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Positive Operators and Stable
Truncation
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Abstract

We introduce a notion of balanced truncation for generalized Lyapunov opera-
tors and show that it preserves asymptotic stability. The proof relies on the theory
of positive mappings and a result by Hans Schneider. Applications of our result
can be found in model order reduction of stochastic linear systems.

Keywords. Lyapunov equation, positive operator, balanced truncation,
asymptotic stability.
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1 Introduction

In his inspiring paper [l], Positive Operators and an Inertia Theorem, Hans Schneider
pointed out a close relationship between inertia theorems for Lyapunov equations and
positive operators on the space of Hermitian matrices. Among other things, he showed
that Lyapunov’s matrix theorem can be extended to the case where a positive operator
is added to the Lyapunov operator (see Theorem 2.1). This result turned out to be fun-
damental e.g. for the analysis of linear stochastic systems, see [2]. In typical applications
it is interpreted as a criterion for a system to be asymptotically stable.
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There is another famous result involving the Lyapunov operator (see e.g. [3, 1]), which
plays an important role in model order reduction. For an asymptotically stable system
of linear ordinary differential equations it roughly says the following (see Theorem 2.2):
If the associated Lyapunov operator and its adjoint operator share a block diagonal
solution to a certain matrix inequality, then the projected subsystems corresponding to
the blocks are asymptotically stable.

It is immediate to formulate an analogous generalized statement for the case, where
a positive operator is added to the Lyapunov operator, that is for the class of operators
considered in [1]. This is done in Theorem 2.3, which is the main contribution of the
present paper. Its proof turns out to be slightly involved and requires some auxiliary
results, which are also interesting by themselves (see Section 3).

To a large extent, our investigations are motivated by the problem of model order
reduction for stochastic systems, see [5]. In the present paper, however, we omit the
discussion of stochastic aspects, since the problem is attractive also from the purely
linear algebraic point of view.

2 Setup and statement of the main result

Let H" ¢ K™™ (K = R or K = C) denote the real space of real or complex n x n
Hermitian matrices endowed with the Frobenius inner product (X, Y) = trace(XY).
By H} ={X ¢ H" | X > 0} we denote the closed convex cone of nonnegative definite
matrices and by int (Hﬁ) its interior, i.e. the open cone of positive definite matrices.
The cone H'} induces a partial ordering on H". We write X > Y, if X —Y € H"} and
X>Y,if X -Y €int (H7). If X,Y € H7, then (X,Y) > 0, where equality implies
XY =0.
For A € K™ we define the Lyapunov operator L4 : H" — H" by

La(X) = AX + XA, (1)

If N=(NO ... N®)isav-tuple of matrices NV € K™*" then let Iy : H™ — H" be
defined by

Iy(X) = Z NOX (N (2)

Note that the adjoint operators with respect to (-,-) are given by L% = L« and IT%, :
X = 3 (NOPXNO =Ty, if N* = (NW)*, . (N®)*).

If T is an arbitrary linear mapping on a finite dimensional K-vector space, then o(7")
denotes the spectrum, p(T) = max{|A[; A € o(T)} the spectral radius, and «(T) =
max{Re \; A € o(T")} the spectral abscissa. By C_ we denote the open left half complex
plane and by C_ its topological closure.

We now formulate a special version of Schneider’s result [1, Lemma 1] (or [0, 7]). For
IIx = 0 it is known as Lyapunov’s matrix theorem, e.g. [3].



Theorem 2.1 For L, Iy asin (1), (2), the following are equivalent.
(i) o(La+1Iy) CC_.

(i) o(L4) C C_ and p(L;'TIy) < 1.

(i) IY > 0:3X > 0: (L4 +TIx)(X) = -V

(iv) VY >0:3X > 0: (La+1IN)(X) =Y.

For simplicity, we call L4 + Iy stable if o(L4 + IIy) C C_. Note that o(L4) C C_
if and only if o(A) C C_.
From now on, we will assume A and NU) to be partitioned as

Ay A ) N(j) N(j) . )
A= and N = | 11 “T12 ith A1, Ny e K™ 3
[ Agr Az N9 N v o (3)

Naturally, we define L4,,, Iy, : H" — H" by

La,,(X)=AuX + XA, and Iy, (X) = Z Nl({)X(Nl({))* (4)

j=1

and call L£4,, + Iy, the truncated operator obtained from L4 + Ily.

