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<1 Motivation
w Optimal Model Order Reduction for Non-Parametric Systems

Wilson conditions [WiLson ’70]
0=GTAP+ QT AP,
0=Q"EP+Q"EP,
0=Q"B+Q"B,
0=CP-CP.

first-order necessary #s-optimality conditions

Sylvester Lyapunov
APE" + EPAT = —BB' APE" + EPAT = —BB'
ATQE+E"QA=-C"C ATQE+E'QA=-C"C
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Motivation
Existing methods

IRKA: Iterative Rational Krylov Algorithm ERCIN/ ANTOULAS/BEATTIE

Given admissible shifts, compute rational subspaces.

Solve reduced eigenvalue problem and use mirrored eigenvalues as new shifts.

Repeat until shifts converge.

Good initialization and general convergence proof open problems.
m Property preservation not guaranteed (e.g. asymptotic stability).

m Soft breakdowns (e.g. inadmissible shifts, cycling through local minimums) need to be treated.

TSIA: Two-Sided Iteration Algorithm [Xu/ZeNG 11]

m Solve Wilson conditions via fixed-point iteration.

m initial model/subspace?
m possibly slow convergence
m needs careful implementation for numerical stability [BENNER/KOHLER/S. '11]
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Parametric

-

Model Order Reduction (MOR)

Ho ® Lo-Optimality Conditions
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1. Motivation

2. Notation
3. Optimality Conditions
4. Implementation

5. Numerical Examples
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Notation

Parametric Setting

m Parametric linear time-invariant system:

of dimension n with parameter € M C R? .

pMOR
m Reduced-order model (ROM):
o {Em):?(t) = A()Z(t) + B(p)u(t),
g(t) = C(wa (),

of dimension 7 < n with parameter u € M C R%.
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: Notation
System Assumptions for Full- and Reduced-order Models

Full-order model (FOM) “uniformly nice”
m Yy € M: E(u) invertible.
m Yu € M: FOM asymptotically stable.
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Notation
System Assumptions for Full- and Reduced-order Models

Full-order model (FOM) “uniformly nice”

m Yy € M: E(u) invertible.
m Yy € M: FOM asymptotically stable.

ROM “uniformly nice and easy to handle”

m Yy € M: ROM asymptotically stable.

m Affine decompositions

ap
E(p) =) ek, A=) a;(u)4y,
i=1 g=1
. B N = N '] N
B(p) =) bu(w)Br, C(u) = a(u)Cr,
k=1 /=1

with continuous functions €;,a;, by, ¢e: M — R.
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Notation
Input-Output Behavior / Frequency-Domain

input-output behavior

104 T T T TT11T] T T T TTT1T] T

& —FOM =0

2

¢ 102 .

o

g 100 |- N

L= Lol Lol Lol L1
100 10" 102 103 104

frequency [rad/sec]
m Transfer function for s € C, u € M:

H(s, 1) = C(u)(sE(p) = A(w) "' B(p), (2(n, B, A, B, C))
~ ~ ~ —~ 1~ ~ ~ o~~~
H(s,p) = C(p)(sE(n) — A(n))  B(p), (E(w, B, A, B, C))
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Notation
Input-Output Behavior / Frequency-Domain

input-output behavior

104 T T T TT11T] T T T TTT1T]

& —FOM =0

a -~~~ ROM p =0

¢ 10?2 | N

o

g 100 |- N

L= Lol Lol Lol L1
100 10" 102 103 104

frequency [rad/sec]
m Transfer function for s € C, u € M:

H(s, 1) = C(u)(sE(p) = A(w) "' B(p), (2(n, B, A, B, C))
~ ~ ~ —~ 1~ ~ ~ o~~~
H(s,p) = C(p)(sE(p) — A(p)) B, (E(w, B, A, B, C))
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Notation
Input-Output Behavior / Frequency-Domain

input-output behavior

104 T T T TT11T] T T T TTT1T] T

& —FOM =0

2

¢ 102 .

o

g 100 |- N

L= Lol Lol Lol L1
100 10" 102 103 104

frequency [rad/sec]
m Transfer function for s € C, u € M:

