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Finite difference methods

I | |
| I I
Ik.

@ Main benefits
o Simple to implement and fast
o Explicit in time
e Strong theory
@ Main problem
o Simple local approximation and geometric flexibility are not
agreeable
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Finite volume methods
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The local approximation is a cell average

Xk+1/2
_ pkrk
/XH/2 up(x)dx = h*u
@ Main benefits
o Robust and fast due to locality
o Complex geometries
o Well suited for conservation laws
o Explicit in time
@ Main problem
o Inability to archive high-order accuracy on general grids
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Finite element methos

We begin by splitting the solution into elements as

| I |
The solution is defined in a nonlocal manner

N
up(x) =Y ukgk(x)
k=1

@ Main benefits
o Higher-order accuracy and complex geometries can be
combined
@ Main problem
o Implicit in time
o Not well suited for problems with direction
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Motiviation
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Summary
Complex Higher-order accuracy Local mass
geometries and hp-adaptivity Conservation
FDM X v v
FVM v X v
FEM v v X
DG v v v

What we need is a scheme that combines
@ The local-higher order/flexible element of FEM
@ The local statement on the equation for FVM
These are exactly the components of the

Discontinuous Galerkin Finite Element Method
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Implementation

Discontinuous Galerkin Methods

DG is a class of FEMs which use discontinuous functions as
the solution (and the test functions)
@ Pros:
o Flexibility for approximation order and complex meshes
o Local conservation of physical quantities such as mass,
momentum, and energy
o Increase of the robustness and accuracy
o Facilitation of parallelization
@ Cons:

o Large number of degrees of freedom
o lll-conditioning and denser global matrix with increasing
approximation order
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Elliptic Equations

@ Elliptic Equations
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Elliptic Equations

Model Problem

@ Let Q c R? be a bounded open polygonal domain,
@ Consider the following model problem

—div(eVu(x)) + au(x) = f(x) xeQ,
u(x)=go(x)  xelp,
8u(x)

T an(x) X elp,

where I =TpUTly.

o fel?(Q), gpec H?(p), gn € L?(Ty) and ¢ is symmetric
and positive definite.
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Convection-diffus ons
Implementation

DG Discretization

o Let {7}, be a partition of a domain Q with the conformity
and shape regularity

@ Let &} be the set of all edges and the interior edges,
Dirichlet and Neumann boundary edges are denoted by
&0, 7P, 67N, respectively

@ An element and an edge are denoted by K and E,
respectively

@ Let |K| denote the area of triangle K and |E| denote the
length of edge E

Max Planck Institute Magdeburg H. Yucel, Introduction to DG-FEMs ~ 11/39



Elliptic Equations

DG Discretization

The solution is represented as
Ne/ Nloc .
u(x)= Y. Y uom(x)

m=1j=1

Ng;: Number of elements
Njoe = PP jocal dimension with p approximation order
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on
Elliptic Equations

DG Discretization

The solution is represented as

Ne/ N/oc .
u(x) =Y. Y uom(x)

m=1j=1
Ng;: Number of elements
Njoe = PP jocal dimension with p approximation order
Basic idea behind the construction of DGFEMs: Replace
integration-by-parts over by:

@ element-wise integration-by-parts, and

@ summing such formula over the elements in the finite

element partition of the domain.

H. Yiicel, Introduction to DG-FEMs ~ 12/39



Elliptic Equations

DG Discretization-One Dimension

k+1

A4
(We have multiple solutions and we need to pick one !]

