Abstract il]-

Riccati-Based Boundary Feedback Stabilization of Multi-Field Flow
Problems

We present recent progress in the numerical realization for boundary
feedback stabilization for Navier-Stokes equations. Therefor, we will
explain how the projection idea of [HEINKENSCHLOSS/SORENSEN/SUN
'05] can be used to apply the approach of Raymond [RAYMOND '06] for
boundary feedback stabilization of (Navier-)Stokes equations. To this
end, we will illustrate details about the arising nested iteration and how
we treat the connected technical difficulties.

Furthermore, we will introduce a more complicated application, namely
the boundary feedback stabilization of a coupled system of Navier-Stokes
equations and a diffusion-convection equation that describes the spread
of a concentration within the flow field. We will point out the system
structure and the analogies to the pure Navier-Stokes system.
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Problem Setting
®0

Problem Setting

Test-Scenarios: NSE on von Karman Vortex Street
PDE: NSE

Goal: Z=vV—-w—0

Minimize
~~ Linearized Navier-Stokes equations: 1 [ 1
e T =3 [ AP+ ol e
E—EAE+(Z-V)W+(W~V)Z+Vp:0 s.t.

P M 0|d|z A G|z B
divZ=0 a1%(
. ﬁ o oflel=ler ol)+[cle
defined for t € (0,00) and X € Q
|+ boundary and initial conditions y(t) = Cz(t)

Domain Q: von Kdrmdn vortex street
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Problem Setting
oe

Problem Setting

Test-Scenarios: NSE Coupled with DCE in Reactor Model
PDE: NSE+DCE ¥ Domain Q: Reactor Model

Goal: Z:V—VV—>07C:C(V)_C(
~~ Linearized coupled system:

02 1 A34 (2-V)@+ (% V)2+Vp=0

9t Re

9c 1 7 7. )P

a5 RescAc+(W V)c+(Z- V)™ =0
divz=0

(defined for t € (0,00),X € Q2 and some BC,IC | |

Minimize 1 o .
Jy,u:f/)\y2+fu2dt
: (y,u) 2/, [yll pl\ I
™, 0 o K A, 0 G] [z B
0 M. O pm cl=|1R A O c|+|0fu
o o o 9|p GT o ol |p 0

Riccati-Based Boundary Feedback Stabilization of Multi-Field Flow Problems

5/14 E. Bansch, P. Benner, J. Saak, M. Stoll, H. K. Weichelt, St. Weller



Problem Setting
oe

Problem Setting

Test-Scenarios: NSE Coupled with DEpYelsllReactor Model
PDE: NSE+DCE Sl EIQABI®=NAin (): Reactor Model

Goal: Z=vV—w > 0,c=c" —c™ 50
~~ Linearized coupled system:

02 1 A34 (2-V)@+ (% V)2+Vp=0

9t Re

9c _ _1 r 7. 7)) —

Fv ReSCAc+(W-V)c+(z-V)C =0
divz=0

(defined for t € (0,00),X € Q2 and some BC,IC | |
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o o o 9|p GT o ol |p 0
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Problem Setting
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Problem Setting
Test-Scenarios: NSE Coupled with DCE in Reactor Model

PDE: NSE+DCE ¥ Domain : Reactor Model

Goal: Z=vV—w > 0,c=c" —c™ 0
~~ Linearized coupled system:
0z 1
— ——AZ+(Z-Vw+(w-V)Z4+Vp=0
Ot Re
o L TN

gc 1 - -
ot ReSCAc+(W V)c+ (Z-V)c 0

divz=0
(defined for t € (0,00),X € Q2 and some BC,IC |

Minimize 1 o .
T =3 [ AP+ 2ol
0 p
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Workflow
o

Workflow

LQR for Nonlinear PDEs with Algebraic Constraints

Continuous Level

e Linearize around a given stationary
trajectory.

e Index reduction via projection
method. [HEINKENSCHLOSS / SORENSEN /SUN '08]

e Formulate stabilization problem for
the perturbation.

~
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Workflow
o

Workflow

LQR for Nonlinear PDEs with Algebraic Constraints

Continuous Level

e Linearize around a given stationary
trajectory.

e Index reduction via projection
method. [HEINKENSCHLOSS / SORENSEN /SUN '08]

e Formulate stabilization problem for
the perturbation.

~

Semi-Discretized Level ~

e Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

e Construct and assemble suitable
input and output operators.

e Adapt Newton-ADI approach to

deal with projection.
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trajectory.
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the perturbation.
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Semi-Discretized Level ~

e Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

e Construct and assemble suitable
input and output operators.

e Adapt Newton-ADI approach to

J

deal with projection.

K_/Y\J

e Find feedback matrix K depending on cost functional and projected ODE.
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Workflow
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Workflow

LQR for Nonlinear PDEs with Algebraic Constraints

Continuous Level

e Linearize around a given stationary
trajectory.

e Index reduction via projection
method. [HEINKENSCHLOSS / SORENSEN /SUN '08]

e Formulate stabilization problem for
the perturbation.