H(s, 1) = C(u)(sE(p) = A(w) "' B(p), (2(n, B, A, B, C))
~ ~ ~ —~ 1~ ~ ~ o~~~
H(s,p) = C(p)(sE(n) — A(n))  B(p), (E(w, B, A, B, C))
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Notation
Input-Output Behavior / Frequency-Domain

input-output behavior

104 T T T TT11T] T T T TTT1T]

& —FOM =0

a -~~~ ROM p =0

¢ 10?2 | N

o

g 100 :

L= Lol Lol Lol L1
100 10" 102 103 104

frequency [rad/sec]
m Transfer function for s € C, u € M:

H(s,p) = C(p)(sE(p) — A() ™ B(n), (2(n, B, A, B, C))
—~ —~ ~ —~ —1 ~ ~ ~ o~~~
H(s.1) = C(u)(sE(w) — (i) B(p)- (S(u. B, A, B,C))
H(s, 1) = H(s, 1) — H(s, 1). (Ze (i, Ee, Ae, Be, Ce))
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Notation
The Error System X (u, Fe, Ae, Be, Ce) in Time-Domain

0 Al 0 E(n)
B0 = |5 Cely) = [C(w) ~Cl)
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b Notation
v Measuring the Input-Output Behavior

tion: Hz ® L2-norm [BAUR/BEATTIE/BENNER/GU
Given a transfer function H (s, pt) for a stable system X with parameter pu € M,
the Ho ® Lo-norm is defined as

2 2
[ oz, == | HH (5 )15, dpe-
M
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Notation
Measuring the Input-Output Behavior

Definition: H2 ® L2-norm [BAUR/BEATTIE/BENNER/GUGERCIN '11]

Given a transfer function H (s, pt) for a stable system X with parameter pu € M,
the Ho ® Lo-norm is defined as

2 2
1H 3,00, 2= [ (w5, du,

tr (C(p)P(w)C(w)") dp,

M
/
[ (BT BGw) an
M
m For p € M, P(u) and Q(p) are the solutions of

)

0=A(u)P(u)E()" + E(n)P(n)A(p)" + B(pn)B(u)",
= A(p)"Q(u)E(1) + E(n) Q) A(u) + C ()" C(p).
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Notation
Measuring the Input-Output Behavior

Definition: H2 ® L2-norm [BAUR/BEATTIE/BENNER/GUGERCIN '11]

Given a transfer function H (s, pt) for a stable system X with parameter pu € M,
the Ho ® Lo-norm is defined as

2 2
[ oz, == | HH (5 )15, dpe-

tr (C(p)P(w)C(w)") dp,
(B(w'Q(

tr

M
]\Z
/ 1)B(w)) dp.
M

m For p € M, P(u) and Q(p) are the solutions of

P(p) = lyap(u; A, E, B),
Q(p) = lyap(u; AT, ET,CT).
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Optimality Conditions

Optimization Problem

Optimization problem

Minimize ||Se (i, Ee, Ae, Be, Ce)l 5,0, -

~ o~ o~

with respect to all reduced-order matrices Ei,Aj,Bk, Cy.
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Optimality Conditions

Optimization Problem

Optimization problem

Minimize ||Se (i, Ee, Ae, Be, Ce)l 5,0, -

—Minimize J(5) = / il e e

~ o~ o~

with respect to all reduced-order matrices Ei,Aj,Bk, Cy.
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Optimality Conditions

Optimization Problem

Optimization problem

Minimize ||E€(ILL7 Ee7 Aea Be) Ce)||’2)-[2®ﬁ2 ’

=Minimize J(3) == / tr (Ce (1) Po (1) Ce(1)7) d,

with respect to all reduced-order matrices Ei,Aj,Bk, Cy.

m Solutions of Lyapunov equations:
Pe(/,t) = Iyap(u, Aea EEa Be)a

Qc(p) = lyap(p; AL, ET, CT).
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Optimality Conditions

Optimization Problem

Optimization problem

Minimize ||E€(ILL7 Ee7 Aea Be) Ce)||’2)-[2®ﬁ2 ’

=Minimize J(3) == / tr (Ce (1) Po (1) Ce(1)7) d,

with respect to all reduced-order matrices Ei,A\j Ek, @

m Solutions of Lyapunov equations:

P(p) ﬁ(ﬂ) B -
P Pw| = lyap(u; Ae, Ee, Be),
lgfﬁ %%] = lyap(u; AT, ET, CT).
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Optimality Conditions