@ The jump operator [v]x, = v (Xk) — vy, (Xk)
@ The average operator {v}x, = %(vlk(xk) + V., (X))
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Elliptic Equations

DG Discretization-Two Dimensions

ne

@ Scalar functions y

Il = (ylke —Ylke)ne, {yh= —(y!KE +¥lge)-
@ Vector field Vy
[Vyl = (Vylxe = Vylke) ne {(Vy}} = (VyIKE +Vylke)-
H. Yucel, Introduction to DG-FEMs  14/39



Elliptic Equations

DG Solution

The DG finite element spaces on %,

V= Up={up e L3(Q) | ulx € Pp(E), VK € T}

DG approximation of the solution

Find un € Vj, such that

an(Un,vn) = I(v),  VYvhe Vh(Q).
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Elliptic Equations

Interior Penalty Galerkin Methods

ap(u,v) = Y, /sVu-Vvdx+ Y /ocuvdx

KeﬂhK KG%K
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Elliptic Equations

Interior Penalty Galerkin Methods

ap(u,v) = Y, /sVu-Vvdx+ Y /ocuvdx
KETh KETh i

-y / {evul-[v] ds

EcsdusiP e
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Elliptic Equations

Interior Penalty Galerkin Methods

ap(u,v) = Y, /sVu-Vvdx+ Y /ocuvdx

KeﬂhK KG%K

/ {evul-[V] ds+ K / {evv)-[u] ds

Eeg%gw Eeg%gw
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Elliptic Equations

Interior Penalty Galerkin Methods

ap(u,v) = Y, /sVu-Vvdx+ Y /ocuvdx

KeﬂhK KeﬁhK

/ {evul-[V] ds+ K / {evv)-[u] ds

Eeg%gw Eeff%gw

_l’_

/ [u]-[V] ds

Eegougao ’E’ﬁ
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Elliptic Equations

Interior Penalty Galerkin Methods

ap(u,v) = Y, /sVu-Vvdx+ Y /ocuvdx
Kez,K KETh i

/ {evul-[V] ds+ K / {evv)-[u] ds

Eeg‘) &P E Eeé”OU@@aD

+ / [u] - [v] ds

Eeé”‘%é’"” ’E

with o penalty parameter and fy superpenalization parameter.
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Motiviation
Elliptic Equations

Convection-diffusion Equations
Implementation

Interior Penalty Galerkin Methods

ap(u,v) = Y, /sVu-Vvdx+ Y /ocuvdx

Ke, KeZ,

K K
/ {evul-[V] ds+ K / {evv)-[u] ds
Eeg%gw Eegou@@w
+ [ull - [v] ds
. £ /

with o penalty parameter and fy superpenalization parameter.

o if k =—1, SIPG, i.e., symmetric interior penalty Galerkin,
o if k =1, NIPG, i.e., nonsymmetric interior penalty Galerkin,
e if k=0, lIPG, i.e., incomplete interior penalty Galerkin.

Max Planck Institute Magdeburg H. Yucel, Introduction to DG-FEMs ~ 16/39



Elliptic Equations

Linear form

(V) = /fvdx+ y |E|ﬁ /gDn [v] ds

KETn Ee&)?

+c ¥ /gD{{er}} ds +

/ gnVv ds
EesPE

Eeé"’”
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Elliptic Equations

Properties of the DG methods

Method Cons. A.C. Stab. H' I2
Brezzi et al. [2000] v v v hP Pt
LDG [Cockburn-Shu,1998] v v v hP pPHl
CDG [Peraire-Persson,2008] v v v  hP pett
SIPG [Arnold 1982] v v v  hP pPt!
Bassi et al. [1997] v v v hP pPtl
NIPG [Riviere 1999] v X v hP hP
Babuska-Zlamal [1973] X X v P pPtl
Baumann-Oden (p = 1) [1999] v X X X X
Baumann-Oden (p > 2) [1999] v X X hP  hP
IIPG [Wheeler 2004] v x v hP hP

D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, Unified analysis of discontinuous Galerkin methods for elliptic

problems, 2002.
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Convection-diffusion Equations

e Convection-diffusion Equations
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Convection-diffusion Equations

Model Problem

@ Consider the following convection-diffusion equation

—eAu(x)+p-Vu(x)+au

flx)  xeq,
gD(X) X e FD,

X)
X)
)