In the context of model order reduction it is important to have criteria for the trun-
cated operators to be stable. If IIy = 0, such a criterion is given by the following result
from [3, 1] (see also [9]).

Theorem 2.2 Let A be as in (3) and assume that there ezists a block-diagonal matric
¥ = diag(Xq, X2) > 0 with X1 € R™" and (1) No(X2) =0, so that

LA2)<0 and La(X)<0 (5)
Then o(Ay;) C C_if o(A) C C_.

In view of Theorem 2.1 it is natural to ask, whether in Theorem 2.2 we can also replace
L4 by L4+ IIy. This leads us to our central result.

Theorem 2.3 Let A and N be as in (3), and assume that there exists a block diagonal
matriz ¥ = diag(31,Xs) > 0 with ;) € R™" and o(X;) No(Xe) =0, so that

Then J(EAH + HNH) cC_ ZfU(ﬁA + HN) c C_.

The proof of this theorem is provided in Section 4. It requires a number of auxiliary
results that are given in Section 3.



Remark 2.4 (i) If o(A) € C_, then (5) (with possibly o(31) No(X2) # 0) is always
satisfied after a suitable similarity transformation of A. In this case, we call the
matriz A or the operator L4 balanced. More commonly, if La(X) = —BB* and
La+(X) = —C*C, then the system (A, B,C) is called balanced. A balancing simi-
larity transformation (A, B,C) + (S7YAS,S™'B,CS) ewists if and only if (A, B)
is controllable and (A, C) is observable. In the pure stability analysis, however, we
do not need to focus on the matrices B and C.

(ii) Analogously, we call the operator L4 + Iy balanced if (6) holds. If o(L4 + 1) C
C_, then there always exists a similarity transformation

(A,ND) = (A, NU)) = (§71AS, STINUIS) |

so that L; + Il s balanced. By Theorem 2.3, truncation of balanced systems
preserves asymptotic stability.

(iii) Theorem 2.3 comprises the deterministic continuous and discrete time case of bal-
anced truncation (see e.g. [U]), where for discrete time, we set A = —31. The same
is true for stochastic systems (see [5]).

3 Spectral properties of operators on matrix spaces

For the proof of Theorem 2.3 we first need to recall some properties of the ordered vector
space H™ and the operator £, + Iy, which have been summarized e.g. in [2]. Many of
these results hold in a much more general setting, but we state them here in the form
that will be needed later.

Obviously, the operator Iy is positive in the sense that it maps H? to H. In
fact, by its representation (2), it is a special type of positive operators on H'} called
completely positive [10]. The operator T' = L4 + [l is (completely) resolvent positive
(e.g. [11, 12, 13]), which means that for sufficiently large s > 0 the resolvent (sI —T')~"
is (completely) positive (actually, s > «(T) is sufficient, as follows from Theorem 2.1).
Spectral properties of positive matrices have been analyzed first by Perron [I1] and
Frobenius [15], whose results later have been extended to general positive operators
mainly by Krein and Rutman [16]. The following fundamental theorem is a consequence
of these results (see also [17, 12, 18, 2]). In view of our later application, we state it for
the adjoint operators I}, and (L4 + IIy)*.

Theorem 3.1 (i) There exists V € H'y \ {0} so that I (V) = p(IIx)V .
(i) There exists Ve H't \ {0} so that (La+1Iy)" (V) = a(La +1Ix)V.
We note a simple corollary for the case of semidefinite Y in Theorem 2.1.
Corollary 3.2 For given Y > 0 assume that
3X >0: La(X)+1N(X) < -Y. (7)



Then o(L4+1ly) C C_.
Moreover, if o(La+1ly) & C_ and V is given as in Thereom 3.1(ii), then a(Ls+1ly) =
0and YV =VY =0.