First-Order Necessary Optimality Conditions [HuND/MLINARIC/S. '18]
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Optimality Conditions
First-Order Necessary Optimality Conditions [HuND/MLINARIC/S. '18]

fasu(
M

0= [ B Q"B + Q" Bw) k€ lag).
M
[ 2w (C6P - cPw) du r€ o)
M
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: Implementation
Basic Idea

m Optimization problem:

min f(x
min f(2),

for a differentiable function f: RY — R.

m Here: z is the vectorization of all reduced-order matrices, not the state!
m Given an initial value zq, the new iterate is obtained by

Th41 = Tk + OPk,

for a step length o, > 0, a search direction p, € RN and £k =0,1,.. ..

J. Saak, saakOnpi-magdeburg.mpg.de
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: Implementation
Basic Idea

m Optimization problem:

min f(x
min f(2),

for a differentiable function f: RY — R.

m Here: z is the vectorization of all reduced-order matrices, not the state!
m Given an initial value zq, the new iterate is obtained by

Th41 = Tk + OPk,

for a step length o, > 0, a search direction p, € RN and £k =0,1,.. ..
m Gradient descent: pr, = —V f(xx).
m Newton: py = —H, 'V f(xr), where Hy = V?f ().

m Quasi-Newton: py = —I;T,:1Vf(xk), where ﬁk is an approximation of
V2 f(xx) using Vf(x0), ..., Vf(zx).

J. Saak, saakOnpi-magdeburg.mpg.de
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: Implementation
Basic Idea

m Optimization problem:

min f(x
min f(2),

for a differentiable function f: RY — R.

m Here: z is the vectorization of all reduced-order matrices, not the state!
m Given an initial value zq, the new iterate is obtained by

Th41 = Tk + OPk,

for a step length o, > 0, a search direction p, € RN and £k =0,1,.. ..
m Gradient descent: pr, = —V f(xx).
m Newton: py = —H, 'V f(xr), where Hy = V?f ().

m Quasi-Newton: py = —I;T,;1Vf(xk), where ﬁk is an approximation of
V2 f(xx) using Vf(x0), ..., Vf(zx). (here fminunc, GRANSO®)

Thttp://www.timmitchell.com/software/GRANSO/
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Implementation

Performance Optimization

m Surrogate objective function:

1Zelar, = / tr (Co() P (1) Cey)T) dp

= / tr (C(p) P()C(w)") dpp + / tr (C() P(u)C(w)T ) dp
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Implementation
Performance Optimization

m Surrogate objective function:

120, = / tr (Co() P (1) Cey)T) d
M

~ 12 —~ ~
= ee + B[, —2 [ o (COIPGICGWT) d
—_——— HaQLo
constant M
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: Implementation
Performance Optimization

m Surrogate objective function:

f@ =g, ~2 [ (ConPucT)

Ho®Lo
M

Large-sparse structured Lyapunov equation vs. small Lyapunov and skinny
Sylvester equations.
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: Implementation
Performance Optimization

m Surrogate objective function:

f@ =g, ~2 [ (ConPucT)

Ho®Lo
M

Large-sparse structured Lyapunov equation vs. small Lyapunov and skinny
Sylvester equations.
m Gradient computation
m Uses adaptive GauB-Kronrod quadrature (quadgk-+arrayfun).
m Requires (many) non-parametric small Lyapunov and skinny Sylvester
solutions.
m Caches p-evaluations to avoid re-solving matrix equations.
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: Implementation
Performance Optimization

m Surrogate objective function:

f@ =g, ~2 [ (ConPucT)

Ho®Lo
M

Large-sparse structured Lyapunov equation vs. small Lyapunov and skinny
Sylvester equations.
m Gradient computation
m Uses adaptive GauB-Kronrod quadrature (quadgk-+arrayfun).
m Requires (many) non-parametric small Lyapunov and skinny Sylvester
solutions.
m Caches p-evaluations to avoid re-solving matrix equations.

m Preservation of asymptotic stability

= OQ.
Ho®Lo

= Use a chebfun for largest real part of A(A(y), E(y)) for fast evaluation.