(X) X € FN,

where T =TpUTly.

o fel%(Q), gpe HY3(Tp), gn € L2(Tw), B € (W'=())%,
o e L*(Q)
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Convection-diffusion Equations

@ The boundary edges are decomposed into the inflow and
outflow edges;

~={xedQ: B-n(x) <0},
M ={xeadQ: B-n(x)>0}
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Convection-diffusion Equations

@ The boundary edges are decomposed into the inflow and
outflow edges;

~={xedQ: B-n(x) <0},
M ={xeadQ: B-n(x)>0}

@ We use upwind-discretization to discretize convection term

u—{ Uk it B-ne <0, ge—{ Ul i B-me<0,
" | Ulge, if B-ng>0, “\ ulgr, if B-ng>0.
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Convection-diffusion Equations

(Bilinear Form

ap(u,v) = Y, /eVu-Vvdx
KG%K

/ eVl -[v] ds+ x / {evv) - [u] ds
60 ¢

Eeg,g’ug,fD E Eego
ull-[v] ds -Vuv +auv dx
. BD|E|ﬁ/[[11[[11 + L [pvurs
EFUEY e:%,K
+ ) / B-nu—uyvds— Y / B-nuv ds
KETh ok \r- KEh gk~

Max Planck Institute Magdeburg H. Yucel, Introduction to DG-FEMs ~ 22/39



Convection-diffusion Equations

Linear Form

h(v) = Y, /fvdx
KeﬂhK

+ _o¢ /gDn-[[v]] ds+x ) /gD{{er}} ds
o |E|Po
Ee&y E E

Ee&gP

-y / B-ngpvds+ Y /ngds.
E

KeTh yk“rr- EcsN
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Implementation

e Implementation
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Implementation

The Implementation Structure

Global Matrices and RHS Vector

]

|

Volume
Contributions

l

l

Face

Contributions

Local matrices on volume Local matrices

., on
interior faces

Max Planck Institute Magdeburg

Local matrices

on
boundary faces

H. Yiicel, Introduction to DG-FEMs  25/39



Implementation

Mapping between Physical and Reference Triangle

A A
F:K—>K
—_—
Ag
A Ay Ay
X x oo 3~
Fk{ 5 )= , x= Y xi0i(%9), y= ¥ x0i(X,9),
y y i=1 i=1
where

where By is an invertible matrix and by is a translation vector
K K
a a Xo—X|  X3—X ) ( Xy )
By = = s bk = .
K < & L ) ( e-vi vy-n ) KT

Max Planck Institute Magdeburg H. Yucel, Introduction to DG-FEMs
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Implementation

Local Matrices on Volume

For a fixed element K :
(DK)i,j:/KSV(])j,K'V‘Pi,KdX: (CK)i,j:/Kﬁ'V‘Pj,K‘Pi,KdX» (RK)i,j=/Ka¢j,K¢i,KdX-

V1< i7j7§ Nloc~
After a change of variable with the mapping Fg,

(DK = 2IK] [ e(BR) ¥+ (BF) 1V o,
(Co)y = 2K| [ B-(BR) "V ox,
(R = 2IK| [ (@ Fio)déi ox.

The local right-hand side by are (bk); = [i f¢i k dx.
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Algorithm 1: Computing local contributions from element K
initialize D =0, Cxk =0, Rx =0
initialize the quadrature weights w and points s
loop over quadrature points : for k=1 to Ng do
compute determinant of By
for i=1to Ny, do
compute values of basis functions ¢; x(s(k))
compute derivatives of basis functions V; x(s(k))
end
compute global coordinates x of quadrature points s(k)
compute source function f(x)
for i=1 to Ny, do
for j=1 to Njyc do
Di(i.j) = D (i.j) + w(k)det(Bk)eV; k (s(k)) - Voy £(s(K))
Ck (i.f) = Ck(i.j) + w(k)det(Bx)B - Vo; k (s(k)) @i x (s(k))
(fK(iJ) = Rk (i,)) + w(k)det(Bk)agik(s(k))9;k (s(k))
en
bi (i) = by (i) + w(k)det(By)f(x)9; k (S(K))
end
end
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Implementation