Proof: Scalar multiplication of (7) with V' from Thereom 3.1(ii) yields
0> (=Y, V)= ((La+1N)(X),V)=a(Lls+IIy)(X,V).

Since (X, V) > 0 we have a(L4 + y) <0, ie. o(L4+y) C C_.
If 0(La+ IIy) ¢ C_ then necessarily a = 0 and (Y,V) = 0 which is equivalent to
YV =VY =0. U

In our main result we deal with block matrices. This leads us to mixings of given
operators as in the next proposition, which contains a Cauchy-Schwarz-type inequality
for the spectral radii of two completely positive operators.

Proposition 3.3 For J = {1,...,v} and j € J let L; € K™*, M; € K™™ and define
operators Iy, : K¢ — K¢ TI, : K™ — K™ ™ gnd Hpy : K™ — K™ via

Mp(X) =) L;XLy, Ty(Y)=) MYM; , Twn(Z)=>Y L;ZM;.
j=1 j=1 J=1

Then p(Irar)® < p(Ilz) p(Tar).

Proof: (i) We first assume p(Il;) < 1 and p(Ily;) < 1, and show p(I1; ) < 1.
For k € N and a multiindex a = [ay, ..., ax] € J* we set

Ly=1LgLay- Lo, and M, = My M, - M,, .
Then
(X)) =Y LXL,, Th(Y)=> MYM, I}, (Z)=> LZM;.

acJk acJk acJk
By assumption, II¥ (X) — 0 and IT%,(Y) — 0 as k — oo for arbitrary X and Y. In
particular let X = x2*, Y = yy*, and Z = xy*. Then

Z | Loz |3 = Z 2* L} Loz = trace IT% (X) "2°0

acJk aeJk
Z | M,yl|5 = Z y* MM,y = trace 1%, (Y) 2900
acJk aeJk

and by the triangle inequality and the Cauchy-Schwarz inequality

I (2)llr < D I Lazy™ M llp < ) (| Lazll2] Maylls

acJk acJk

< (trace I} (X) trace IT}, (Y))

N

k
=0



Since matrices of the form Z = xy* span the whole space K™ it follows that p(Il;y;) <
1.

(ii) For arbitrary p(Il;) and p(Ily;), we let € > 0 and set

) 1 . 1
[j=——— L, M=
p(IlL) + ¢ p(ar) + €
S T S S N S S 1 ]
hen M = gmyeetles W = pmretlon Wi = s st | v By construe

tion, p(Il;) < 1 and p(Il;;) < 1, so that (i) yields p(Il; ;) < 1 implying
p(Mrar)? < (p(Tar) + ) (p(TIz) + ) .

Letting € — 0, we obtain p(Il)* < p(IL)p(T1a). O

We now prove a logarithmic version of Proposition 3.3 for pairs of operators of the
form L£4 + Ily. By itself, it is an interesting consequence of Theorem 2.1. Recall that
a(T) = maxReo(T).

Proposition 3.4 Consider the situation of Proposition 3.3. Moreover let K, € K¢
and Ky € K™ and define the linear operators

T(X)=Ki X+ XK +1,(X), ToY)=KY+YK, +1IyY),

Then a(T5) < M

Proof: Assume that for some p with Re > 0 and a matrix Z, we have

a(T1) + a(T3)

Tho(Zo) = ( 5

We will show that then necessarily Zy = 0, which proves a(T15) < M
To this end let f(j = K; — %(oz(Tj) + w)I, j =1,2. For the corresponding operators
TI, TQ, ’fm with K, Ky replaced by f(l, f(g, we easily check that

Q(Tl) = OC(TQ) = — RG/L s and Tlg(Zo) =0.