~

J

Semi-Discretized Level

e Discretization via inf-sup stable FE
(Taylor-Hood-Elements).

~

e Construct and assemble suitable
input and output operators.

e Adapt Newton-ADI approach to

deal with projection.

K_/Y\J

e Find feedback matrix K depending on cost functional and projected ODE.

Closed-Loop Simulation

l

e Apply feedback I within NAVIER.

e Optimize cost functional design to improve

simulation results.
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LQR for Nonlinear PDEs with Algebraic Constraints
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e Linearize around a given stationary e Discretization via inf-sup stable FE
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e Apply feedback K within NAVIER.

e Optimize cost functional design to improve
simulation results.
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Workflow
L]

Workflow

Leray Projection

Continuous Level Semi-Discretized Level OCIP 2012
p - (L2(Rd)d) N Hdivo(Rd) [HEINKENSCHLOSS/SORENSEN/SUN ’08]
To compute Vyy,, solve for given v Index reduction idea for

Vi + Vp =7, Lyapunov-solver:
div ¥, = 0. o’ =1-mM716(G"M1G)GT.
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Leray Projection

Continuous Level Semi-Discretized Level
p - (L2(Rd)d) N Hdivo(Rd) [HEINKENSCHLOSS/SORENSEN/SUN ’08]
To compute Vy;,, solve for given v Index reduction idea for
Vi + Vp =7, Lyapunov-solver:
div vy, = 0. nm.=1-M16(G"TM1G)1GT.

w+Vp=1v M G| [w]  [Mv
divw =0 GT 0 -
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Leray Projection

Continuous Level Semi-Discretized Level
p - (L2(Rd)d) N Hdivo(Rd) [HEINKENSCHLOSS/SORENSEN/SUN ’08]
To compute Vy;,, solve for given v Index reduction idea for
Vi + Vp =7, Lyapunov-solver:
div vy, = 0. nm.=1-M16(G"TM1G)1GT.

0
Mw + Gp = Mv

W+ Vp=7 {l\/l G} m _ [Mv}
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Leray Projection

Semi-Discretized Level

Continuous Level
p - (L2(Rd)d) N Hdivo(Rd) [HEINKENSCHLOSS/SORENSEN/SUN ’08]
To compute Vyj,, solve for given v Index reduction idea for
Vi + Vp =7, Lyapunov-solver:
div ¥, = 0. o’ =1-mM716(G"M1G)GT.

W+ Vp=7 {l\/l G} m _ [Mv}
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Problem Settin, Workflow r Conclusion
0080 s [ele}

Workflow I ﬂ]‘

Nested Iteration

Compute feedback matrix K = B XM with X solves:
R(X)=CTCH+ AT XM+ MTXA—~ MTXBB"XM =0

Newton Kleinman method
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1 Setting Workflow
0080

VWorkrow

Nested Iteration

Compute feedback matrix K = B XM with X solves:
R(X)=C"C+ AT XM+ MTXA—- MTXBB" XM =0

Step m + 1: solve Lyapunov equation
(A — BT XM AL 4 MTXD (A - B = —(w(m) Tp(m)

Newton Kleinman method
low rank ADI method
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Workflow
L]

Workflow

Nested Iteration

Compute feedback matrix K = B XM with X solves:
R(X)=CTCH+ AT XM+ MTXA—~ MTXBB"XM =0

Step m + 1: solve Lyapunov equation

Step i: solve the projected linear system
(A=BKM™ 4 g M)TVi=Y (1)

Newton Kleinman method
low rank ADI method

Krylov solver
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1 Setting Workflow
0080

VWorkrow

Nested Iteration

Compute feedback matrix K = B XM with X solves:
R(X)=CTCH+ AT XM+ MTXA—~ MTXBB"XM =0

Step m + 1: solve Lyapunov equation
(A — BT XM AL 4 MTXD (A - B = —(w(m) Tp(m)

Step i: solve the projected linear system
(A=BKM™ 4 g M)TVi=Y (1)

Avoid explicit projection using [HEINKENSCHLOSS/SORENSEN/SUN '08]:

Newton Kleinman method
low rank ADI method

Krylov solver
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Setting Workflow
0080

VWorkrow

Nested Iteration

Compute feedback matrix K = B XM with X solves:
R(X)=CTCH+ AT XM+ MTXA—~ MTXBB"XM =0

Step m + 1: solve Lyapunov equation
(A — BT XM AL 4 MTXD (A - B = —(w(m) Tp(m)

Step i: solve the projected linear system

(A=BKM™ 4 g M)TVi=Y (1)

Avoid explicit projection using [HEINKENSCHLOSS/SORENSEN/SUN '08]:
Replace (1) and solve instead the saddle point system (SPS)

AT —(KMTBT - gMT G| [Vi] _[Y
GT o || |0

low rank ADI method

Newton Kleinman method
Krylov solver

for different ADI shifts g; for a couple of rhs Y.
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Workflow
°

Workflow

Additional Tasks

@ Compute initial feedback for unstable systems.