Local matrices on faces-Diffusion Part

Let E € &9,

TD:,/E{gVuh.nE}[U]JrK/E{er~nE}[uh]+%/E[Uh][vl

1 K (of
11
(DE )/7f:_§‘/E£V¢j,K;—’nE¢I',KE ds+§/E£V¢i,K;—'nE¢]‘,Ké ds+W\/E¢j’K‘; (PLKQ ds,
(D22)--—1 EVO; 12 NEG: k2 AS— ~ | €V o NEG; 12 dS+ o [ 620, 0 ds
EJij= 5 Jg k2 " EQi K2 2 Je i,Kg EYj K2 |E|ﬁ0 £ J,KEYi.KE ¥
1 K ce
12
(DE)ij= —E/EEV%KE “NEY; 1 S — E/ESV‘P:',Kg “NEP; 2 S — W/E‘Pj,;(gﬁi,;(g ds.

1 K [of
21
(DE)ij=73 /ESV‘P/;K; NEY; 2 IS+ 5 /e EV0ike MEYjny O~ g /E¢j,Kg¢i7K§- ds.

Max Planck Institute Magdeburg H. Yucel, Introduction to DG-FEMs ~ 29/39



Implementation

Local matrices on faces-Convection Part

Te= Y B-n(uf—u)vds=ct +cZ+cl2+c2.
KETh gK=\r-

By the upwind discretization [Lesaint,Raviert,1974-Reed,Hill,1973]

u— ] Ul if B-ne <0, ye— | Ulke, if B-nE<O,
"~ | Ulke, if B-ne>0, “\ ulgr, if B-ng>0.

The local matrices: VE € (5’,? satisfying B - ng <0,
(Cthij= —/Eﬂ NER; i1 B 1. (CH)ij= /Eﬁ "NEY; k29, k1

and VE € & satisfying - ng >0,

022:—/ -n 2 (0 021 :/ -n 10 2.
( E )I,j Eﬁ E(P]’KE(PI’KE, ( E )I,j Eﬁ E(P/’KE(PI’KE
H. Yiicel, Introduction to DG-FEMs ~ 30/39



Implementation

Algorithm 2: Computing local contributions from interior edges

initialize D' = D2 = D}2 = D2' =0,CL' =C¥ =C2=C2' =0

initialize the quadrature weights w and the points s on [—1,1

compute edge length |E|, normal vector ng

get face neighbors K and K2

loop over quadrature points: for k=1 to Ng do
compute local coordinates ss1 on K,‘:- and ss2 on KE of quadrature point s(k)
fori=1to Njo¢ do

compute values of basis functions ¢’=K11_= (s(k)) and ¢i,KE-(SS1)

compute derivatives of basis functions VO, 41 (s(k)) and VO, 42 (ss2)
3 "E
end

for i=1to Ny do
for j=1to Njyc do

DE'(ij) = DE(i)~05W(K) El0; 1 (SUN(V 1 (5K))-e)
DE'(ij) = DE (i) +0.5ew()Elg 1 (S(K))(V, 1 (5(K)) )
DE () = D‘E‘u,/)—ﬁw(k)|Ew>,.,Ké(s(k)»,,Ké(s(k))
DEL) = DF (1) +O05W(KIEIG i (SUN(VY, o (SK)) )
Dg'ij) = DR +0.5ew(k)|EI9; o1 (S(0)(V0; 2 (s(K)) <)
4y P (o2
D2 (ij) = D%‘(IJ)—WW(k)\EM,.AKE(S(k))¢,.,Kl1E(S(k))
end
end
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Implementation