The identity 2(AX + XB) = (A+ 1) X(B+ 1) — (A—I1)X(B —I), yields

T\(X) = —3(Ki = DX(K, = I)* + LK + DX(K, + I)* + L (X)
Ty(Y) —%(fﬁ — DY (Ky—I)" + %(KQ + DY (Ko + 1) + Ty (Y)
T12(Z) = —3(K — D Z(Ky — I)* + (K + 1 Z(Ko + I)* + M (2) (8)



Since necessarily o(K;) € C_ and o(K5) C C_, we can define

I (X) = (K, — 1) ((f(1 + DX (K + 1) + 2HL(X)> (Ky—1)

Ma(Y) 1= (K = D)7 (Ka + DY (R + 1) + 2013 (V) ) (Ko = D)™
By construction and Theorem 2.1 there exists X > 0 so that

0> 2T (X) = (K; — (=X + 11, (X)) (K, — I)*,
whence also —X + II;(X) < 0. Again by Theorem 2.1, we get p(Il;) < 1. Analogously,
p(Ily) < 1. From (8) it follows that T12(Zy) = 0 implies
Zy= (K1 —I)7N(K1 + 1) Zo(Ky + I)* + 21 par(Z0)) (K — 1) = T1a(Z) -

But p(Il12) < 1 by Proposition 3.3, so that Z; = 0. O

The next lemma is based on the notion of the field of values (see e.g. [19]) of a linear
mapping 7' : K™*" — K™*" where K"*™ is equipped with the standard scalar product

(X,Y) = trace XY* = trace Y X .
We define the field of values as F(T) = {(T'(X), X) } (X, X)=1}.
1 1

L2 e KO with LY) € Kix
1y 1

Lemma 3.5 For j=1,...,v consider L) = [
e
My Mp
Define operators T : K™ — KX™ and Ty : KE2Xm™ — KE2Xm1 giq

and MV = [ e K™ ™ with MY € Kmxm,

T(X)=> LYXMY  and Tu(Y)=> LIYYMT .
j=1

j=1
Then F(Ty + Ty) C [mino (T + T*), max o (T + T%)].
Proof: The adjoint operators T* : K™ — K™ Ty : K2Xm — K2Xm1 are given by

TH(X) =D (LY X (MDY and  T(Y) =Y (LE)V (M) .
j=1 j=1

By self-adjointness, F(T'+T") = [mino (T +T*),max o (T +T%)] (e.g. [20, Fact 8.14.7]).

Let Y € K®?*™ and consider the block matrix X = [ 3 8 } with (X, X) = (Y)Y).

Then (T + T%)(X) = { (T, +;;1)(Y) :] so that (X, (T + T*)(X)) = (Y, (Ta; +

T3)(Y)) and F(Ty + T3,) C F(T +T7). -

Remark 3.6 We call T, the lower left block of T



4 Proof of Theorem 2.3

To simplify the presentation we will restrict our attention to the case where v = 1 and
N =NW ie Iy : X — NXN*. From the proof it will be easy to see that this is no
loss of generality. For convenience we restate Theorem 2.3 for this situation.

Theorem 4.1 Let A, N € K" with (L4 + Ily) C C_, and assume that there exists
a matriz ¥ = diag(Xy,32) > 0 with o(31) No(X2) =0, so that

A+ XA+ NYEN <0 and A'X+YA+NEN<O.

All A12
A21 A22

Nll N12

Let A =
‘ { Ny N

] and N = [ ] be partitioned as . Then

U(£A11 + HN11> C C, . (9)

Proof: Assume that (9) does not hold. Then by Theorem 3.1 there exists a number
£ > 0 and a nonzero matrix V; > 0 such that

AT Vi + V1A + N ViING = BVh . (10)

We will show that this implies 8 € o(L4 + IIy) in contradiction to our assumption.
Since the proof is rather long we arrange it in several subsections.

4.1 Show that 5 =0
Let us choose B such that

AY + YA+ NXN*=—-BB*. (11)
With suitable partitioning of B, the left upper block of (11) is
Ay + XA, + Nt XNy = —B1B] — N123a Ny, . (12)
By Corollary 3.2 we find that § = 0 and B;V; =0, Nj5V4 = 0.
4.2 Invariance of ker V; and im V;
Without loss of generality, we can assume that V; has maximal rank, i.e.
(1”/1 > 0 and A%, Vi + ViA, + Ni VN, = o) = rankV; <rankV;.  (13)

We now observe that ker V} is invariant under A;; and Ny; and im V; is invariant under
A3, and N{,. To see this, let Vj2 = 0. Then