< Determine the invariant unstable subspace U/.
— Solve Bernoulli equation on I/ [BENNER '11, AMODEI/BUCHOT '12].
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°

Workflow

Additional Tasks

@ Compute initial feedback for unstable systems.

< Determine the invariant unstable subspace U/.
— Solve Bernoulli equation on I/ [BENNER '11, AMODEI/BUCHOT '12].

@ Derive an efficient variant of large-scale Newton-ADI.
— Preprint SPP1253-090 [BENNER/SAAK '10].
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Workflow

Additional Tasks

@ Compute initial feedback for unstable systems.

< Determine the invariant unstable subspace U/.
— Solve Bernoulli equation on I/ [BENNER '11, AMODEI/BUCHOT '12].

@ Derive an efficient variant of large-scale Newton-ADI.
— Preprint SPP1253-090 [BENNER/SAAK '10].

@ Calculate ADI shift parameters depending on the problem structure.

< Different methods have been tested (Penzl, Wachspress, Saak).
— Infinite eigenvalues of DAE pencil yield additional difficulties.
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Workflow

Additional Tasks

@ Compute initial feedback for unstable systems.

< Determine the invariant unstable subspace U/.
— Solve Bernoulli equation on I/ [BENNER '11, AMODEI/BUCHOT '12].

@ Derive an efficient variant of large-scale Newton-ADI.
— Preprint SPP1253-090 [BENNER/SAAK '10].

@ Calculate ADI shift parameters depending on the problem structure.

< Different methods have been tested (Penzl, Wachspress, Saak).
— Infinite eigenvalues of DAE pencil yield additional difficulties.

@ Preconditioned iterative solvers for innermost saddle point systems.
— Preprint SPP1253-130 for Stokes equations
[BENNER/SAAK/STOLL/W. '12].
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Workflow
°

Workflow

Additional Tasks

@ Compute initial feedback for unstable systems.

< Determine the invariant unstable subspace U/.
— Solve Bernoulli equation on I/ [BENNER '11, AMODEI/BUCHOT '12].

@ Derive an efficient variant of large-scale Newton-ADI.
— Preprint SPP1253-090 [BENNER/SAAK '10].

@ Calculate ADI shift parameters depending on the problem structure.

< Different methods have been tested (Penzl, Wachspress, Saak).
— Infinite eigenvalues of DAE pencil yield additional difficulties.

@ Preconditioned iterative solvers for innermost saddle point systems.

— Preprint SPP1253-130 for Stokes equations
[BENNER/SAAK/STOLL/W. '12].

@ Parameter influence observation during the nested iteration.
< 3 stopping criteria, Reynolds & Schmidt number, ADI shifts,
regularization parameters in cost functional.
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— Solve Bernoulli equation on I/ [BENNER '11, AMODEI/BUCHOT '12].

@|Derive an efficient variant of large-scale Newton-ADI.
— Preprint SPP1253-090 [BENNER/SAAK '10].

o | Calculate ADI shift parameters depending on the problem structure.
< Different methods have been tested (Penzl, Wachspress, Saak).
— Infinite eigenvalues of DAE pencil yield additional difficulties.

@) Preconditioned iterative solvers for innermost saddle point systems.

— Preprint SPP1253-130 for Stokes equations
[BENNER/SAAK/STOLL/W. '12].

@ Parameter influence observation during the nested iteration.
< 3 stopping criteria, Reynolds & Schmidt number, ADI shifts,
regularization parameters in cost functional.
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Newton-ADI: NSE on von Kiarman Vortex Street
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Newton step m
Relative change of feedback matrix K for different Reynolds numbers (A = p = 1).
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Relative change of feedback matrix K for different Reynolds numbers (A = p = 1).
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Eigenvalue Behavior of NSE on von Kiarman Vortex Street
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Eigenvalue Behavior of NSE on von Kiarman Vortex Street
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Eigenvalue Behavior of NSE on von Kiarman Vortex Street
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Eigenvalue Behavior of NSE on von Kiarman Vortex Street

Zoom into eigenvalues for NSE pencil for: Re 500
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Closed-Loop Simulation of NSE on von Karman Vortex Street for Re = 300
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Conclusion

@ Adapt Newton-ADI algorithm and ADI shift determination for flow
problems (DAE structure).

@ Improved input matrix B w.r.t. Raymond's analytic approach.
@ Closed-loop simulation for NSE.

@ Adapted method to coupled flow in reactor model.

@ Developed suitable output matrix C for reactor model.

@ Improve idea of inexact Newton to threefold nested iteration.

@ Residual based stopping criteria for feedback computation.

@ Closed-loop simulation of coupled flow in reactor model.

@ Improve Krylov solver via the use of recycling or block techniques.
°

Non-conforming finite elements that guarantee div v = 0.

— MPI Preprint: [BENNER/SAAK/SCHIEWECK/SKRZYPACZ/W. '12]
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