= 3 unstable for any p = Hf)‘
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Initialization: pIRKA-like [BAUR/BEATTIE/BENNER/

A Implementation

\I'

m Piecewise Ho-optimal interpolatory parametric MOR.
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Implementation
Initialization: pIRKA-like [BAUR/BEATTIE/ BENNER/GUGERCIN '11]

m Piecewise Ho-optimal interpolatory parametric MOR.

m Assumption: FOM has affine decomposable matrices.
Y(u, E, A, B,C)
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: Implementation
Initialization: pIRKA-like [BAUR/BEATTIE/ BENNER/GUGERCIN '11]

m Piecewise Ho-optimal interpolatory parametric MOR.

m Assumption: FOM has affine decomposable matrices.

Y(u, E, A, B,C)
n=p1 / \f‘« = Hps Ps parameter samples
E(M17E’A7B7C) E(MPS7EaAanc)
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Implementation
Initialization: pIRKA-like [BAUR/BEATTIE/ BENNER/GUGERCIN '11]

m Piecewise Ho-optimal interpolatory parametric MOR.

m Assumption: FOM has affine decomposable matrices.

(i, E, A, B,C)
p=m N M ps parameter samples
S(u,E,A,B,C) -+ X(up., E, A, B,C)
l l Ho-optimal MOR using IRKA

~ ~

S, E,A,B,C) - S(u,,E, A B,C)
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Implementation

Initialization: pIRKA-like [BAUR/BEATTIE/ BENNER/GUGERCIN '11]

m Piecewise Ho-optimal interpolatory parametric MOR.
m Assumption: FOM has affine decomposable matrices.

Y(u, E, A, B,C)
p=m N M ps parameter samples
S(u,E,A,B,C) -+ X(up., E, A, B,C)
l i Ho-optimal MOR using IRKA
i(ul,E,A\,é,a) E(:upsv 7§76)
| i projection matrices
V, € RxTs V,. € R
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Implementation
Initialization: pIRKA-like [BAUR/BEATTIE/ BENNER/GUGERCIN '11]

m Piecewise Ho-optimal interpolatory parametric MOR.

m Assumption: FOM has affine decomposable matrices.

Y(u, E, A, B,C)

p=m N M ps parameter samples

S(u,E,A,B,C) -+ X(up., E, A, B,C)
l i Ho-optimal MOR using IRKA

i(ul,E,A\,é,a) E(:upsv 7§76)
| i projection matrices

Vi e R™*rs Vp, € RMXTs
~ e concatenate
V=[V ... V,]eR™"
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Implementation

Initialization: pIRKA-like [BAUR/BEATTIE/ BENNER/GUGERCIN '11]

m Piecewise Ho-optimal interpolatory parametric MOR.
m Assumption: FOM has affine decomposable matrices.

Y(u, E, A, B,C)

p=m N M ps parameter samples

S(u,E,A,B,C) -+ X(up., E, A, B,C)
l l Ho-optimal MOR using IRKA

S(uy, E,A,B,C) + S(up..E,A B,C)
| | projection matrices

Vi e R™*rs Vp, € RMXTs
~ e concatenate
V=[V ... V,]eR™"

l project
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Numerical Examples

Parametric variant of Penzl's model [HUND/MITCHELL/MLINARIC/S. 19]

m Pointwise relative frequency response errors:

pIRKA GRANSO
100 100 1076
3 1077
2
g 50 50 1078
[
©
< 107°
1071
109 101 102 103 100 101 102 103
frequency w [rad/sec] frequency w [rad/sec]
ROM dimension: parameter samples: sample dimension:
12 3 6

Solution of matrix integral equations in PMOR
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: Numerical Examples
Synthetic Parametric Model [MORwWIKI']

s FOM:

Ei(t) = (A1 + pAs) 2(t) + Bu(t),

of dimension 1000 and parameter p € [0.1, 1].

input-output behavior

o 3 T T T T T T T
Ml
[=
[}
o
0
¢ 2
>
O
=
[
z 1|
L
- L] L]
100 10! 102 103

frequency [rad/sec]

Ihttp://modelreduction.org
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: Numerical Examples
Synthetic Parametric Model [MORwWIKI']

s FOM:

Ei(t) = (A1 + pAs) 2(t) + Bu(t),

of dimension 1000 and parameter p € [0.1, 1].

input-output behavior

) 3 T T 1717 T T 1717
2 —pn=0.1
[}
o
I
¢ 2
>
0
c
9]
T 1
L
- Ll Ll
10° 10t 102 103

frequency [rad/sec]

Ihttp://modelreduction.org

J. Saak, saak@mpi-magdeburg.mpg.de Solution of matrix integral equations in P!


http://modelreduction.org
saak@mpi-magdeburg.mpg.de

Numerical Examples
Synthetic Parametric Model [MORwWIKI']

s FOM:

Ei(t) = (A1 + pAs) z(t) + Bu(t),
of dimension 1000 and parameter p € [0.1, 1].