0= Z* (Ail‘/l + ‘/11411 + Nl*l‘/lNll) z = Z*NE%NHZ s



whence also Vi N1z =0, i.e. Ny1z € ker V. From this, we have
0= (A Vi + ViAy + Nj\ViNyg) 2 = ViAn 2,

implying A1z € ker Vi. Thus A1 ker Vi C ker V7 and Nyj ker V; C ker V.
Since ker V; = (im V})4, it follows further that im V} is invariant under A}, and Nj,.
Let 1mV1 =im ‘/11, with ‘/1*1‘/11 = ], ‘/1 = ‘/11D11‘/1*1, for some DH > 0 and kerV1 =
im Vio with V{5Vis = I, so that in particular V}3Vi, = 0. By the invariance properties,
we know that

Ap Vi =V Ay and  AnVip = Vig Ay (14)
for suitable matrices A;; and Ags. Analogously
NiVii=ViuNy,  and  NyjVig = VigNyy (15)

for suitable matrices Ny; and Nas.
Note that

0=ALVi+Vidn + Nj ) ViNy
= AL Vi DuViy + Vil Du Vi An + N Ve Du Vi Ny
= Vi (Athl + Dy Ay + NﬁDllNll) Vit
whence /I’{lDll + Dllflll + NleMNH = 0 implying that U(EAH + HNH) c C_ by
Corollary 3.2.
Moreover, Nj,Vi; = 0 and BiVi; = 0, because Nj,V; = 0 and BV, = 0.
4.3 A unitary similarity transformation

Now, let us also choose C' such that

A+ YA+ N'EN =-C*C, (16)
. . : . | Vi Vi |0
and consider the unitary transformation matrix U = 0 o0 171 Then

[ VEALVL ViAnVie ViiAp
U'AU = | VAnVin ViRAnVie ViAm

| AnVi A1 Vg Agy

[ Ay 0 VA Ay 0 Ay )

= | VipAuVin  Axn VA | = | Aa Ay Ay | = A,
ApiVin AnVia  Ag Az Azp Asg




NH ~0 VY1*1N12 1
U'NU = | VisNuVipn  Nog Vi5Npo
NQI‘/ll NQl‘/l2 N22

Ni 0 0 Ny 00 i
= | ViaNuVii Ny V3N | = | Nao Nop Nog | =N,
NotVii NotVia Nap o | N3i N3y Nasg
0], Vi By 0 07
UB= | Vi 0 [;}— ViBy | = [ VaBi | =| B | =B,
0 I 2 B, B, B;
o ] Suo Sy 0]
CU — [ Cl Cg Cg } - C, U*EU = 221 222 NO =X
0 0 Xs3

with 233 == 22 and o (|: ;11 221 :|> = 0(21).

) Yo1 Yo ) ) ]
ite A A 0 } V [ Nu 0 } S [ Y11 By }
Let us write A; = | - ~ LNy = | - b 3= | = - and define
' |: A21 A22 ' N21 N22 ! 221 222

T(X)=A X+ XA, + N\ XN; .

Dy 0

As seen above, T*(D;) = 0 for D; = [ 0 0

4.4 The field of values of 7" and its lower left block
By construction T'(X1) < 0 and T*(3;) < 0, whence also (T + 7*)(3;) < 0 implying

o(T+T*)CC_NR. (17)

Looking at the left upper blocks of

AS 4 A+ NSN* = — BB and (18)
A*S 4+ YA+ NTN = —C*C, (19)
we obtain
211/19{1 —+ 12111211 + NllillNﬁ = 0 and (20)
1214{1211 + i31112111 + Nl*linNn = —éfél — Nglizsz — N3 233N5
— 335 Ay — A5 501 — N 201Ny — NS5 Noy (21)