if face is influx face do
for i=1 to Ny, do
for j=1to Nj,c do

CH(ij) = CF;‘(L/’)—W(k)IE\B~n¢,-,K;(S(k))¢,-,K;E(S(k))
CE() = Céz(i7/')+W(k)|E|ﬁ~n¢,,Kg(S(k))¢,-,Ké(S(k))
end
end

else if face is outflux face do
for i=1 to Ny, do
for j=1 to Nj,c do

CE(i) = C]fl-z(i,/)—W(k)|E|B~n¢,-,Kg(S(k))¢,-,Kg_(S(k))
CE'(i)) = CE‘(i,j)JrW(k)\Elﬁ~n¢;,Kg(S(k))¢,,Kg(S(k))
end
end
end
end

Max Planck Institute Magdeburg H. Yucel, Introduction to DG-FEMs
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Implementation

Volume Contributions

Algorithm 3: Volume Contributions
initialize k=0
loop over the elements: for k=1 to Ng do
compute local matrices Dk, , Ck,, Rk, and by,
for i=1 to Ng do
ie=i+k
for j=1 to Ng do
je=j+k
Dgiobai(i€,je) = Dgiovai(ie, j&) + Dk(i,J)
Cyiobal(ie; j€) = Cgyiopai(i€,je) + Ck(i,J)
Ragiobai(ie,je) = Rgiobai(ie, j€) + Rk(i,))
end
bglobal(ie) = bglobal(ie) + bEk (’)
k=k+Nloc
end
end

Max Planck Institute Magdeburg
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Implementation

Face Contributions

Algorithm 4: Face Contributions
loop over the edges: for k=1 to N do

get face neighbors K}l and K2
if face is an interior face do
compute local matrices D', D22, D}2, D21, ¢}', ¢22, c}2, ¢!
assemble D} and C}" contributions:
fori=1to Njoc do
ie =i+ (K} —1)Npe
for j=1to Ny do
I'e:f‘*'(K;: = 1)Njoe
Dglabal(ievje) = Dglabal(ievje) + D;1(1 ()]
gglobal(ievje) = Cglobal(iev/‘e)+ C;(1 (i)
en

end
assemble D2' and C2' contributions:
fori=1to Njoc do
ie =i+ (K2 —1)Nipe
for j=1to Ny do
je=j+ (K;J = 1)Njog
Dgjopai(ie,je) = Dgiopai (/€. je) + D;%1 (i)
Cotoalie.je) = Caloba(ie.je) + CF' (i.))
end
end
end

end

Max Planck Institute Magdeburg

H. Yicel, Introduction to DG-FEMs
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Implementation

Matlab Implementation

@ Goal: Faster program with less memory storage
@ Problem: the number of loops

@ Solution:

o Sparse Matrix structure
e Vectorization coding style
o Multiple matrix multiplications (MULTIPROD)
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Motiviation
Elliptic Equations

Convection-diffusion Equations
Implementation

Multiple matrix multiplications (MULTIPROD)

@ Generalization for N-D arrays of the MATLAB matrix
multiplication operator (*)

@ Perform any kind of multiple scalar-by-matrix or matrix
multiplication:

o Arrays of scalars by arrays of scalars, vectors (*) or
matrices.

o Arrays of vectors (*) by arrays of scalars, vectors (*) or
matrices.

o Arrays of matrices by arrays of scalars, vectors (*) or
matrices.
(*) internally converted by MULTIPROD into row or column
matrices

P. d. Leva, MULTIPROD TOOLBOX, Multiple matrix multiplications, with array expansion enabled, University of
Rome Foro ltalico, Rome.
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Implementation

Example for MULTIPROD

@ Consider

% Building A and B
A =rand(2, 5);
B = rand(5, 3, 1000, 10);
% Multiplying A by all the matrices in B
fori=1:1000

forj=1:10

C(:,Lij) = A ™ B(:,Lih));

end

end

@ C = MULTIPROD(A, B),
@ Performance 380 times better.
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Implementation
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THANK YOU !
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