlogn k(e))

@ complexity of approximate arithmetic
My v O(nlogn k()
+,—n O(nlogn k(¢)?)
*3, HLU(), ()3} O(n (log n)* k(<)?)
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Special Case: #,-Matrices

F1 |ByAT
BsAT
ABJ | Fs
T
Fs |BsAd
AB]
AgB{ | Fr
Fo |B1oAfy T
Bl2A12
W10By| Fiu
AgBJ
- Fi3 [BiaA],
A12By,
4B Fis

Figure: Structure of an Hs(k)-matrix
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Applications
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Application
[ Jelelelo)

Applications

o Finite-Element-Method (FEM)

o Inverse of FEM matrices

Integral equations

Solving matrix equations for model order reduction
o AX + XAT +BBT =0, Ac H,B € R"™*k
e Sign function iteration
o [BAUR 07, GRASEDYCK 03, ET AL.]

Boundary-Element-Method (BEM)
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BEM for Electrostatic Computations

10° \\
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BEM for Electrostatic Computations
\7\( a
1 Electrostatic problem:

Jo&(x,y)u(y)dy = f(x)

4:
° g(x¥) = ey
2F |~ ’ 4mellx—y|l
@ unknown: u(y) charge density

@ given: f(x) electrostatic potential
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Application
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BEM for Electrostatic Computations

10° \\
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Application
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BEM for Electrostatic Computations

I
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Application
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BEM for Electrostatic Computations
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Application
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BEM for Electrostatic Computations

~ 1
107 \
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Eigenvalues
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Definition

Mx = M\x
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Eigenvalues
0®00

@)

Definition

M e Ran

Mx = A\x
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Eigenvalues
0®00

Definition

M e Ran

Mx = A\x

eigenvector
xeC" x#0
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Eigenvalues
0®00

Definition

M e R™" eigenvalue
reC

eigenvector
xeC" x#0
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Eigenvalues
0®00

Definition

M= MT c Rxn eigenvalue

AER

eigenvector
x€eR" x#0
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Eigenvalues
00®0

Application

Eigenvalue problems occur in many different applications:
@ vibration analysis,

@ molecular and quantum dynamics
(e.g. Schrodinger or Kohn-Sham equations),

finite state of a Markov chain,

numerical mathematics (e.g. MOR, e, convergence theory),
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Eigenvalues
felelel ]

Definition

M=MT cH(T,k) eigenvalue

AER

eigenvector
x€e€R" x#0
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Preconditioned Inverse lteration @)

[KNYAZEV, NEYMEYR, ET AL.]

The function

x T Mx
xTx

p(x) = plx, M) =

is called the Rayleigh quotient.
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Preconditioned Inverse lteration

[KNYAZEV, NEYMEYR, ET AL.]

The function

Eigenvalues
[1e}
Vi
Iz
Ne

x T Mx
Tx

p(x) = pl(x, M) =

is called the Rayleigh quotient.

Minimize the Rayleigh quotient by a gradient method:

i1 1= x5 aV(a), Vi) = 2 (Mx — xpi(x),
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Preconditioned Inverse lteration (65

[KNYAZEV, NEYMEYR, ET AL.]

Residual r(x) = Mx — xu(x).

Minimize the Rayleigh quotient by a gradient method:

Xiv1:=Xx; —aVu(x;), Vu(x)=

Max Planck Institute Magdeburg Thomas Mach, Hierarchical Matrices ~ 25/28



Eigenvalues
[1e}
=

Preconditioned Inverse lteration

[KNYAZEV, NEYMEYR, ET AL.]

The function

x T Mx
Tx

p(x) = pl(x, M) =

is called the Rayleigh quotient.

Minimize the Rayleigh quotient by a gradient method:

2
Xi41 = — V), Vi(x) =~ (Mx = xp(x)),
+ preconditioning = update equation:

Xiy1 =X — T (Mx; — xip(x;)).
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Preconditioned Inverse lteration

[KNYAZEV, NEYMEYR ’09]

Xiy1 =X — T71 (Mx; — xip(xi))

If
@ M symmetric positive definite and

o T~! approximates the inverse of M, so that

I—-T M|, <c<1,
M
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Eigenvalues
oce

Preconditioned Inverse lteration

[KNYAZEV, NEYMEYR ’09]

Xiy1 = xi — T 1 (Mx; — xiuu(x;))

If
@ M symmetric positive definite and

o T~! approximates the inverse of M, so that
|Z-T'M||,, <c<1,

then Preconditioned INVerse I Teration (PINVIT) converges.

Max Planck Institute Magdeburg Thomas Mach, Hierarchical Matrices  26/28



Eigenvalues
°
VA
| "
Ne

BEM, smallest eigenvalues

dense matrix, but approximable by an H-matrix

4 | T T I 7

10% ¢ ——  PINVIT

103 | === O(n; (logy nj) Cx) -

—+— H-Cholesky factor. |

w 102F e O(n; (log, n,-)2 Cy) |4
c - ]
1L -
X
oL |

z 10
)] - ]
107
102 | .
O (d=4,c=02 e =10"*]
10-3 L | | | |
258 1026 4098 16386 65538
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BEM, smallest eigenvalues

Eigenvalues
°

=

| "
Ne

dense matrix, but approximable by an H-matrix

4 | T T I 7

10% ¢ ——  PINVIT

103 L === O(nj (logy nj) C3) |

—+— H-Cholesky factor. |

w 102F e O(n; (log, n,-)2 Cy) |4

c 8 .

g 10tp ARPACK / eigs E

ol i

z 10

)] - ]

107

102 | .

0 (d=4,c=02 e =10"*]
103

| | | | |
258 1026 4098 16386 65538
Thomas Mach, Hierarchical Matrices ~ 27/28



Eigenvalues
°

Concluding Remarks

@ H-arithmetic is cheap and applicable too many problems.

o Computing eigenvalues of H-matrices in linear-polylogarithmic
complexity is possible.

o See poster: “Slicing the Spectrum of Symmetric H¢-Matrices”.
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Eigenvalues
°

Concluding Remarks

@ H-arithmetic is cheap and applicable too many problems.

o Computing eigenvalues of H-matrices in linear-polylogarithmic
complexity is possible.
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Eigenvalues
°

Concluding Remarks

@ H-arithmetic is cheap and applicable too many problems.

o Computing eigenvalues of H-matrices in linear-polylogarithmic
complexity is possible.

o See poster: “Slicing the Spectrum of Symmetric H¢-Matrices”.

Thank you for your attention.
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BEM, smallest eigenvalues

dense matrix, but approximable by an H-matrix

4 | T T I 7
10% ¢ —  PINVIT
103 | === O(n; (logy nj) Gy) ||
—+— H-Cholesky factor. |
w 102F e O(n; (log, n,-)2 Cy) |4
c [ .
g oo
oL ]
z 10}
)] - ]
107
102} "
; (d=4,c=02 e =10"]

103

| | | | |
258 1026 4098 16386 65538
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Appendix
°
@

BEM, smallest eigenvalues

dense matrix, but approximable by an H-matrix

4 | T T I 7

10% ¢ o PINVIT

103 1 --- O(n; (logy nj) Cy) i

—+— H-Cholesky factor. |

w 102F e O(n; (log, n,-)2 Cy) |4
c - .
0] 1L N
E N dgeom)
ol i

= 10}
O B ]
107
102} .
O (d=4,c=02 e =10"]
103 L \ ] ] |
258 1026 4098 16386 65538
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