10



Taking the scalar product of (21) with ¥1;, we get
<éf6~'1 + N2*1222N21 + N§1233N31, i311>
= —<E;1A21 + A;Egl + N2*1221N11 + Nf12;1N217 211> (22)
= —2(53 Aoy + N§ 55 Noy, S11)
— _2trace ((2312121 + Nfli;INm)iu)
= —2trace (i;l (Azliu + NZlillNl*l))
= 2<—1‘~121§~311 — NminNﬁ; i21> . (23)
The second block in the first column of AY + Y A* + NYN* = —BB* is
0= i3211‘}{1 + NQlillNl*l + sziﬂﬁﬁ + 1‘121211 + 12122221
whence
—12121211 — Nzlin]vl*l = i32112111 + szimel + 12122221 =: T21(i21) . (24)

Note that Ty is the lower left block of 7" in the sense of Remark 3.6. Inserting (24) into
(23) and using Lemma 3.5, we obtain

0 < 2(T51(S21), Sa1) = ((Tor + T5y)(821), Bo1) <0, (25)

since F(Ty 4+ T3) C [mino (T + T*), maxo(T 4+ T*)] ¢ C_NR. From (25) and (24) it
follows that the right hand side of (23) vanishes, and consequently

6120, Nm:O, Nglzo. (26)
Moreover, from (25) we obtain
(Tor + T31)(Be1) = 0, (27)

because the quadratic form defined by T5; + T3 is positive semidefinite.

4.5 Reduction to Sylvester equations

Exploiting (26), we find that the second blocks of the first column of (18) and (19),
respectively take the forms

0= Z~321f1’f1 + N22221N1*1 + 1‘121211 + A225321 = T21(2~321) + 121215311

0= 121;2221 + Sg1Apy + Dop Ay + Ng*gilen =15 (321) + Ygg Aoy
Adding these and using (27), we get the homogeneous Sylvester equation

0= 12121211 + i32212121 .

11



It follows that A5 = 0, since all eigenvalues of 311 and Y, are strictly positive. Inserting
Aoy = Ny; =0 in (24) we see that Tzl(igl) =0.

Moreover, the mapping X + A3 X + X Ay + Ni X Ny, has all eigenvalues in C_.
Otherwise, there would exist a non-zero matrix Dy, > 0 with

A;2D22 + DQQAQQ + N2*2D22N22 =0.

But then, with D = diag(D11, Da2), we would have
4y 0 1°[ Dy 0 Di O
T* D —_ 11 b 11 11
(D) { 0 App } { 0 Dw || 0 Dy
L[ Na 01 [Du 0 ][ Na 0]
0 Ny 0 Do 0 Ny |
Thus Vi = [Vi1, Vio] D[Vi1, Via]* would contradict (13).

Hence, a(T3;) < 0 by Proposition 3.4, and Tgl(flgl) = 0 implies Yg; = 0.
Now the third blocks of the first column of (18) and (19), respectively simplify to

0 = 233/1;3 + Aglill and 0 = Aigill + 23312131 .

By suitable multiplication with ¥y and 233 we can eliminate either [131 or 12113 to obtain
the equations

By construction o(3;) C o(%1) and o(X;) N 0(Xs3) = 0. Hence, both Sylvester equa-
tions are uniquely solvable and Aj; = A3 = 0.
Finally, with 3, = diag(%;1,0,0) we get

AS)+ SgA* + NSoN* =0,

contradicting asymptotic stability of the full system. O

5 Conclusions

Balanced truncation is a well-known method for model order reduction of linear control
systems. Changing the point of view slightly, we have interpreted it as balancing and
truncation of a Lyapunov operator. This formulation immediatedly generalizes to com-
pletely resolvent positive operators which are given as the sum of a Lyapunov operator
and a completely positive operator. As our main result we have shown that balanced
truncation in this more general framework still has the property of preserving asymp-
totic stability. The result relies essentially on [I] and has been presented in a purely
linear algebraic way. However, it has important implications for model order reduction

12



of stochastic linear systems. For instance, it fills one of the gaps left in [5, 21] and plays
a vital role in [22].

As a further generalization one might consider operators which are given as the sum
of a Lyapunov operator and an arbitrary positive operator (not necessarily completely
positive). Since we have exploited the specific structure of the operator Ily, our proof
does not apply to this case, but we are neither aware of any additional applications that
could be covered by such a generalization.
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