.MOR

Ba(t) = (Al n Mjg)af(t) + Bu(t),
i(t) = Ca(t),

= ROM:

of dimension 16 (p; = 4,rs = 4) = N = 800 optimization variables.

Ihttp://modelreduction.org
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Numerical Examples
Synthetic Parametric Model [MORwIKI]

12
m Initial guess: HH—H’ =1.7-10%
H2@Ls —_FOM--- ROM
6 T \\\\‘ T T \\\\\‘ 1 1 T
Al
[ ’ ) A
M - 01 | 4 . \\‘ — ! \\ /I \\ l’\\ ,l/\\ IAA_}
il ~ A BRI Bl L LY
g 100 10! 102 103
c
8_3 T T T T \\\\‘ T T T \\\\\‘ T T T T T T 171
8 —
p=10.5 >2F T
c
g 1L L L LT
g 100 10! 102 103
=
3 T \\\\‘ \\\\\‘ T T T 171
ﬂ:l 2
1Lk Ll | L |7
10° 10t 102 103

frequency [rad/sec]
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Numerical Examples
Synthetic Parametric Model

[MORwIKI]
2
® Result: HH — HH =1.7-1073.
Ha@L2 — _FOM- - - ROM
6 T T 171 \‘ T T 171 \‘ 1 1 1 T
pw=0.1 i h
—‘x L Ll | \‘ L L1
g 100 10! 102 103
c
8_ 3 T T T T T 171 \‘ T T T 171 \‘ T T T T T 1 17
¢
n=20.5 > 2 = :
c
g 1L L s L LT
g 100 10! 102 103
E
3 T T 171 \‘ T T 171 \‘ T T 1 17
w=1 2 | o
1Lk Ll | LT
100 10! 102 103

frequency [rad/sec]
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Numerical Examples

Synthetic Parametric Model [MORwWIKI']

m Pointwise relative frequency response errors: | —
initial result
H = 01 10—3 - ]
10_6 (| L] L1l
_ 100 10! 102 103
e
é — 100 = T T T T 1] T T T T 1] T T T H
(oS
n = 0.5 113103 ﬂ
IE
é 10-6 ! L] ! L ! L
B 10° 10! 102 103
100 F T T T/
/»L - 1 10—3 = |
10—6 L L L L I ‘ L L L L I L L L L1
100 10! 102 103

frequency w [rad/sec]

Solution of matrix integral equatiol

J. Saak, saakOnpi-magdeburg.mpg.de


saak@mpi-magdeburg.mpg.de

Numerical Examples
[MORwWIKI']

Synthetic Parametric Model

m Pointwise relative frequency response errors:

Initial guess Result

parameter

10° 10t 102 103 10° 10* 102 103

frequency w [rad/sec] frequency w [rad/sec]

ROM dimension: parameter samples: sample dimension:
16 4 4
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Numerical Examples

Synthetic Parametric Model [MORwIKI]

m Relative Hs-error as a function of p.

initial result

parameter p
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’\4}!@ Conclusions and Outlook

What we have seen

m Ho ® Lo-optimality conditions for parametric systems.
m Derivation of a quasi-Newton-based algorithm.
m Implementation of the Hy ® Lo-framework.
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Q&@ Conclusions and Outlook

What we have seen

m Hy ® Lo-optimality conditions for parametric systems.
m Derivation of a quasi-Newton-based algorithm.

m Implementation of the Hy ® Lo-framework.

Further steps

m Extend implementation to u € M = R? for d > 1.

m Investigate different combinations of Hardy and Lebesgue norm (Hs ® Lo,
Mo @ La, Hise ® L))

m Tangential interpolation-based optimality conditions.
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[Thank you for your attention!]
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